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Calculus of Direction and Position. 

By E. W. Hyde, CincinnaH. 



It appears to me to be obvious that the calculus of directed quantities in 
some form ought to and will come more and more into use in all the operations 
of GTeometry and Mechanics, owing to its peculiar fitness for expressing the 
relations and conditions of the quantities discussed in these branches of science. 
It is therefore important that the best and most naiural system should be employed, 
and taught to the students who are to form the next generation of mathemati- 
cians and scientific men. A 

I propose in the present paper to give briefly the fundamental idea and 
principles of Hamilton's system, or "Quaternions," and of Grassmann's, called 
by him " Die Ausdehnungslehre," showing their points of diflFerence, and what 
seem to me to be strong reasons why the system of Grassmann is far preferable. 

The title of this paper indicates at once a most important diflFerence between 
the two systems, for Quaternions is a calculus of magnitude and direction only, 
while the ** Ausdehnungslehre " is a calculus of magnitude, direction and position. 
This is precisely what is required for Mechanics, for a force is fully determined 
only when these three things are known concerning it. It also greatly facilitates 
many operations of Geometry, as will appear in the sequel. 

Hamilton's ruling idea in forming his system was rotation, and his versors 
are really \A — 1, endowed with a directed quality so as to turn the vector 
operated on about some particular axis. The numerical quantity V — 1 may be 
called an undirected versor. 

The addition- and svhtractian of directed quantities was understood before 
the invention of Quaternions, the peculiarity of which depends on its method of 
mvltiplication. 

The basis of the whole theory may be given in a few words as follows : 

Taking I, J, Kbs three mutually perpendicular unit vectors, and i,j\ A; as 
operators or versors that turn J into K, K into / and / into / respectively, it is 
shown that \ij z^k \ 

VOI*. VI. 
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{not, however, that IJ^=K), and then it is assumed that it is permissible to take 
i,y, k as identical with /, J, K, which is certainly true, the only question being 
whether it is on the whole best to do so. 

Tait says (Art. 72, Tait's Quat.) : **Now the meanings we have assigned to 
i,y, k, are quite independent of, and not inconsistent with, those assigned to 
/, J, K. And it is superfluous to use two sets of characters where one will 
suffice. Hence it appears that i,y, k may be substituted for /, J^ K\ in other 
words, a unit-V€ct07' when emjtloyed as a factor may he considered as a quadrantal 
versor whose plane is jjer/^endicular to the vector. This is one of the main elements 
of the singular simplicity of the quaternion calculus." 

This last statement I entirely disagree with. 

Again, in Art. 64, Tait says : '* We shall content ourselves at present with 
an assumption, which will be shown to lead to consistent results ; but at the end 
of the chapter we shall show that no other assumption is possible, following for 
this purpose a very curious quasi-metaphysical speculation of Hamilton." 

The statement **that no other assumption is possible" I deny, and I propose 
to show that, though Hamilton's reasoning is correct, the deductions therefrom 
are unwarranted. 

The ** speculation" referred to above, as given in abridged form by Tait, is 
as follows (see Art. 93, Tait's Quat.): ** Suppose that no direction in space is 
preeminent, and that the product of two vectors is something that has quantity, 
so as to vary in amount if the factors are changed, and to have its sign changed 
if that of one of them is reversed ; if the vectors be parallel, their product 
cannot be, in whole or in part, a vector inclined to them, for there is nothing 
to determine the direction in which it must lie. It cannot be a vector parallel 
to them ; for by changing the sign of both factors the product is unchanged, 
whereas, as the whole system has been reversed, the product vector ought to 
have been reversed. Hence it must be a number. Again, the product of two 
perpendicular vectors cannot be wholly or partly a number, because on inverting 
one of them the sign of that number ought to change ; but inverting one of 
them is simply equivalent to a rotation through two right angles about the other, 
and (from the symmetry of space) ought to leave the number unchanged. 
Hence the product of two perpendicular vectors must be a vector, and a simple 
extension of the same reasoning shows that it must be perpendicular to each of 
the factors." 
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Now the reasoning as to the product of || vectors, i. e. that it is scalar, is 
perfectly correct, but it does not follow that this product must be — the product 
of their tensors, as in quaternions ; it may, for instance, be zero, as will be shown 
hereafter. 

The reasoning also with regard to the product of two JL vectors is correct, 
if we write vector quantity or directed qvxmtity instead of vector in the last 
sentence. But a plane area is a quantity having magnitude and direction as 
well as a portion of a right line, so that there is nothing in the reasoning which 
preclwdes ij from meaning a square unit of plane area || to i and y, which 
certainly appears a more natural signification than that ij should be equal to k, 
a unit vector JL to i and j. From this assumption it follows as above, that 
ijT z= h and also that i/j^=- — v = — A;, i, e. the ratio of two quantities is the 
same thing as their product except as to sign. To be sure we may say that these 
are units, and we have the analogy that 1/1 = 1X1; but they, i, e. vectors, are 
geometric and directed units, and such a relation appears to me to upset all one's 
preconceived ideas of geometric quantities without any corresponding advantage. 
If, in the eq. 1/1 = 1X1, 1 be taken as a unit of length, then the members of 
the equation have evidently not the same meaning, 1/1 being merely a 
numerical quantity while 1 X 1 is a unit of area, it being a fundamental geometric 
conception that the product of a length by a length is an area, that of a length 
by an area a volume, while the ratio of two quantities of the same order as that 
of a length to a length is a mere number of the order zero. In quaternions 
however we have the remarkable result that the product of a length by a 
length is not merely represented by, but actually equal to a length JL to the 
plane of the two. 

Of coui'se this arises from the double function of the vector as used in 
quaternions, it being not only something endowed with magnitude and direction, 
but also possessing the properties of the versor V — 1. 

The combination of these different functions in the vector renders the 
product of two vectors which are neither || nor _L to each other necessarily a 
complex quantity, having a scalar and a vector part corresponding to the real and 
imaginary parts of the ordinary complex a + 6\/-^^, thus making a thing 
which should be simple just' the opposite. 

It seems to me that quaternions proper, i. e. these complex quantities, are 
practically of little use. In nearly all the applications to geometry and mech- 
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anics, scalars or vectors are used separately. For the special uses to which the 
complex a + 6 s/ — 1 is put, the directed quality is not needed. 

Another point about this system appears objectionable to my mind, viz. 
that we must necessarily work in space of three dimensions. Even when 
nominally treating plane geometry, the product of any two vectors in the plane 
is a vector _L to it, and we are therefore really treating space. 

We will now consider Grassinann's system, giving first the way in which he 
was led to his method of multiplying directed quantities, as stated by himself 
in the preface to his first book, published in 1844, and then giving a brief account 
of the whole system. 

In the above-mentioned preface he first states how he was led to the addi- 
tion and subtraction of vectors {strecJcen), and afterwards to their multiplication. 
The addition and subtraction being precisely as in quaternions, we will not here 
consider them. 

Grassmann arrived at his conception of the product of two directed lines 
from a consideration of the geometric meaning of the product of two v/ndirected 
lines, viz. the rectangle having these two lines for two of its conterminous sides. 
It would follow at once from analogy that the product of two directed lines at 
right angles should be the same rectangle as before, endowed with the additional 
property of direction, i. e. it would be a plane area || to the two given vectors 
and niunerically equal to the product of their lengths. A further extension of 
the analogy would indicate that the product of any two directed lines should be 
the area of the parallelogram of which these lines are two adjacent sides, or an 
equal parallelogram parallel to this ; and similarly the product of three vectors 
should be the volume of the parallelopiped of which they form three conter- 
minous edges. These conceptions were found to work consistently, and it 
appeared that this species of multiplication agreed with ordinary multiplication 
in being subject to the associative and distributive laws, but diflferent from it in 
that it did not obey the commutative law. 

Thus, if a , 6 , c are three non-co-planar vectors, we have ahc =za.bc=:aJ),Cj 
ab + a^ =^ a{b + c) , but not ah'=^ha. Instead of the last we have 

a6 = — ha or a6 + Ja = 0. 

It follows at once from this non-commutative law, as well as from the 
meaning of the product of two vectors given above, that oa = . 
Similarly aah = , aha = , etc. 
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These are the laws of what Grassmann calls ** outer multiplication," and I 
think their simplicity will be acknowledged as compared with the multiplication 
of vectors in quaternions. 

The conception formed by Grassmann of the product ah was that the vector 
a generates the area ah by moving parallel to itself along the vector 6 as a 
directrix from its initial to its final point. This idea of generation by a moving 
point, line or surface led to his use of the term *• ausdehnung " or " extension " 
as descriptive of his system. 

We will now give a brief sketch of Grassmann's method of treating points 
and vectors. 

A point is some position in space with a value attached to it which we may 
call its weight (using the term somewhat as in the theory of least squares), and 
which may be positive or negative. We may use a letter, as ii, to represent a 
unit point, t. e. a point of unit weight, and then a point whose weight is m will 
be mA. 

Two unit points can differ only in lyosition^ i. e. by a certain length of straight 
line in a certain direction, or, in other words, by a vector. Hence if A and B 
are two unit points, and a a vector drawn from j1 to -B, we have B — -4. = a. 
Also at once if B — 0=^b and A — 0^=-a 

B — A = B'^0 — A + = B — — {A — 0) = b — a *> 
and a + b =A — + B — = A — + G—A = G — 0. 

Since points and vectors can thus be added and subtracted they must be 
quantities of the same kind, and in fact a vector is a point of weight zero 
situated at infinity, as will presently appear. 

The sum of two points as mA and nB must be something of the same kind, 
and therefore a point, and its weight should evidently be equal to the sum of the 
weights of the two points, i. e. m + n: hence write 

mA + nB = (m + w) S, 
S being a unit point. To find the position of S subtract {m + n)0 from both 
sides of the above equation, being any unit point whatever. 

m{A — 0)+n{B — 0) = {m + n){S—0), or 

by which S may be constructed. This equation shows that the sum of two 
points is their mean point. Or it may be put thus : If m and n are regarded as 
parallel forces acting at A and jS, then S is the centre of these parallel forces. 
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We will now look at the product of some quantities which cannot diflFer in 
position. In a plane-region^ if Li and L^ are two point-vectors, they cannot differ 
in position. Let A be the common point of Li and L^ , and let B and (7 be so 
taken that AB =: Li and AC = L^] then LiL^=^ AB.AG 
=iABC.A: that is, the product is the common point multi- 
plied by the scalar ABGj which accords with the definition a.^ — s — i 
previously given. 

In space, let Z = 45 and P = J CD; then LP = AB.AGD = ABGD.A = 
the common point multiplied by the scalar ABGD. 

Similarly, if P^- ABG and P^=ABD, P^P^=ABG.ABD-ABGD.AB 
=: the common point- vector multiplied by the scalar ABGD. 

Also ah.ax: =i abc.a , i. e. the product of two plane-vectors is a vector || to 
each of them multiplied by a volume. 

In most cases in the use of these products in geometry the scalar coefficients 
may be disregarded, and we may consider AB as the line passing through A and 
B of indefinite length, ABC as the plane through A, B and C, L^L^ (in a plane 
region) as the common point only, PiP» as the common line of these two 
planes, etc. 

We have thus a simple and complete system of geometric multiplication, in 
which every product has a clear and definite meaning to be seen at a glance, 
contrasting thus strongly with many quaternion expressions. What geometric 
meaning, for instance, can be easily assigned to the expression V.a^yl Of 
course there is such a meaning which can be gotten at with labor enough, but it 
is anything but an evident meaning. Or let a, 6, c, d be four vectors and 
compare the two equivalent expressions ab.cd and V.VabVcd] the meaning of 
the first is seen at a glance, while that of the second requires a considerable 
mental operation to determine it, to say nothing of the additional labor of 
writing it. 

To complete this brief review of Grassmann's system we have only to 
consider what he denominates ** inner multiplication." 

In a plane region any vector may be expressed in terms of two given 
vectors ; if these be unit vectors at right angles we have a unit normal reference 
system. In such a system let the two reference vectors be tj and i^, then 
tji is the complement of ii , written /ti , and — tj = /t, , the sign being so 



taken that ii/ii = (j^, = 1 and (,/(, = — (,(1=1. *« 
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If a and h be any vectors we easily find that /a is _L to a , and that 
alh=^ TaTb cos*; so that a/b=^Q is the condition of perpendicularity between 
a and 6. 

Grassmann calls a/h the inner product of a and fe, but it is also the outer 
product of a and /6, which is generally the most convenient way to regard it. 
We have also a/a= 7^aco8 0= T^a = a-, the last form being called the inner 
square of* a, and written with the exponent underscored to distinguish from 
a*=:a^i which is always zero. 

It will be seen that a/b is the same as Hamilton's Sab except that it is 
positive for values of the angle between a and b less than 90°, a manifest advantage. 

Similarly all the points in a plane region can be expressed in 
terms of three given points Cq, c^, e,, and these may be so taken 
that 60^1^,= 1 , then 

7^0= ^1^2, so that ^0/60= ^0^1^= 1 » 

/e^ =^ ^0^1 ) ^2/^:8 ~~ ^i^o^i "~ ^0^1 ^* ^ ^ • 

If an ellipse be so drawn that e^e^ is in it the anti-polar of e^, e^e^ the anti- 
polar of 61, and CqCi the anti-polar of e^; then, if ^9 be any point whatever, /p is 
its anti-polar in this same ellipse. 

In space we have similarly, if lu i,) '3 form a unit normal system^ 

/(i= (2(3, so that £1/(1= {^(j (3= 1 , etc., etc., 

/a is now a plane-vector J_ to a, and a/b has the same meaning as before. 

In a point system e^, e^, e^, e^ to which all points in space may be referred, 
and which may be so taken that ^0^1 ^2%— 1 1 ^^ have 

/Cq = e^e^e^, so that Cf^/cQ = eQC^e^e^ = 1 , 

/Ci = — e^e^CQ, " e^/ci = — Cie^e^eQ = e^e^e^e^ = 1 , etc., etc. 

Any point p is the anti-pole of its complement /p in an ellipsoid, so taken 
that in it /cq is the anti-polar plane of ^o» ^^c. 

One of the great advantages of this system over quaternions is, that while 
better adapted for treating geometry by the use of vectors only, it is also, when 
a point system is used, precisely fitted for bringing out polar-reciprocal relations. 
For if we have any equations expressing geometric relations in terms of points 
and lines in a plane region, or points, lines and planes in space, we have only in 
the first case to put lines for points and points for lines, and in the second to put 

Vol. VI. 
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planes for points and points for planes, in order to obtain the polar reciprocal 
relations. 

A few examples will now be presented to afford a comparison between this 
system and quaternions. 

We will first give the equation by which Tait, in Art. 247 of his Quaternions, 
proves Pascal's Theorem together with the equation of precisely the same 
meaning in Grassmann's notation. They are respectively 

S. F( Vtt/? Vh) F( V^y Ffp) F( Vyh Fpa) = 

and (a/3.5f )(^y.6p)(y5.pa) = . 

The comparative simplicity of the latter is apparent at a glance, and the ease of 
interpretation is as much greater as the labor of writing is less. There are ten 
capital letters in the first which are dispensed with in the last. 

The equation is that of a cone on which lie each of the five vectors 
«! l^i y» 5> f drawn outwards from a common point, and is also the condition 
that the three vectors a/?.5f, ^y-sp, yS.pa shall lie in one plane. Pascal's 
theorem is proved by considering a section of this cone. 

If, however, we use 2^oints instead of vectors we have just what we want, 
the equation of a conic through five points, and the proof of the theorem follows 
immediately. If ^j, e,, eg, e^, e^ are five points, the conic passing through them 
may be written 

which is also the condition that the three 
points in parentheses shall lie on one 
right line. 

This equation possesses the further 
advantage that by merely substituting 
Z's for ^>'s and e's we have the equation — ^ 

which is the line equation of a conic tangent to five given lines, and gives at 
once Brianchon^s theorem. 

There are given two points Cq and q, and two lines e^e^ and ^3^5 ; two lines 
pass constantly through Cq and Ci respectively, and their points of intersection 
witli c^e^ and e^e^ move along these lines with velocities bearing a constant ratio 
to each other : to find the locus of p the common point of the two moving lines. 




Hyde : Calcuhis of Direction and Position. 



11 



By Quaternions. 



Let e^e^ = asi + he^ = 64 , €^e^=iB^, e^e^ 

4-/182: then p = i/ (ofi + 662 + areg) . . . (a) 
and p = cfi + V [/6i+a(wei + nf2)] ...(/?) 
Operate on (a) by Vbi and Vb% succes- 
sively and divide thus 

76ip = ti(fe + a:)Ffi62, 
F62p = — auVeiB^, 



V^P 



a 






Similarly from (/?) 
Ffip= vxnVeie%^ 

Ve^p — nx 



n 



or 









Vh (/> — cci) F(£2/— me4) /> 
the equation of a conic because of the 
second degree in p. 
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and also e^p^j) = 0, Cip" 2^ = 0. 
Insert values of p' and p'\ 

and 

ei€^p + x€^{e^—e^)p=0, ov x=-^^^^^ 

.'. equating values of x 



Cii{cA — (h)p ^i(«6— e«)p 
a conic because of the second degree 

in^^. 

From the complementary equation, 

L,{L,—L^)L ~ L,{U—U)L 
we may derive at once a polar recip- 
rocal theorem. 



Working with vectors but using Grassmann's system we should have saved 
the writing of twenty-seven unnecessary F's. 

As one more example we will take the following. To find the equation of 
the surface generated by a right line moving on three right lines as directrices. 
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ABC is a gen- 
eratrix of the 
surface, its equa- 
tion being either 



p = >l + aa4-t^(f4 + y/? — ;i — xa). . .(1) 
or 

p=/f^ + y/? + ^(^+27— /t^— y/3),.. .(2) 
from (1) we have 
Sa^^ = Sa^^ + u {Sa(i[i — Sa/BTi) ; 

(3) 



Sa[i(n—X) 



Sa[i(ii—ky 
Similarly from (2) 



V 



• • ■ • 



(4) 



Operate on (1) by S.Vya 

.-. Syap = Sya^ + nSya {fi + y(i — X) 

•■■ y = ^^fcM^fcfi [«.d by (3)] 

^"" Sa^8a^{f»—A) 

_ 8. Vra Va? F(/i — X ){i) — ;i) 

■" 8a^rScL^ {P —~^) 

Operating on (2) by S. Vya and sub- 
stituting value of V we have by a similar 
reduction 

y ^ 8a^r8;ir{p-^.) 

Equating these values of y we have 
the equation of the surface of the 
second degree in p , viz. : 
8. Vra VaiiV(iJL—X)(i*—)) 
8afl{fj-X) 

sMp-^) 



By Calculus of PosmoN. 

Let the three lines be Zi, Lj, Zg. If 
through a point on L^ planes be passed 
containing Li and Zg, then their common 
line will be a generatrix of the surface, 
for it will evidently cut Zi, Z*| and Zj. 
Let J) be any point of this common line, 
then the two planes will be pLi and Zg^;. 
These are to cut Zj at the same point, 
the condition for which is 

pLi.L^.L^p^=' 0. 
This being a scalar equation of the 
second degree in p> represents a quadric, 
which is the required surface. 



Hyde : Calculus of Direction and Position. 1 3 

In working out the vector equation with the other system we should save 
the writing of forty-six unnecessary /S^'s and F's. The last equation, for instance, 
would be 

ra.a/3.(/i— ^)(/>— A) _ ^r'r«'(*^— ;^)(/>— /^) 

To illustrate the applicability of this method to Mechanics we will give a 
single example. 

Let Pj, Pj, etc., be vectors representing in magnitude and direction any 
system of forces acting on a rigid body, and let e^ e^, etc., be points in their 
respective lines of action, then the forces are completely represented by 
(5j x"^! , Cj .*2 } ere. 

The resultant action of the system is simply the sum of these forces, viz. 

n 

X{eP): and for equilibrium the condition is 

i{eP)=0. 
1 

Add and subtract 6o2(P), Cq being any point whatever ; 

X{eP)-e,X{P) + eoi{P) = 
1 11 

or 6oi(P) + 2[(6 — eo)P] = 0. 

But one of these terms is a point-vector^ and the other a plane-vector ; therefore, 

being quantities of different kinds, in order to satisfy the equation they must be 

separately equal to zero. 

2(P) = ) 

2[(e-eo)P] = ot 

The first signifies that the resultant force must be zero, the second that the 
resultant couple must be zero. 

In closing I may remark that a principal reason for the slow introduction 
of Grassmann's method seems to be the great generality of his demonstrations as 
given in his books. They being usually given for space of the n^^ order, the 
idea appears to have prevailed that the method is peculiarly adapted to hyper- 
geometry, which is actually the case, without, however, at all interfering with its 
special fitness for application to space of two or three dimensions. 



On Quadruple Theta- Functions. 

By Thomas Craig, Johns Hopldns University. 



Part I. 

The following paper is intended to be simply introductory to the theory of 
the theta-functions of four variables. I have followed the method adopted by 
Prof. Cayley in his well-known memoir on the double theta-functions ; the 
earlier pages of the present Part being indeed simply the extension of the work 
already done by Prof. Cayley for the theta-functions with two arguments. In 
the present Part I give the elementary theorems connected with the quadruple 
theta-functions and a product table for the ** square-products," i. e. the products 
of two functions having the same characteristics but not the same arguments. In 
Part II I intend to go more fully into the tlieory of the characteristics and to 
develop the relations existing between different gi'oups of quadruple theta- 
functions, that is, the relations similar to the Gopel and Kummer relations 
connecting the products and squares of the double theta-functions. The only 
paper that I am aware of which directly treats of the quadruple functions is one 
by Nother mentioned below. In this paper Nother deals almost entirely with 
certain properties of the characteristics. It is known (the proof for completeness 

is given below) that evpry characteristic with the exception of (^^q^) can be 

divided in 128 different ways into the sum of two, viz. in 64 ways into the sum 
of an odd and of an even characteristic ; in 36 different ways into the sum of 
two even characteristics, and in 28 different ways into the sum of two odd 
characteristics. Denoting any characteristic by (A) and in particular the charac- 
teristic (q^qq) ^y (0)» the system of 28 pairs of odd characteristics in which 

each characteristic (7t), excepting (0), can be divided is called a group, and this 
group Nother calls a group-characteristic and denotes by [a] . If 

[a] = (ai) + (a^) = {a\) + (a'g) = etc., . . . 
where ((/j), (og), (a'l), (a'g), etc., are all odd, Nother says that (aj) , (a,), («'i)» ^tc, 
are contained in the group [a], and further that (aj) and (atj), etc., are paired — 
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giviog thus in all 255 pairs. Nother has here extended Weber's investigation 
on the triple theta-functions, particularly that part of the latter's work which 
refers to what he calls ^'compJete^^ 1 systems ; Nother shows that there are for the 
quadruple functions certain analogous 8 -systems, that is, systems of 8 odd 
characteristics for which the sum of any 5 is odd, and the sum of any 3 or of 
any 7 is even. In the last section of his paper he gives as an application of the 
relations existing between these theta-functions with zero arguments, the 
reduction to the least number of conditions which must hold in order that the 
theta-functions may become hyperelliptic f mictions, showing finally that this 
only requires the vanishing of three even theta-functions. In the following list 
of memoirs I have enumerated only those with which I am acquainted and 
know to have a direct bearing upon the subject of the quadruple functions. 
Although none but the one already mentioned deal directly with these functions, 
all refer to them more or less directly. 

Nother. Zut Theorie der Thetafunctionen von vier Argumenten: Matlie- 
matische Annalen, xiv, pp. 249-293. 

Zur Theorie der Thetafunctionen von beliebig vielen Argumenten : 

Mathematische Annalen, xvi, pp. 270-344. 

Pringsheim. Zur Theorie der hyperelliptischen Functionen, insbesondere 
derjenigen dritter Ordnung (p=i4): Mathematisclie AnnaJen, xii, pp. 435-475. 

Stahl. Das Additionstheorem der 3-Functionen mit p Argumenten: 
Jour./iir die reine und ange. Math,, 88, pp. 117-130. 

Beweis eines Satzes von Riemann iiber 3-characteristiken: Jour, fur 

die reine und ange, Math.j 88, pp. 273-276. 

Frobenius. Zur Theorie der Transformation der Thetafunctionen: Jour, 
fur die reine vnd ange. Math.j 89, pp. 40-46. 

Ueber das Additionstheorem der Thetafunctionen mehrerer Varia- 

beln : Jour, fur die reine und ange. MatJi.j 89, pp. 185-220. 

Brioschi. La relazione di Gopel per funzioni iperellittiche d'ordini qual- 
unque : AnnaJi di Mat., Ser. IP, Tomo X°, pp. 161-172. 

Weierstrass. Zur Theorie der AbePschen Functionen : Jour, fi'ir die reine 
und ange. Math., Vols. 47 and 52. 

Weber. Ueber die Transformationstheorie der Thetafunctionen : Annali 
di Mat., Ser. IP, Tomo IX°. 

Prym. Untersuchungen liber die Riemann'sche Thetaformel und die 
Riemann^sche charakteristikentheorie : Leipzig, 1882. 
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Weber's paper I have never seen, but have come across numerous references 
to it ; Prym's paper is published separately, and is a most valuable one for the 
student interested in the subject of theta-functions. Frobenius, in the second of 
his papers above mentioned, takes as his point of departure a certain result 
arrived at by Weber and subsequently specialized in a most important way by 
Hermite. Weber shows that the transformed theta-functions of p variables can 
be expressed as integral functions of the U^ order of the original 2*^ theta- 
functions, h denoting the order of the transformation. Hermite shows for the 
case p = 2, that if 3o, 3i, 3», ^3 denote four of the double 3-functions connected 
by the Gopel bi-quadratic relation, and if ©0, ©1, ©», ©4 denote the transformed 
functions, the four functions ©^ can be expressed as integral functions of the 
four corresponding functions 3.. Frobenius discusses then the question as to 
whether or not a similar property can be shown to exist for the theta-functions 
of more than two arguments, and gives application of his results to the case? 
of p = 2, 3 and 4. The subject of the transformation of the quadruple functions 
is reserved for the second part of the present paper. Before leaving this intro- 
ductory section, however, reference should be made to two papers by Clifford, 
both contained in his ** Mathematical Papers," viz., "On groups of periodic 
functions," which deals with multiple theta-functions and follows Rosenhain's 
method; and "Theory of marks of multiple theta-functions," in which Clifford 
partly follows the general methods of Riemann and partly the particular methods 
employed by Weber in his memoir "Theorie der Abelschen Functionen vom 
Geschlecht 3." 

The theta-function of four variables depends upon 10 parameters, 

(^n^i2 • • • ^44) 
which are the coefficients of a quadric function of four ultimately disappearing 

integers, say w^, Wg, 1W3, m^, viz. 

{a^io^ . . . «44][^i, . . . m^f; 
upon four arguments Ui, u^, u^, u^, and upon 8 characteristics a< and /?,, 
i = 1, 2, 3, 4, which are each either or 1 . The arrangement 






is called a characteristic, or, in Clifford's notation, a marJc. It is easy to see for 
a and (i each equal or 1 that we have in all 2*^* = 256 different characteristics, 
and consequently 250 quadruple theta-functions. 
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The integers 7n< will be assumed all ever?, and we write 




and equally c?^;.': i?^^":: ^'l^^' r;^^) 

+ Y ^^"((^1 + *i)(% + A) + . . . + (^4 + a4)K + /?4)) - 

The quadruple the ta-f unctions are now defined by the equation 

fill 9R) 9Rs fn4 

The summations extend over all positive and negative even integer values of 
nil. . . m^. For brevity this may be written simply as 

It is well known that in order that the series here written may be convergent, 
the parameters a^ must either be real, or if they are imaginary, that their real 
parts must be negative. The quantities a and ^ are all either zero or unity ; it 
may happen that other values will appear for these quantities, but in each case, 
as will be seen, the odd values may be replaced by unity and the even values by 

zero. If 2a/3 is even, the characteristic ( ^ ) is said to be even ; if 2a^ is odd, 

the characteristic is said to be odd. The number of odd and of even character- 
istics is readily computed, and it is as easily done for 2>-tuple as for quadruple 
functions. Let Op-i and E^^i denote the number of odd and of even charac- 
teristics for a p — 1-tuple function ; then clearly Op^i + ^p«i= 2*^^~^\ Prefix 

to each of the Op^i odd characteristics q' 1 ' q ai^d to each of the J^p_i even 

characteristics - and so get an od(J characteristic for the jp-tuple function. We 

have then Op=30p_i + ^p_i= 2*(^-^> + 20^.1 

= 2^^^"^^+ 2.2*^^""'^+ 2*. 2*^^-^^ + . . .-|-2^""^=2^~^(2^— 1) 
and this for ^ = 4 is Op = 120. For the number of even marks we have 

Ep=2^ — 0p= 2^-1(2'' + 1) 
or for i> = 4, Ej,= 136. 

. Vol.. VT. 
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Given two characteristics yo) and ( r), their sum, or difference, is given 

by the symbol (^ _l. ^ )> *• ^- ^^^ the case of 4 arguments 

/tti, 02, ag, a4\ /ai, a^, a^, aA _ /ajzh ai, ajib or,, Ogzb Og, a^±: aA 
Vi^i, 1^2, /?3, (3j U, *2, *3, V - V/?izfc 5i, i^.zb fe„ /?3± is, /?4± V' 

Denoting hy T ^ J any characteristic, we may obviously write 

G)=a)+a) 

and either of the characteristics on the right-hand side of the equation may be 
arbitrarily assumed — giving, say for the other 

a)=©-a)- 

Give now to T ? j all of the 2^^ possible values which it may have for a j;>-tuple 
theta-function, and we have a corresponding set of 2*^ values for ( j} ; but as it 
is quite clear that (^) + (^) = (j) + («) 

there are only 2*^-^2 different divisors ^^ ( ^ )> or, in other words, any charac- 
teristic r ^ J of a />-tuple theta-function can be divided in 2*^""^ different ways 

into the sum of two characteristics. For ^ = 4 we have as above stated 128 
different ways of dividing the characteristic of a quadruple function into the 
sum of two characteristics. Each of the possible decompositions of a given 

characteristic T ^ ) i^to the sum of two others (?) and f^j may take place in 

one of three different ways : first, both (^j and ( ^ J may be even ; second, 

both may be odd, and third, one may be even and the other odd. Denote the 

number of the cases where ( j j and f^j are both even by ^^ the number when 

both are odd by >7, and when one is even and the other odd by ^, required to 
find the values of ^, >7 and ^ for a ^^-tuple theta-function. 

The following method of obtaining the values of these quantities is essen- 
tially the same as that given by Prym — which again is almost identical with 
Riemann's process. It is necessary first, however, to prove a subsidiary theorem. 

Suppose we have a given characteristic (^J'^-^-(o^^'''%^j'y this can be 
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divided into the sum of two others (^j and (V)\ assume either one of these, 
say ( S ) ^ *^y o^® ^f l^he 2*^ characteristics of a ^- tuple function. Write 

(5) 
in which i takes all values from 1 up to 2>> and where the larger 2 refers to all 
possible values of ( j ) . Each c and each d of course take only one of the 

other of the values and 1 . Suppose now either c< or d^ to alter by unity, that 
is, let either or both of them become c^ -f- 1 and c?< + 1, then the order of the 
summation under the small 2 is changed, but the value of the entire sum is 
unaltered ; on the other hand, however, if q is increased by unity, H alters by 
the factor ( — )^<, and if di is altered by unity, E takes the factor ( — )"«. Each 

of these factors being independent of T ^ J can be placed before the large 2 . 

We have then JJ= (— )^5^, E= {—Y^E, 

that is -Er= 0, whenever of any one of the 2p quantities a^ and P^ (all of which 
are of course either or 1) one at least is = 1 ; this excludes of course only the 

characteristic (q). Now writing C\\ = (^J + (S)» where T^ j is a given 
characteristic, write in place of ( ^ ) all of the E^ even characteristics, and deter- 
mine each corresponding ( ; ) hy means of the equation (j^J^f^) — (//)• 

It is clear then that in the decomposition of the characteristic ( o ) each of 
the ^-divisions will come in twice and each of the ^-divisions will come in once. 
Again give to ( , j all of the Op odd values and we have that each of the 

>7-divisions comes in twice and each of the ^-divisions comes in once. Expressed 
algebraically these two statements are 

^p=2^ + ?, Op = 2>7 + ^ 

Form now the expression ( — )^''*''*.( — )^'*«** 

and denote this by 4). It is obvious that ^ takes the value + 1 for either the ^- 

or the >7-divisions, and the value — 1 for the ^-divisions. Now since ( r ) is 
known when T^) is given, give to T^ j all its possible 2^ values and take the 



E 
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sum of the corresponding values of ^ ; call this sum a ; then since each possible 
division of f^j comes in twice, we have 

It is quite clear that we can write 

Taking now the sum of all values of ^ and we have, since as above shown 

(5) 
when the ca^e r^) = (o} is excluded, 

(5) a) 

or finally ^ + >7 — ^ = . 

Grouping together now the three equations obtained, viz. 

we have 3^ + »; = ^, = S^, _i + Op_ j 

and finally ^= ^p_i = 2»-»(2^-^ + l) 

^=Op_i=2*-»(2''-^— 1) 

^ = iS;_i+0^_i=2»<''-» 
For ^ = 4 we have then for the number of divisions of a given characteristic 

(^j into the sum of two even characteristics f^j and f^j ^ = 36 , into the 

sum of two odd >7 = 28, into the sum of one even and the other odd f = 64, 
making in all ^ + >7 + f = 128. 

Leaving here for the present the consideration of the special properties of 
the characteristics, I now obtain some of the more elementary properties of the 
quadruple theta-functions. If each or any a be increased by an even integer 
there is no change in the value of the function. For suppose a to be replaced 
by a + 2a; where x is an integer, then since m is even and takes all even values 
from — 00 to + <» it is clear that m + a + 2j: will take just the same values as 
m + a and so produce no effect on the function. If, however, the integers ^ be 
each or any of them increased by an even integer there is a change in the 
function. The quadratic term is obviously unaltered, but the linear term is 
easily seen to be increased by the quantity {t/ being an integer) 
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The first term of this is an even multiple of ni , say = 2«m ; but e*"'* = 1 , so that 
this term produces no. effect. The second may be either an even or an odd 
multiple of ni, that is, may in the series give either the factor +1 or — 1 . We 

have then ^ (^ + ^^)(t*) = ^(q )(«) 

or combining these ^(« + l^^u) = {-f^ ^ ('^){u) . 

The only effect of altering the elements of the characteristic by odd integers is 
to interchange the functions. The even characteristics correspond to even theta- 
functions, and the odd characteristics to odd theta-functions, for remembering 
that m takes all (even) positive and negative values, it is obvious that — m — a 
takes precisely the same series of values as m + a , so that in the function 

^ V S y ( — ^) ^® ^^y write the linear term as 

— niX ( — m — a\ — u + (i) 

1 
or — niS, {m + a\u + /?) — niXm^ — niXa^ . 

Taking the exponential of this we have that the first term gives the linear part 
of the general term in the series ; the second term gives the factor + 1 ; the 
third term gives the factor ( — )^*^, so that finally we have 

^(^)(-«) = (-r3(«)(«). 

Periods, 
Take an integer a:, then we have obviously 

»(^>+.)=»Q+>). 

so that when u is altered by an integer x the functions are interchanged. Now 
replace a by 2a;, i. e. alter u by an even integer, then we have 

s(»)(« + 2.)=9(«^^J(„) = (-)-s(|)W 

and consequently the function is altered at most in its sign. Again replace 2x 
by \x and we have from the last equation 

or there is no alteration. 
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Combining all these results we may say that the quadruple theta-f unctions 
have the quarter periods (1, 1, 1, 1), the half periods (2,2,2,2) and the whole 
periods (4,4,4,4). 

Write («ii«i2 . • . <^'iAi^l^%^^^if ^=' 2^ 

and denote the derivative of this with respect to x^ by ^^ , we have, of course, 
a<t = ai^i so that the quantities 4>^^ have the values 

^x, — (hi^i + (h%^ + «i3a^ + (^u^i 

^x^ = «31^ + «32X8 + 033X3 + 0340:4 

Now change u into U'\ — r . O- and examine the function 

Writing for brevity («u^ • • • ^44) = {p) ^tc-) 

we have for the exponent in the general term the value 

I {aim + a)* + T ^^2 (m + a)(u + ^) + A 

where A is given by the equation 

A = — j{alm + a)][a;) + 4 2(m + a)*^ 
+ H(^M -jniSx{u + ^) 

— ^Xx^^. 
The terms in the right-hand columns are easily seen to be 

= y (ajm + ajx) 
— y7w2a(w + /?) 

+ !(«$«)' 

SO that we have J. = — {-(aja)* — jniSx{u + ^) 

which is independent of m and consequently gives a factor for the entire series. 

We have then ^/a — x\/ _j_l^\ a^/'(^\ \ 

or replacing (since a is an integer) a by a + a; 



K^)(''+^*-)=''Kr>)- 



The change of u into u-\ — r 4>, then interchanges the functions and affects 
each of them by the exponential factor e^. The quantities — r O^, are called 



conjoint quarter quasi-periods. 
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The total number of the ^tuple theta functions ia 2*", so for p = 4 we have " 
256 quadruple functions, each of these has a particular for the characteristic 

The following table gives the entire group of characteristics and suggests a 
notation for the functions ; the upper line of the characteristic is invariable for 
each column and the lower line for each row. 
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Where the lower line of the characteristic is left hlank, it is understood to 
be merely a repetition of the lower line in the same row and first column. The 
asterisks indicate the odd functions, 120 in all, 8 in each row except the first and 
8 in each column except the first. Each of the theta-functions may be denoted 
by Sa where i stands for the number of the row and h for the number of the 
column. In the following table, the odd functions alone are indicated. It will 
be readily seen that there is a perfect symmetry in the arrangement 
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for corresponding to any odd fimction ^^i there is also a function ^u- I" the 
following table I have simply arranged the functions so that there shall be an 
unbroken diagonal of the odd ones. This arrangement is no longer symmetrical, 
and it is not possible to make it so, since there are 120 odd functions, and as is 
easily seen it is only possible to put 15 in a diagonal, there must always be one 
more on one side of the diagonal than on the other. There are in this table 52 
on the left-hand side and 53 on the right, which, together with the 15 in the 
diagonal, makes up the entire number 120. The numbers in half parenthesis 
denote the corresponding rows of the two preceding tables. 
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1 3 8 4 S 6 7 8 » 10 11 13 18 U IS 16 
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• 


* 


• 








• 






* 




15 




-* 


■ 


• 


* 














• 


• 


• 


* 




IS 




• 


* 




• 




• 


• 




« 










• 


* 



Continuing to follow Prof. Cayley, we next find an expression for the 
product of two of the quadruple functions, tlie characteristics of which are respect- 
ively fa) and (%) ■ As usual the two functions to be multiplied are taken as 

3(^)(tt + «')flnd3(^'){tt-«') 
these standing of course for 

By the above symbolical method of writing the argument of the exponential, 
we have for the first of these 

1 I J I ,3 ) aiid for t!ie second ( j , r» ) . 
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In the product we of course have as exponent the sum of these two quantities, 
viz.; using all the previously indicated abbreviations, this is 

1 {(ilm + a)» + J ■niS.{m -\- a){u + w' + /?) 
+ \ {aim! + a')' + \niS, {m> + a!){u — «' + /?') . 

In order to obtain the exact form of the product, Prof. Cayley compares this 
sum with the sum of the two functions 



(li + \{a + a')\ .(li! + \{a-a!)\, 
\2u + ^-\-^' J^^^K 2u'+^ — fi'J' 



this is = 1 ( 2al(i +l-{a + a'))* + i niX + J (« + «')] [2« + i^ + /3'] 
+ 1 ( 2djii! + Ha - a'))' + t ^^ [>' + 1 (« - «')] [2"' + /3 - /8'] • 
The two sums are made identical by writing 

?n,+ 7w'2= 2(1^, m, — m'2=2ii^^, 
m^ + m'3= 2/[43, TWg— 7w'3= 2/[^'3, 

^4 + 7n'4= 2/[^4, 7^4 7n'4= 2/[4'4. 

Subject then to the conditions implied in these relations, the product of the two 
quadruple functions is, when written out in full, 

-Z^^^P-^2t^i + ^i + i3\), 2t/, + ^, + ^'„ 2i/3 + /33 + /3'3, 2t.4 + /^4 + /?'4 ) 

The even integers 7w< and m'< may be said to be similar when they are both = 
or both = 2 (mod. 4) , they may be said to be dissimilar when one of them is 
= and the other = 2 (mod. 4). There are then in all 16 cases, as shown in the 
following table. By a pair is meant {m^ , wi'<) the same suflBx for each letter. 



Number of Cases. 

4 pairs similar, 1 

3 pairs similar, 1 pair dissimilar, 4 

2 pairs ** 2 pairs ** 6 

1 pair " 3 pairs ** 4 

4 pairs dissimilar, 1 

Total number of^ases, 16 
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In the first of these cases the [i and fi' are even ; in the second case we may 
write one pair odd and three pairs even (the pairs here referring to the (?reok 
letters), etc. We have then finally for the product 



s(5)(» + «').3(^)(«-»')= 



£9(K« + ^)+^)M.e(i(— 5;)+i')(.^, 



here is written instead of 3 to denote that each an^ is replaced by 2a<i^ and the 
summation refers to the different values of ^, given in the following table, viz. 



Pi 


p* 


P3 


p« 














1 














1 














1 














1 


1 


1 











1 


1 











1 


1 


1 








1 


1 





1 








1 





1 


1 


1 


1 








1 


1 


1 


1 





1 


1 


1 


1 





1 


1 


1 


1 


1 



There are in all 136 even quadruple fimctions, these do not vanish when 
the arguments %, i^2> ^^ 8,nd ti^ are made =0, and consequently there arc 
136 constants corresponding to the zero values of the arguments. These 
constants may be denoted by c^^ and are given in the following table. Of course 
each c here written is understood to be c^ where i and k denote respectively the 
number of the row and the number of the column. The asterisks ate written 
instead of zeros to denote the zero values of the odd functions. It will bo 
noticed here that both the asterisks and the c's are symmetrically arranged in 
the table. When «^, tfj, i^ and W4 are each indefinitely small, each of the even 
functions is reduced to its zero value plus a quadric function of (w) and each of 
the odd functions are given by linear functions of (u) . In the first of these 
cases we may write 
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giving thus 1360 new constants (/„; in the second case we may write 

3 = (A, d'^, ii\, c^\lu„ «„ «3, u,) 
giving 480 new constants c"(. 

IS 8 4 B 6 7 8 9 10 n 12 18 14 IS 16 



co\ccccccc eccece-c 
c * c c e » c e**e»i»* 

o •ic-c* • •o» •* •«) e e 



A complete product table for the quadruple theta-functions would be much 
too long to give, as it would contain 256 x 256 or 2" products These would 
consist of what might be called a square-set of 256 products and 255 other sets 
each confliining 256 products. By a square-set is Ineant a set consisting of 
products of the form 3(t{« + «'),3«(u — u'); the remaining sets would have 
diiTcrent suflBxes for each 3. In the following table I give the products 
contained in the square-set, and instead of writing with its proper suffix I 
write (following Prof Cayley) X with a certain suffix ; I give first the definition 
of the X's which refer to 2ui, 2w,, 2uj, 21*4; the accented X's refer of course to 
the ©-functions with arguments 2«'|, 2k'j, 2u'g, 2u\. In the remaining 255 sets 
it would be necessary to introduce some new symbols, inasmuch as the charac- 
teristics would not all be made up of and 1 . 
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© 



0000 



1000 



0100 



0010 



0001 



1100 



Olio 



0011 



1001 



1010 



0101 



1110 



0111 



1011 



1101 



1111 



0000 
1000 
0100 
0010 
0001 
1100 
Olio 
0011 
1001 
1010 
0101 
1110 
0111 
1011 



1101 



1111 



Xi 



X, 



X 



X. 



X, 



Xu 



Xi 



X, 



X. 





x« 


X. 


X. 



2 



3 



e 



8 
9 
10 
11 
12 
13 
14 
15 



16 
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From this we have, for example 

Instead of writing X^^ it will occasionally be a little more convenient to 
write XI, the upper letter denoting the number of the row and the lower one 
the number of the column. In the following table giving the square-set 
products, I have written in the first column the suffixes belonging to the 
particular ^; at the top of the next 16 columns will be found the letter ac; this 
is to be read as XX' ; the last column contains the first suffix for both X and X' 
and the first row contains the second suffix belonging to X and X\ viz. the figure 
on the left of the comma is the second suffix for X and the figure on the right 
of the comma is the second suffix for X'. The signs alone appear in every row 
after the first, the suffixes in the first row being the same, of course, for all of 
the sixteen equations in each sub-set. The table is divided into 16 different sub- 
sets; in the first sub-set the general term is X^XI^j i. e. the suffixes are the 
same for X and X'. This is not the case with the other fifteen sub-sets, but it 
will be noticed that if i be the number of the sub-set the first row and i^^ column 
is always made up of plus signs. I give here a few examples illustrating the use 
of the tables. 

^ ^ — <N /OOOON ,N /OOOON — y^ v -U IT iTf M IT v -i- ]r Y' 
<*^i,Wi,i» ~*^\^0000/ vOOOOy' ~ ^^^i^^.i^ ^i.^^u^^ ^ins^i^s-r ^ui^i.i 

"^ ^l,h -^1,6 +-^1,6 -^1.6 +-^1,7 -^1,7 +-^1,8-^1,8 
4" -^1,9 -^l'.» H" -^1,10-^1,10 + -^1, 11 -^1,U 4" -^1,U-^1,« 
"t" -^1,13-^1,13 + -3^1^14X1^14 +Xi^i5 JCi^i5 + -3^1,16-^1,18) 

^ <^ — <N /OOOIN ,N /0001\ — T^ V' O- T^ y -i- y Yf Y Yf 

+ -^1,1-^1,6 +-^l,15-^l',6 -^1,13-3^1,7 — -3^1,4-^1,8 
+ -3^1.2-^1% -3^1,14-^1,10 + -^1,3-^1,11 -^1.18-3^1,13 
-3l, 7-^1, 13 -3^1, 10 -^1.14 +-3^1, 8-^1, 15 -^1.12-3hi',18, 

^10,12^10,12) =^ ^ VlOlO/ VlOlOy ' ^^-3^1^13X1^1 -3li^7-Ai 2 + Xi^io-^1,8 -^1,8-^1,4 

+ -^1,18-^1,6 -^1,4-^1,8 -^1,2-3^,7 -^1,15-^1,8 

-^1,18-3^1, 2 + -^1.8-^1,10 + -^1,14-^1.11 4" -^1.1-^1,12 
-^1,9-^1,13 + -3^1,11 -^1,14 -^1.8-^1,16 +-^1,6-^1,18- 
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i» 


X 


X 


X 


X 




X 


X 


X 


X 


X 


X 


X 


X 


X 


X 


X 


Siiff. 


1,1 


- + 
1 


+ 
2 


+ 
3 


+ 
4 


+ 
5 


+ 
6 


+ 
7 


+ 
8 


+ 
9 


+ 
10 


+ 

11 


+ 

12 


+ 
18 


+ 
14 


+ 
15 


+ 
16 




8,1 


+ 
1 


2 


+ 
3 


+ 
4 


+ 
5 


6 


+ 
7 


+ 
8 


9 


10 


+ 

11 


12 


+ 
13 


14 


15 


16 




8,1 


+ 
1 


+ 
2 


3 


+ 
4 


+ 
5 


6 


7 


+ 
8 


+ 
9 


+ 
10 


11 


12 


13 


+ 
14 


16 


16 




4,1 


+ 
1 


2 


+ 
3 


4 


5 


+ 
6 


7 


8 


+ 
9 


10 


+ 

11 


12 


13 


14 


+ 
15 


16 




6,1 


+ 
1- 


+ 
2 


+ 
3 


+ 
4 


5 


+ 
6 


+ 
7 


8 


9 


+ 

10 


11 


+ 
12 


13 


14 


15 


16 




6,1 


+ ' 
1 


2 


3 


+ 

4 


+ 
5 


+ 
6 


7 


+ 
8 


9 


10 


11 


+ 
12 


13 


14 


+ 
15 


+ 
16 




7,1 


+ 
1 


+ 
2 


8 


4 


+ 
5 


6 


7 


8 


+ 
9 


10 


11 


+ 
12 


+ 
13 


14 


15 


+ 
16 




8,1 


+ 
1 


2 


+ 
8 


4 


5 


+ 
6 


7 


+ 
8 


9 


10 


11 


12 


+ 
13 


+ 
14 


15 


+ 
16 




«,1 


+ 
1 


2 


+ 
8 


t 


5 


6 


+ 
7 


8 


+ 
9 


10 


11 


12 


13 


+ 
14 


+ 
15 


+ 
16 




10,1 


+ 
1 


2 


+ 
8 


4 


+ 
5 


6 


7 


8 


9 


+ 

10 


+ 

11 


+ 
12 


13 


+ 
14 


15 


+ 
16 




11,1 


+ 
1 


+ 
2 


3 


+ 
4 


5 


6 


7 


8 


9 


+ 

10 


+ 

11 


12 


+ 
13 


14 


+ 
15 


16 




12,1 


+ 
1 


2 


3 


4 


+ 
5 


+ 
6 


+ 
7 


8 


9 


+ 

10 


11 


12 


+ 
13 


+ 
14 


+ 
15 


16 




18,1 


+ 
1 


+ 
2 


3 


4 


5 


6 


+ 
7 


+ 
8 


9 


10 


+ 

11 


+ 
12 


13 


+ 
14 


+ 
15 


16 




14,1 


+ 
1 


2 


+ 
8 


4 


5 


6 


7 


+ 
8 


+ 
9 


+ 

10 


11 


+ 
12 


+ 
13 


14 


+ 
15 


16 




.15,1 


+ 
1 


2 


3 


+ 
4 


5 


+ 
6 


7 


8 


+ 
9 


10 


+ 

11 


+ 
12 


13 


+ 
14 


15 


16 




16,1 


+ 
1 


2 


3 


4 


5 


6 


+ 
7 


+ 
8 


+ 
9 


+ 

10 


+ 

11 


12 


18 


14 


15 


+ 
16 
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II 



* 


X 


X 


X 


X 


X 


X 


X 


X 


X 


X 


X 


X 


X 


X 


X 


X 


Suff. 


1,3 


+ 
2,1 


+ 
1,2 


+ 
6,3 


+ 

10,4 


+ 

0,6 


+ 
3,6 


+ 

12,7 


+ 
14,8 


+ 

6,0 


+ 

4,10 


+ 
15,11 


+ 
7,12 


+ 

16,18 


+ 

8,14 


+ 
11,16 


+ 

13,16 




2,8 




+ 


— 


— 


— 


+ 


— 


— 


+ 


+ 


— 


+ 





+ 


+ 


+ 




8,2 


+ 


+ 


— 


+ 


+ 





— 


+ 


+ 


+ 


— 


— 





+ 


— 







4,2 


+ 


+ 


+ 


— 


+ 


+ 


— 


— 


+ 


— 


+ 


— 





— 


+ 







6,2 


+ 


+ 


+ 


+ 


• 


+ 


+ 


— 





+ 


— 


+ 





— 


— 


• 




6,8 





+ 


+ 


— 





— 


+ 


— 


+ 


+ 


+ 


— 


+ 


• 

+ 


— 







7,2 


+ 


+ 





— 


+ 


— 


+ 


— 


+ ., 


— 


— 


+ 


+ 


— 


— 


+ 




8,2 


+ 


+ 


+ 


— 





+ 


— 


+ 





— 


— 


— 


+ 


+ 


— 


+ 




9,2 


— 


+ 





— 


+ 


+ 


— 


+ 





+ 


+ 


+ 


+ 


— 


— 


— 




10,2 


— 


+ 





+ 




+ 


+ 


+ 


+ 


— 


— 


— 


+ 


— 


+ 


— 




11,2 


+ 


+ 





+ 








— 


— 





+ 


+ 


— 


+ 


— 


+ 


+ 




12,8 


— 


+ 


. + 


+ 


— 




— 


+ 


+ 

• 


— 


+ 


+ 





— 


— 


+ 




18,2 


+ 


+ 





— 








+ 


+ 





— 


+ 


+ 





+ 


+ 


— 




14,2 


— 


+ 





+ 


+ 


+ 


+ 







— 


+ 


— 





+ 


— 


+ 




16,2 


— 


+ 


+ 


— 


+ 





+ 


+ 





+ 


— 


— 





— 


+ 


+ 


\ 


16,2 


— 


+ 


+ 


+ 


+ 





— 


— 





— 


— 


+ 


+ 


+ 


+ 
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III 



1 

1,8 


X 

+ 
8,1 


X 


X 


X 

+ 
7,4 


X 


X 

+ 
2.6 

+ 


X 


X 


X 


X 


X 


X 


X 


X 


X 

+ 

9,15 


X 


Suff. 


+ 

6,2 


+ 
1,8 


+ 

11,6 

+ 


+ 
4,7 


+ 
18,8 


+ 
15,9 


+ 

12,10 


+ 

5,11 


+ 

10.12 


+ 

8,18 


+ 

16,14 


+ 

14,16 


1 


2,3 


+ 




+ 


+ 


+ 


+ 







+ 


— 


+ 


— 





__ 


1 


8,8 




+ 




+ 










+ 


+ 1 


+ 




+ 


+ 


1 


4.8 
5,8 


+ 


+ 


+ 


— 


+ 


+ 







+ 




+ 


— 




— 


+. 




1 


+ 


+ 
+ 


+ 


+ 


+ 


+ 


«^^ 





+ 


• 


+ 


+ 






— 


1 


6,8 


— 


+ 




- 


+ 




+ 


+ 


+ 




+ 




1 


7,8 


+ 




+ 


+ 




+ 




+ 




+ 


+ 






+ 


+ 




1 


8,8 


+ 


+ 




+ 




+ 





+ 




— 


+ 


+ 




+ 


1 
1 


«,8 


+ 




+ 


+ 






+ 




+ 


+ 





+ 


+ 


+ 


10,8 


+ 




+ 





+ 




+ 






+ 




+ 




+ 


1 

• 


11,8 






+ 
+ 


+ 


+ 


+ 


+ 


+ 







+ 


— 


+ 




1 


12,8 
18,8 




+ 




+ 


+ 


WMN* 


+ 


+ 




^■■^ 


*~~ 


+ 


1 


• 


+ 


+ 


+ 


+ 


«i0^ 




+ 


+ 




^"* 


+ 






+ 


1 


14,8 


+ 




+ 










+ 


+ 


+ 





+ 


+ 




+ 


— 


1 


15,8 


1 


+ 


+ 





+ 





+ 


+ 


^^mm 


+ 







4 


+ 


1 


16.8 




1 

+ 


+ 


+ 


+ 





1 






^a^ 


+ 


+ 


+ 


+ 




1 



Vol. VI. 
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IV 



* 


X 


X 


X 


X 


X 


* \ 


X 


X 


X 


X X 

+ + 
2.10 : 18,11 


X 

+ 
6.12 

• 

+ 
+ 
+ 

+ 

+ 



+ 


X 

__ 

+ 

11,18 


X X 


X 

m 


Suff. 


1,4 


+ 
4,1 


+ 

10,2 


+ 

7,8 


A 


+ 

8,5 


+ 

12,6 


+ 
8.7 


+ 
5,8 


+ 
14,9 


+ ' + 

9,14 16,15 


+ 

15,16 1 


2,4 


+ 


— 


+ 


+ 


+ 




+ 


+ 
+ 
+ 


" '+ ' 


- + 
+ - 


+ 
+ 

+ 
+ 

+ 


i 




8,4 


+ 


+ 




+ 


+ 






+ - 


+ ■ 

1 

+ 


4,4 





• 





+ 






+ 
+ 


, 


+ - 
+ - 


+ i - 

1 


5,4 


+ 


+ 


+ 


+ 




+ 





6,4 


+ 


— 





+ 


+ 


+ 


+ 
+ 


- , + 

+ + 

1 

1 


7,4 





— 


+ 


+ 


— 


+ 


- + + 




1 


8,4 





— 





+ 


+ 





+ 




+ 


+ + 

+ + 

- . + 
+ - 

- + 


- + 
1 


1 


M 


+ 


— 


+ 


+ 


— 





+ 
+ 


+ 

+ 


+ 
+ 



+ 


+ + 

- ; + 


+ 


1 


10,4 





+ 





+ 
+ 




+ 




1 


11,4 


+ 


+ 













- + 




1 

+ 

1 

1 


12,4 





+ 


+ 


+ 







+ 


1 


18,4 





— 


+ 


+ 


+ 


+ 
+ 
+ 






+ 


i 


+ 


1 


14,4 





+ 





+ 


+ 


+ 





+ , - 

+ - 

i 

1 


+ 


1 


16,4 


+ • 


— 





+ 


— 





+ i - + 

1 


+ 




1 


16,4 





+ 


-1- 


-1- 


+ 










-1- 


+ + 


_ 


1 
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^ 


X 


X 


X 


X 


X 


X 


X 


X 


X 


X 


X 


X 


X 


X 


» 


X 


SufF. 




1,5 


+ 
6,1 


+ 

9,3 


+ 

11,8 


+ 

8,4 


+ 
1,5 


15,6 


+ 
18,7 


+ 

4,8 


+ 
3,9 


+ 

14,10 


+ 
8,11 


+ 
16,12 


+ 

7,18 


+ 
10,14 


+ 
6,16 


+ 
13,16 


1 




2,5 


+ 




+ 


+ 


+ 


— 


+ 


+ 





— 


+ 


— 


+ 










1 




8,5 


+ 


+ 


+ 


+ 

1 — . . ... 

+ 


+ 

+ 


+ 




+ 


+ 


+ 




— 





+ 






1 




4,5 


+ 


+ 






+ 




+ 


— 







+ 


I 

1 1 


• 


5,5 
6,5 





■ 


+ 


— 




+ 


+ 




+ 


^M^ 


+ 


+ 


+ 
+ 


+ 


1 




+ 


+ 

+ 


+ 


+ 


— 




+ 







+ 


1 




7,5 


+ 


+ 
+ 






+ 
+ 





+ 


— 




+ 


+ 








+ 


1 


« 


8,5 








+ 


+ 




1 I 


+ 


+ 


+ 


+ 








+ 




1 


^ 


9,6 
10,5 


+ 


+ 
+ 


+ 


,+ 




+ 





+ 


+ 

• 


+ 


+ 










1 




+ 


— 


+ 







+ 


+ 


+ 




+ 





+ 


1 


* 


11,5 




+ 


+ 


+ 


+ 




— 


+ 


^,_ 


+ 







1 




12,5 
18,6 


+ 





+ 


+ 


+ 





— 


+ 


— 





+ 


+ 


+ 




1 


« 


+ 


+ 


+ 


+ 







+ 


+ 


. 





+ 








+ 


1 


• 


14,5 




+ 


+ 


+ 


+ 


+ 


+ 







— 


+ 







+ 





+ 

1 1 


« 


16,6 





+ 


+ 




+ 


+ 




+ 


— 









+ 


! 1 


« 


16,5 




+ 


+ 


+ 








— 






+ 

1 
1 


+ 


+ 


+ 


1 


1 
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VI 





^ 


X 


<e 


X 


X 


X 


X 


X 




X 


X 


X 


X 


X 


X X 


X 


Suflf. 




1,6 


+ 

6,1 


+ 
8,2 


+ 

2,8 


+ 
12,4 


+ 
15,5 


1,6 


+ 

10,7 


16,8 


+ 
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There is a certain symmetry in these tables, although it is hardly apparent 
in this (the most convenient) way of writing them. In the first table, the signs 
are all the same in the first row and in the first column ; leaving out these lines 
and taking the fifteen by fifteen square which is left, it will be noticed that the 
signs are arranged in the same way in both the first row and the first column ; 
forming again the fourteen by fourteen square, etc., the same thing will be 
noticed to hold true. I do not see any way of arranging the next fifteen tables 
in order to bring them into this form. 

By making the quantities u\, u\^ v!^ and v!^ all equal to zero, we have a 
linear function of the Xi, X,, Xg, etc., equal to the square of a certain 3; and 
further making the Ui, u^, u^ and u^ vanish, we have the constants c^^ expressed 
as quadratic functions of the zero values of X^j, and X/^ (the zero value of X,* 
being of course equal to the zero value of X/^) . The more general form for 
the products is indicated by Nother in his memoir above referred to, where he 
shows that the product 

can be expressed linearly and homogeneously by sixteen products of the form 

This he obtains from a general theorem in the theory of the 3-functions of any 
number of arguments, viz. (for four arguments) ^Hhat between any 2*+ 1 = 17 
products of the form 

3a(t^ + t/)3.(u+l/') 

which have equal arguments Ui^ u^^ ti^, u^^ and equal sums 

there exists a linear fiomogeneous relation^ the coefficients of which are independent 
of w." The sums are in the present case all equal zero, as t/'= — t/, = u'. 

The zero values of X< and X/ being the same, they may be represented by 
a<. In the following tables are arranged the squares of the zero values of the 
theta functions which are denoted by c^ , only the even functions are written 
down, since the odd functions are zero for zero values of the arguments. The 
first table containing 16 rows corresponds to table I above ; the second, third, 
etc., tables containing only 8 rows each, correspond to tables II, III, etc., above. 
The first column contains the suffixes of each c and the following columns 
contain the suffixes of the a's. The sign of each term is written above it just 



48 



Craig : On Quadruple Theta- Functions. 



as in the preceding tables, of course the arrangement of signs is the same as in 
these tables. When two sufiBxes are separated by a comma, the product of the 



corresponding a's is meant ; thus 




is to be read +a<.at. Where there is 



only one sufSx written down, the square of the corresponding a is meant ; thus 




is to be read +«?. These remarks do not of course apply to the first 

column, as this contains the regular sufiSxes of each ^ as before defined, the 
comma is there written simply for convenience in reading. Another set of 16 
tables might be given here giving the squared values of each ^^j^ in terms of X^ 
and a<, viz. as already mentioned linear functions of the Xj. This is not neces- 
sary, however, as these relations can be obtained at once from the last 16 tables 
by simply reading for x, aX instead of XX'. Another point is to be noted in 

has the 



using these tables, viz. that 





It will be 



same value as 

observed then in every table after the first that there are only eight terms, each 
product Ui . ajt coming in twice and each product a< . a* having the same sign as 
a».a(. The odd functions in the previous set of tables are marked by an 
asterisk at the left-hand side of the characteristics contained in the first column ; 
for- these functions it will be observed that to each ifca^.a^ there corresponds 
=F a^.ttjk in another column — ^the odd values, therefore, vanishing for zero values 
of the arguments, or in the general case (referring of course only to the odd 
functions) there is corresponding to any term of the form ± X^.Xl another term 
of the form =f Xj, , X/. Table I contains only sums and differences of squares 
of a<, and the other tables contain only products of the form 2ai.at. This 
arrangement differs slightly from that given by Prof. Cay ley for the double 
theta-functions. The construction of tables giving the values of Ci.c^ would 
obviously involve a great deal of work, and from the diflSculty in using them 
would be practically of no value. 
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The following examples will serve to illustrate the method of using the 
tables. 

Table 1. 

Ci.i = «!+ ai+ «!+ «!+ <A+ <A+ «?+ «!+ aS+aio+aii+ aL+ ai3+ <^u+ ai5+ «!« 
C4.1 = aj+ aS+ a|— «!+ a|+ aj— a?— «!+ aj— aJo+aJi— aj,— ajj— a\i+ ajg— af^ 
cj.i = aj— aS+ aH- aj— a|— aS+ a?— a|+ aj— afo— afi— aj^— afgH- af4+ a\^+ a\^ 
cfe, 1 = aJ— aS— af— a\— a\+ aS+ a?+ a|+ aJ+aJo+aJi— ajg— a^ — a\^— ai5+ aj^ . 

Table 4. 
cj ^ = 2(a4ai + aioOCj + Oraa + aia4 + aetts + a^ae + oluO^ + awotii) 
Cii,4= 2(a4ai+ ttiottj — OrOts"!" ^i^a — <^b^5 — olu<^9 — oluO^'^i OLis^n)- 

Table 10. 

^.10 = 2(aioai + a^di + olu^ — 0^140^5 + (x^a^ — a^a^ — otwau — ocisO^is) 
^16.10= 2(aioai — a^a^ — a^%as — a^asH- ouia^+ ol^olb'^ oli^ol^ — aisotis)- 



^12.15 • 
VOI^ VI. 



Table 15. 

2(ai5ai— ttiiOij— agtts + ai6a4 + agttg— ttnay + aijag— aiattio) 
2 (aiBtti — ana, — a^ag — aiea4 + a^ag + ano^ — a^ae + aisaio) • 
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The relations connecting these zero values would be determined with 
considerable diflBculty from the above tables — tlie difficulty lying in the fact of 
the great number of terms in the a's which go to make up a given c. The 
following relation is obtained, however, without much trouble, viz. 

^i,i> ^.i> ^.i> ^.1 

^,1) ^,l> ^7.1) ^,1 



= 16 



^,i> ^o.i> ^i,i» w».i 
corresponding to the relation, in Prof. Cayley's notation for the double theta- 



S S 3 3 

3 3 3 3 

0^12 > Gtlli OtlOi ^3 






3 3 8 

3 3 8 



functions 









C15C3, 



The suffixes in this notation should each be increased by unity to make them 
correspond to the notation which I have used, and the a, /3, y, h should be 
replaced by ai, ol^, ag, a^. 

Brioschi, in his paper above referred to, has given some general formulas 
connected with the extension of the Gopel biquadratic relations between double 
theta-functions to the case of functions of n arguments. These relations, for 
the present case of four arguments, could, of course, be directly obtained from 
the tables given above, together with the remaining set of product tables, which 
would obviously require too much space to write down. I only mention this 
paper of Brioschi's which, though brief and in some respects unsatisfactory, is 
the only one I know of in which an attempt is made to generalize the Gopel 
relations to the case of any number of arguments. Another brief paper of 
Brioschi's, which I have just seen, is contained in the Atti della K Acad, dei 
Lincei, serie terza. Vol. vii, the title is **Le relazioni algebriche fra le fimzioni 
iperellittiche del primo ordine," which, though referring directly only to the 
double theta-fiinctions, contains some valuable hints as to methods of procedure 
in the case of functions of more than two arguments. Prof. Cayley gives, in 
his memoir (page 941), a well known relation between the zero values of the 
even double theta-functions, viz. 
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c\, 
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a, h, c 
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-<A, 
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-<^5, 


^. 
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a!, V, d 


^» 


<At, 


-ci 




a", b", c" 
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where the a^h, c, d , . . . , d' constitute a system of coefficients in the transfor- 
mation between two sets of rectangular coordinates. I have tried to find 
something similar for the case of the quadruple functions, but so far have not 
succeeded. It is evident that a relation identical in form with the above cannot 
exist, inasmuch as there are 9, i. e. 3* ratios between the even functions in the 
case of two arguments and 135, which is not a square, ratios between the even 
functions in the case of four arguments. In volume 94 of Crelle, pp. 74- 
86, F. Caspary, in a paper entitled Zur Theoiie der Tlwtafunctionen mit ztvei 
Argumentenj has obtained the above relation from a more general one ; he 
shows that certain 16 pairs of products of double theta-functions arranged in 
the form of a determinant of the fourth order satisfy the necessary conditions 
of an orthogonal substitution. Caspary's fundamental theorem is as follows ; 
using the notation which I have been employing: **If ario-,; yiy^ denote two 
pairs of independent arguments, then the sixteen theta products arranged in the 
following order : 

^isC^u a^)*i8(yi, ^2) M^u ^) Mvu ya)— <?io(^i, a^)<?io(yi, ya)— M^iy ^) Mviy yt)\ 

^%{^u ^2) *8(yi; yi)—K[xu ^)'K{yu y^) M^y ^) <^5(yi, y2)—K{^y X2)^n{yu ya) 
^18 {^ y ^) K (yiy yt) *6 (^ y ^) ^6 (yi, ya) *i5 {^y ^) <9i5 (yi, ya) <?i (^i; «a) «?i.(yu ya) 

form the coefficients of a linear substitution in which the sum of the squares of 
the four new variables is equal to the sum of the squares of the four original 
variables multiplied by a certain factor." To convert the above arrangement 
into Prof. Cayley's ** current number" notation, it is only necessary to diminish 
each subscript by unity. The notation adopted by Caspary is that employed by 
Weierstrass. The arguments x and y are connected with the arguments u and v 
by the relations ari = t^ + w'l , y^=.Ui — u\ 

a^i + yi= 2i^i ^i — 2/1= 2i^\, etc. 

It seems to me that one ought to be able by suitably generalizing Caspary's 
theorem to find the corresponding relation for the quadruple functions. That 
would seem to be probably the most desirable way of going to work. Caspary 
passes from the above very general theorem to the particular case which I have 
cited above, viz. to the relations existing between the ratios of the zero-values of 
the even double theta-functions. A suitable generalization of his theorem would 
doubtless lead easily to the corresponding relation between the zero-values of 
the quadruple functions. This, however, I shall reserve for the second part of 
this paper. 



Su/r une formule relative a la theorie des Fonctions 

d^une variable^ 

Par M. Hebmitb. 



En restant dans la sphere des questions 616mentaires, permettez-moi de 
vous indiquer une rectification que je viens d'exposer a mes 61feves, sur un point 
traits dans la XIP lepon de mon Cour. II s'agit des applications aux fonctions 

-; — et cotg X de la formule qui donne I'expression generale des fonctions 

BID X 

uniforme F{x) = XlG^ (■^—) + ^►(«)] + <^ («)• C'est la determination du 

terme compl6mentaire G{x) qui presente une grand difficult^, dont on voit bien 
la raison, ce terme dependant essentiellement du polynomes Pp{x) qui peuvent 
etre varies d'une infinite de mani^res. Dans la but d'6viter cette difficulty j'ai 

fait le remarque que la relation /= — / —^ — = F{x) — 2 (?„ f j donne : 

F(x) = 2 Qa( ) lorsqu'en agrandissant ind6finiment le contour ferme d6sign6 

par Sf rintdgrale / relative k ce contour a z6ro pour limite. J'ai ensuite pris 
une circonference de rayon R ayant son centre k Torigine, ce qui permet d'6crire 

/= j^ ^^ , Tangle 6 peuvant avoir une valeur quelconque entre zero et 2n 

et X d^signant toujoiuTs le facteur de M. Darboux. II est done n6cessaire pour 
qu'on puisse conclure de cette expression /= que la fonction F{z) tend vers 
z^ro en tout point de la circonference consideree, et c'est ce qui n'arrivera cer- 

tainement pas dans le cas de F{z)=^ - — , I'infini 6tant alors une point singulier 

essentiel. Et en efiet, en posant z=^p + iq sin 2, croit ind6finiment avec q mais 
nuUement avec le module de p + iq, comme il serait n6cessaire. L'erreur que 
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j'ai ainsi commise j'6vite ais^ment si Ton prends pour contour d'int6gration au 
lieu de la circonference un carr^ ayant son centre k Porigine des coordonnees. 

Soit 2a le cot6 de ce carre et posons F{z) = — — , on trouve alors : 

+« +« 

2i7t/= if lF{a + it) — F{— a + U)] dt —f[F{ia + t) — F{— ia + tyjdt, 



— o —a 



c'est la formule que je vais employer en supposant en premiere lieu : 

A cet effet je ferai a = 2m7t + a, a 6tant fixe et m une entier qui croitre indefi- 
niment, or je remarquerai k regard des quantit^s sin (a+ i7), sin (ia + <), que 
pour toute valeur de <, le module de la premiere a pour minimum sin a le 
module de la seconde augmentant avec a , au-dela de toute limite. Les expres- 
sions suivantes : 

/F{a+it)dt='z — —. .. , .V . , , .V 
^ ^ (a + tr — a?)(a + *^) sin (a + tr) 

— a 
+ a 



2aX 



fF{ia + t)dt=^ 



2a; 



—a 



(ia + r — x){ia'{-T) sin {ia + 7) 

oil r est une valeur de t comprise entre — a et + a, X le facteur de M. Darboux, 
montrent done que les int^grales ont bien pour limite z6ro lorsque a croit indefi- 
niment. II en est de meme 6videmment des deux autres 

+ a +a 

fF{— a + it) dt et fF{— ia-\-t)dt 

—a —a 

qui figurent dans Texpression de /et il est ainsi d6montre qu'on a /= pour a 
infini. Comme consequence nous avons la formule 



im X or J^^ X — 



et le signe 2 s'etendant aux poles contenues dans la contour d'int^gration, on 
doit attribuer a n toutes les valeurs enti^res positives et negatives en excluant 
n = qui correspond au pole double mis k part. Cela 6tant on trouve 

E^ = — — et nous pouvons ecrire - — = 1- 7 — h — - — r 

wr * smo; 2; j^^n7:{x — n;r) 

ou encore -; — = h > ( — l)'*r 1 1 

smo; X J^^^ ' \^x — fur n;rJ 



62 Herhite : Sur uneformule relative h la (h&orie des Fonctions cPune variable. 



puis enfin en recueillant qui correspondent aux valeurs de n 6gales et de signes 

contraires : 

6m X 



mx X ^ ' ^ — v?7^ 

1^ 



Je passe ^ la fonction F{z) = , et je considere comme tout-^-Fheure, pour 

une valeur quelconque de <, les modules de cotg (a + it) et cotg (ia + <)• 

^ , ,.., j« X / I -^N cos 2ft + 008 2a . 1+ cos 2a 
Or la quantite : mod'cotg (a + i^) = — jr^ ^r- a pour maximum -r-^ r- 

cos JLtZ —^ 008 Z€L 1 •-"" COS ZOt 

ou bien Punit6 suivant que cos 2a est positive ou negative, et quand au module 
de cotg (ia + t) on salt qu'il est 6gal & un, pour a infiniment grand. Vous voyez 
que ces r6sultats suffisent pour 6tablir que toutes les integrales composant la 
valeur de /, ont encore comme pr6cedemment z6ro pour limite, on a done 

vigoureusement demontr6 la relation 

cotg X 1 V"^ 1 

X Q? j^^njr{x — nn) 

d'oii se tire Pexpression ordinaire 

cotgx = - + ^^^-^,^. 




Note on a Partition' Series. 

By a. Oayley. 



Prof. Sylvester, in his paper, A Constructive theory of Partitions, etc., 
A. M. J. VoL 5 (1883), has given the following very beautiful formula 

(1 + ax)(l + a«*)(l + oaf') . . . 

= 1 + 1:^(1 +aa:»)a:a +^-^i—^(l + aarXl + axVa» 

or as this may be written 

n== 1 +P + g(l+ax)+i2(l +aar)(l +aa?) + /S'(l +ax)(l +aa:*)(l + 
where 

^- i ' ^ = Tie ' ^= i.se.s ' '^= i.se.s.4 ' ^*^- 

the heavy figures l, se«3, 4,... of the denominators being, for shortness, 
written to denote 1 — a, 1 — a*, 1 — as', 1 — a*, . . . respectively. The x-exponents 
1, 5, 12, 22, . . . are the pentagonal numbers i(3n* — n). 
To prove this, writing 

where the x*exponents are 

2; 3, 3 + 4; 4, 4 + 5, 4 + 5 + 6; 5, 5 + 6, 5 + 6 + 7, 5 + 6 + 7 + 8; etc., 
we find without difficulty (see infri) that 

l + P=(l + aa!)(l + P') 
l + P'+g = (l + ax»)(l + Q') 
1 + Of + B = {I + a^){l + JRf) 

1 + JSr + aS'= (1 + ax*)(l + S'), etc., 
and hence using £1 to denote the sum 

fi= 1 + P + Q(l + aa;) + i2(l + ax)(l + aa?) + /^(l + aa;)(l+ ax»)(l +ax'), etc., 
we obtain successively 

il^ (1 + aa;) = 1 + P + Q + i? (1 + aa:») + ^(1 + aa^)(l + aar*) + . . . 
n -^ (1 + ax)(l + a**) = ± 1 + g' + i? + /S'(l + oaj*) + 7(1 + aar'Xl + a«*) + .. . 
il-^(l + ax)(l + aa:*)(l + aa^) = 1 + i?+ /S'+ 2'(l + oa;*) + . . . 
and so on. In these equations, on the right-hand sides, the lowest exponent of 
X is 2, 3, 4, etc., respectively, so that in the limit, the right-hand side becomes 
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= 1 , or the final equation is 11 = (1 + ax){l + aa^){l + cus?) . . . , viz., we have 
the series represented by 11 equal to this infinite product, which is the theorem 
in question. 

One of the foregoing identities is 

1 + i? + /S^=: (1 + ax*)(l + /S') f 
viz. substituting for R\ St S' their values, this is 

viz. this equation is 

— ' i ' iT» 

■^ 1.S.8 "^ l.S.8.4 ' 

that is 

and in the same way each of the other identities is proved. 
Writing a = — 1 we have fl, =1, se, 3, 4. . . , 

= 1 +P + Q.l + B.l.z + S.l.it.S+. . . 

where P=-(l + .)., Q = (l+pl, E = -a±^ 

and therefore 

1.«.S.4 . . . = 1 — (1 + x)a; + (1 + a?)a?— (1 + ar»)a^» + . . . 

which is Euler's theorem. 

It might appear that the identities used in the proof would also for this 

particular value a = — 1 lead to interesting theorems, but this is found not to be 

the case : we have 

but the expressions in terms of these quantities for the products se.3.4 . . . , 
S.4 . . . , etc., contain denominator factors, and are thus altogether without 
interest ; we have for example 

..,.4 . . . = 1 + 3^L+^±^- (JJ^ + etc. 

which is with scarcely a change of form the expression obtained from that of 
the original product 1.%.Z.4l , . ., by division by 1, =1 — x. And similarly 
as regards the products S.4 ... , etc. 

Cambbidqe, Jtin«, 1888. 
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1. Conception of a simple state to which every algebraical expression can 
be reduced. §6. 

2. The particular cognate forms of the generic expression under which a 
given simplified expression falls are the roots of a rational irreducible equation ; 
and each of the unequal particular cognate forms occurs the same number of 
times in the series of the cognate forms. §9, 17. 

3. Determination of the form which a rational function of the primitive 
n*^ root of unity «i and of other primitive roots of unity must have, in order that 
the substitution of any one of certain primitive «*^ roots of unity, «i, coj, 0)3, etc., 
for G>i in the given function may leave the value of the function unaltered. 
Relation that must subsist among the roots Oi, o^, etc., that satisfy such a 
condition. §20. 

4. If a simplified expression which is the root of a rational irreducible 
equation of the N^^ degree involve a surd of the highest rank (§3) not a root 

of unity, whose index is — , the denominator of the index being a prime number, 

iV is a multiple of m. But if the simplified root involve no surds that are not 
roots of unity, and if one of the surds involved in it be the primitive n*^ root of 
unity, iV is a multiple of a measure of n — 1. §28. 

5. Two classes of solvable equations. §30. 

6. The simplified root ri of a rational irreducible equation F{x) = of the 
rnP^ degree, m prime, which can be solved in algebraical functions, is of the form 

ri=^(fl' + Af+aiAr + &iAf+...+e,Ar'+AiAr'); 
where g is rational, and ai, 61, etc., involve only surds subordinate to Af. §38, 47. 
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7. The equation F(x) = has an auxiliary equation of the (m — 1)^^ 
degree. §35, 52. 

8. If the roots of the auxiliary be A^, 5,, ^3, ... , 5,^-1 » the m — 1 expres- 
sions in each of the groups 

J. -L J- -L -L J- 

A" ^m-l » K 5m-2 » • • • I ^m-l ^r » 
1. L ± JL -• JL 

^1 On—%1 O2 Om— 4t • • • > 0^—1^% I 
J. i_ i. i. JL L 

and so on, are the roots of a rational equation of the {m — 1)*** degree. The 

1 • i. 1 JL L L L 

;r terms ^"^m-l* K^Z-%1 • • • > ^m-l^ m-fl * 

Z -J- -5— 

(Tyi 1 \ th 
— ^ — J degree. §39, 44, 55. 

9. Wider generalization. §45, 57. 

10. When the equation F{x) = is of the first class, the auxiliary equation 
of the (m — 1)*^ degree is irreducible. §35. Also the roots of the auxiliary 
are rational functions of the primitive m^^ root of unity. §36. And, in the 
particular case when the equation F{x) := is the reducing Gaussian equation 

of the m*^ degree to the equation a:** — 1 = 0, each of the — - — expressions, 

At 

Jl 1. JL i. 

^r^m-i» KKi-%^ &c-> has the rational value n. §41. Numerical verification, §42. 

11. Solution of the Gaussian. §43. 

12. Analysis of solvable irreducible equations of the fifth degree. The 
auxiliary biquadratic either is irreducible, or has an irreducible sub-auxiliary of 
the second degree, or has all its roots rational. The three cases considered 
separately. Deduction of Abel's expression for the roots of a solvable quintic. 
§58-74. 

PRINCIPLES. 

§1. It will be understood that the surds appearing in the present paper 
have 'prime numbers for the denominators of their indices, unless where the 

contrary is expressly stated. Thus, 2^ may be regarded as A^, a surd with the 

index \ , /* being 2*. It will be understood also that no surd appears in the 

2 
denominator of a fraction. For instance, instead of ^ . . — ^ we should write 

1 -f- \/ — 3 

^- When a surd is spoken of as occurring in an algebraical expression, 
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it may be present in more than one of its powers, and need not be present in 
the first. 

§2. In such an expression as \/2 + (l + \/2)^,\/2 is subordinate to the 

principal surd (1 + ^/2)*, the latter being the only principal surd in the 
expression. 

§3. A surd that has no other surd subordinate to it may be said to be of the 

first rank; and the surd h\ where h involves a surd of the (a — 1)**^ rank, but 
none of a higher rank, may be said to be of the o}'^ rank. In estimating the 
rank of a surd, the denominators of the indices of the surds concerned are 

always supposed to be prime numbers. Thus, 3* is a surd of the second rank. 

§4. An algebraical expression in which Af is a principal (see §2) surd 

may be arranged according to the powers of A" lower than the m^^^ thus, 

-^ (g, + A^i Ax^+ a^Af + J^ Af + . . . + e,£^+ K^f) ; (1) 

where g^^ fcj, a^, etc., are clear of Ai". 

§5. If an algebraical expression rj, arranged as in (1), be zero, while the 
coefficients g^i, A^i, etc., are not all zero, an equation 

o)Ar=Zi (2) 

must subsist ; where o is an m^^ root of unity ; and l^ is an expression involving 

only such surds exclusive of Aj* as occur in Vi . For, let the first of the coeffi- 
cients hi, e^, etc., proceeding in the order of the descending powers of A", that 

a 

is not zero, be % , the coefficient of A* . Then we may put 

mr^ = Wi{ /(AD } = n^Ai + etc. = .. 

Because Af is a root of each of the equations f{x) = and x"* — Ai = 0, f{x) 
and x"^ — Ai have a Common measure. Let their H. C. M., involving only such 
surds as occur in/(x) and x"* — A^, be 4>(x). Then, because 4>(x) is a measure 
of x"^ — Ai, the roots of the equation 

<^(ar) = 7f +pix''~^ +i>»a;''"* + etc. = 

j_ 2. 2. L 

are AJ*, OiAJ*, %Ar, . . . , Wc_iA"; where Oi, o^, etc., are distinct primitive m^^ 

roots of unity. Therefore Ai" (oiOj . . .)( — l)** =2>c- Now c is a whole number 
less than m but not zero; and, by §1, m is prime. Therefore there are whole 
numbers n and h such that 
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Af (g)i(j, . . .)*(— 1)^= Af At(oi(j, . . .)"(— l)^ = i>?. 

Therefore, if ((Oiox, ...)" = o, and ?i AJ(— 1)*^ =^*, oAf = l^. 
, §6. Let Ti be an algebraical expression in which no root of unity having a 

rational value occurs in the surd form 1". Also let there be in r^ no surd AJ* 
not a root of unity, such that 

Af = ei, (3) 

where e^ is an expression involving no surds of so high a rank as AJ* , except 
such as either are roots of unity, or occur in Ti being at the same time distinct 

from A" . The "expression Ti may then be said to have been simplified or to be 
in a simple state. 

§7. Some illustrations of the definition in §6 may be given. The root 8^ 
cannot occur in a simplified expression Vi] for its value is 2o), o being a third 
root of unity ; but the equation 8^ = 26) is of the inadmissible type (3). Again, 
the root VS cannot occur in a simplified expression; for, ux being a primitive 
fifth root of unity, \/5 = 2(g)i + oj) + 1 ; an equation of the type (3). Once 
more, a root of the cubic equation jc* — Zx — 4 = 0, in the form (2 + ^3)^ 
+ (2— \/3)*, is not in a simple state, because (2 — V3)i = (2 — V3)(2 + V3)*. 

§8. Let p,^f + p^Af-\'...+p^ = 0', (4) 

where AJ* is a surd occurring in the simplified expression rj; and 2>i> i>s> ®tc., 

involve no surds of so high a rank as AJ*, except such as either are roots of 

unity, or occur in r^ being at the same time distinct from AJ* . The coeflScients 
Pu Pii ®tc., must be zero separately. For, by §5, if they were not, we should 

have G)A7= ?i, o being an m*^ root of unity, and li involving only surds in (4) 

distinct from A"; an equation of the inadmissible type (3). 

§9. The expression r^ being in a simple state, we may use £ as a generic 
symbol to include the various particular expressions, say r^ /j, rg, etc., obtained 
by assigning all their possible values to the surds involved in ri, with the 
restriction that, where the base of a surd is unity, the rational value of the surd 
is not to be taken into account. These particular expressions, not necessarily 
all unequal, may be called the particular cognate forms of R. For instance, if 
ri:= 1*, B has two particular cognate forms, the rational value of the third root 
of unity not being counted. If ri = (l + V2)J, R has six particular cognate 
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forms all unequal. Should ri = (2 + V3)i + (2 — V3)(2 + ^3)*, R has six 
particular cognate forms, but only three unequal, each of the unequal forms 
occurring twice. 

§10. Proposition I. An algebraical expression rj can always be brought 
to a simple state. 

For ri may be cleared of all surds such as 1" having a rational value. 

\_ 

Suppose that rj then involves a surd A7, not a root of unity, by means of which 

an equation such as (3) can be formed. Substitute for A" in rj its value ei as 

1 

thus given. The result will be to eliminate AJ* from ri without introducing into 

the expression any new surd as high in rank as A7 , and at the same time not a 
root of unity. By continuing to make all the eliminations of this kind that are 
possible, we at last reach a point where no equation of the type (3) can any 
longer be formed. Then because, by the course that has been pursued, no roots 

of the form 1" having a rational value have been left in rj, r^ is in a simple state. 

§11. It is known that, if JVbe any whole number, the equation whose roots 
are the primitive N^^ roots of unity is rational and irreducible.* 

§12. Let N be the continued product of the distinct prime numbers 
rij a, h, etc. Let Oi be a primitive n^** root of unity, di a primitive a}^ root of 
unity, and so on. Let o represent any one indifferently of the primitive n^^ 
roots of unity, d any one indifferently of the primitive a}^ roots of unity, and 
so on. Let/(6)i, ^n ^^^O ^^ ^ rational function of 6>i, 0i, etc. Then a corollary 
from § 1 1 is, that if /(oi , 6i , etc.) = , /(o , 6 , etc.) = . For ^ being a primitive 
N^^ root of unity, and t representing any one indifferently of the primitive N^^ 
roots of unity, we may put 

. / (coi , 01 , etc.) = Ui ^f "^ + a, t^~* + etc. = , 
and /(g), , etc.) = ai t^"^ + a^ t^"^ + etc. ; 
where the coeflficients aj, a,, etc., are rational. Should these coeflficients be all 
zero, /(o, 0, etc.) = 0. Should they not be all zero, let a^ be the first that is 
not zero. Then we may put 

/(g)i, ©1, etc.) = a,. ]<?)(<i)} = ^r^f"*" + etc. =0. 
Therefore, ti is a root of the rational equation <^(a;) ^ 0, being at the same time 
a root of the rational (see §11) equation ^/.(a;) = 0, whose roots are the primitive 
iV*** roots of unity. Hence i^x) and 4>(x) have a common measure. But by 
§11,4^(35) is irreducible. Therefore it is a measure of <^(x); and the roots of 
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the equation 4'(x) = are roots of the equation <^(x) = 0. Therefore, 
/(ci), 0, etc.) = a^]<^(^)}=:0. 

§13. Another corollary is, that if 

/(Oi, 01, etc.) = AiG)f"^ + Ajof"* + . . . + An= 0, 

where hi, Ii^, etc., are clear of Oi, the coeflBcients h^ h^, etc., are all equal to one 
another. For, by §12, because /(oi , 0i , etc.) = , / (o , 0i , etc.) = . Therefore 
6) ] / (ci) , 01 , etc.) } = . In 6) { / (g) , ©1 , etc.) } give o successively its n — 1 different 
values. Then, by addition, 

nhi=:hi + A« + . . . + 7*n« Similarly, nh^=^ Ai + ^, + . . . + h^ /. Ai= A^- 
In like manner all the terms Ai, Aj, etc., are equal to one another. 

§14. Proposition II. If the simplified expression ri, one of the particular 
cognate forms of i2, be a root of the rational equation .F(x)=0, all the 
particular cognate forms of R are roots of that equation. 

For, let r, be a particular cognate form of R. By § 1 2 , the law to be estab- 
lished holds when there are no surds in Ti that are not roots of unity. It 

will be kept in view that, according to §1, when roots of unity are spoken of, 

1 

such roots are meant as 1", m being a prime number. Assume the law to have 
been found good for all expressions that do not involve more than n — 1 distinct 
surds that are not roots of unity ; then, making the hypothesis that Vi involves 
not more than n distinct surds that are not roots of unity, the law can be shown 

still to hold ; in which case it must hold universally. For, let A7 , not a root of 
unity, be a surd of the highest rank (see §3) in ri. Then F(ri) may be taken to 
be the expression (1), and ^(r^) to be the expression formed from (1) by 
selecting particular values of the surds involved under the restriction specified in 

L JL 

§9. In passing from Vi to r,, let A*, a^, etc., become respectively A^,as,etc. 
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Then m\F{ri)}=:hiAi' +eiAi" +etc. = 0, 

and w{i^(r2)}= AjAi" +^2^1" +etc. 
By §8, because Vi is in a simple state, and F(ri) = 0, the coefficients Ai, Ci, etc., 

are zero separately. But h^ is clear of the surd A^. It therefore does not 
involve more than n — 1 distinct surds that are not roots of unity. Therefore, 
on the assumption on which we are proceeding, because Aj = , A, := . In like 
manner, 62 = 0, and so on. Therefore ^(rj) = 0. 

§15. Cor. Let the simplified expression ri be the root of an equation 

F{x) =: whose coefficients involve certain surds Zi , i// , etc., that have the 
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same determinate values in r^ as in F{x) . Then^ if r^ be a particular cognate 

form of R in which the surds zl , ul , etc , retain the determinate values 
belonging to them in ri^r^ is a root of the equation F{x) = 0. For, i^(ri) = 0. 
Therefore, by the Proposition, F{R) •=•(). Let R, restricted by the condition 

that the surds Zi , iil , etc., retain the determinate values belonging to them in 
7-1, be E. Then ^(jB') = 0. A particular case of this is F{i\) = 0, The 

corollary established simply means that the surds zl , u^ , etc., may be taken 
to be rational for the purpose in hand. 

§16. The simplified expression Ti being one of the particular cognate forms 
of jB, let ri, r^, etc. (6) 

be the entire series of the particular cognate forms of i2, not necessarily 
unequal to one another. Then, if the equation whose roots are the terms in 
(5) be Jir= 0, X\s rational. In like manner, if those particular cognate forms 

of 22, not necessarily unequal, that are obtained when certain surds z^ , ui , etc., 
retain the determinate values belonging to them in ri, be 

?-i, r,, etc. (6) 

and if the equation whose roots are the terms in (6) be Jr'= 0, X' involves 

only surds found in the series Zi , t^' , etc. This is substantially proved by 
Legendre in his Th6orie des Nombres, §487, third edition. 

§17. Proposition III. The unequal particular cognate forms of i2, the 
generic expression under which the simplified expression r^ falls, are the roots 
of a rational irreducible equation ; and each of the unequal particular cognate 
forms occurs the same number of times in the series of the cognate forms. 

As in §16, let the entire series of the particular cognate forms of R be the 
terms in (6), the equation that has these terms for its roots being X=0. By 
§16, X\b rational. Should X not be irreducible, it has a rational irreducible 
factor, say F{x)j such that Vi is a root of the equation F{x) =0. By Prop. II, 
because ri is in a simple state, all the terms in (5) are roots of the equation 
F{x) = 0, while at the same time, because F{x) is a factor of X, all the roots of 
the equation are terms in (5). And the equation i^(x) = 0, being irreducible, 
has no equal roots. Therefore its roots are the unequal terms in (5). Should 
F{x) not be identical with X, put X= \ F{x) \\^{x)\. Because X and F{x) are 
rational, <^(x) is rational. Then, since ^{x) is a measure of X, and the equation 
^(a:) =: has for its roots the unequal roots of the equation X=: 0, the equations 
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^(x) = and 4> (x) = have a root in common. Consequently, since F(x) is 
irreducible, it is a measure of 4>(x). Therefore \F{x)\^ is a measure of X. 
Going on in this way we ultimately get X= \F{x)\^', which means that each 
of the particular cognate forms of B has its value repeated iV times in the series 
of the particular cognate forms. 

§18. Cor. 1. The series (6) consisting of those particular cognate forms of 

R in which certain surds zi , u{ , etc., retain the determinate values belonging 
to them in ri, each of the unequal terms in (6) occurs the same number of times 
in (6) ; and the unequal terms in (6) are the roots of an irreducible equation 

whose coeflficients involve only surds found in the series zf , tti , etc. Should X' 
not be irreducible, by which in such a case is meant incapable of being broken 
into lower factors involving only surds occurring in X', let it have the irreducible 
factor X". Thit is to say, X" involves only surds occurring in X\ and has itself 
no lower factor involving only surds that occur in Jf". We may take ri to be a 
root of the equation X" = . Then, by Cor. Prop. II, all the terms in (6) are 
roots of that equation, all the roots of the equation being at the same time terms 
in (6). And the equation JS'" = being irreducible, has no equal roots. There- 
fore its roots are the unequal terms in (6). Put X' = {X"){X'") . Then, by the 
line of reasoning followed in the Proposition, X'" has a measure identical with 
X". And 80 on. Ultimately X' = {X'Y. 

§19. Cor. 2. If rj, one of the particular cognate forms of i2, be zero, all 
the particular cognate forms of R are zero. For, by the proposition, the partic- 
ular cognate forms of R are the roots of a rational irreducible equation F{x) = . 
And r,, one of the roots of that equation, is zero, but the only rational irreducible 
equation that has zero for a root is x = 0. Therefore ^(a:) = a; = 0. In fact, 
in the case supposed, the simplified expression ri is zero, and R has no particular 
cognate forms distinct from r^ 

§20. Proposition IV. Let N be the continued product of the distinct 
prime numbers n, a, etc. .Let oh be a primitive n*^ root of unity, di a primitive 
a*^ root of unity, and so on. Then if the equation 

F{x) = a:f+biaf'-^+hi^-^+etc.=iO 
be one in which the coefficients bi, b^j etc., are rational functions of Oi, di, etc., 
and if all the primitive w*^ roots of unity, which, when substituted for o^ in ^(a:) , 

leave F{x) unaltered, be 

6>i, Oa, . . . , G),, (7) 
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the series (7) either consists of a single term or it is made up of a cycle of 

primitive n}'^ roots of unity, 

6)2, G)i , 6)1 , . . . , 6)1' ; (8) 

that is to say, no term in (8) after the first is equal to the first, but 01'= Oi. 

Also, if (let it be kept in view that n is prime) the cycle that contains all the 

primitive v^^ roots of unity be 

G)l , G)i , Ox , . . . , 6)1 , (9) 

and if Ci be the sum of the terms in the cycle (8), the form of F{x) is 
F{x) = 7^-{p^G, + p,G,^' . . .^p^G^)7i'-^^{q,G,^'q,G^ + Q\x^^^ (10) 

where each of the expressions in the series (7i, C^, G^^ etc., is what the imme- 
diately preceding term becomes by changing Oi into of , Gm, through this change 
becoming Gi] and ^1, ^2» ?i> ®tc., are clear of Oi. 

For, assuming that there is a term co^ in (7) additional to Oi, we may take g^ 
to be the first term in (9) after Oi that occurs in (7); and it may be considered to 
be 6)?"*, which may be otherwise written oj. Then, if F{x) be written 4>((i)i), we 
have by hypothesis 4>(6)i) ^ <^(oi). Therefore, by §12, changing Oi into coi, 
^ (coj ) = <^ (giJ') . Therefore <^ (coi) = ^ (of) . And .thus ultimately ^ (oj) = <^ (oj'), 
or 4> (oi) = <^ (of ~) , z being any whole number positive or negative. But oj' 
includes all the terms in (8). Therefore each of these terms is a term in (7). 
Suppose if possible that there is a term in (7), say of, which does not occur in 
(8). Then, just as we deduced <^(oi) = <?)(oi"') from the equation 4> (oj) = <^ (of ") , 

we can, because still farther <?> (oi) = 4> (of *) , deduce 4> (oi) = <^ (of "*' "). Because 
of* lies outside the cycle (8), h is not a multiple of m. And it is not less than 
7W, because of" is the first term in (9) after o^, which, when substituted for oi in 
4>(oi), leaves <^(oi) unaltered. Therefore 7^ = jm + t?, where q and v are whole 
numbers, and v is less than m but not zero. Put 

2= — {h + q)^ and tA = m + 1 .\ mz'\'hu'=-v .\ <^(oi) = <?)(of); 
which, because v is less than m but not zero, and of"* is the first term in (9) after 
Oi which, when substituted for oi in <^(6)i), leaves <^(oi) unaltered, is impossible. 
Hence no term in (7) lies outside the cycle (8), while it has also been shown that 
all the terms in (8) are terms in (7). Therefore the terms in (7) are identical 
with those constituting the cycle (8). We have now to determine the form of 
F{x). The expressions, (7i, C^, etc., taken together are the sum of the terms 
in (9). Therefore (7i+ (7,+ . . . + C^ = — 1. (11) 

Because (9) contains all the primitive n^^ roots of unity, we may put 

F{x) = x^—\p + {p +i),)oi + (;? + />,)"? + etc. } x^-^ + etc.; (12) 

Vol. VI. 
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where p^pi, etc., are clear of Oi. But F{x) remains unaltered when oi is changed 

into of*. Therefore 

F{x) = x^—\p + {p +p,)ul''+etc.\s^-'+ etc. (13) 

Therefore, equating the coeflScients of x^'^^ in (12) and (13), 

{p — pi) + ' • • + (/>m+i— i^i)^r+etc. =0, 
Here, by §13, the coeflScients of the different powers of Oi have all the same 
value. And one of them, p — ^i , is zero. Therefore pm^i=^Pi* That is to say, 
the coeflBcient of g)?"* or cjj is the same as that of Oi. In like manner the coeffi- 
cients of all the terms in (8) are the same. Therefore one group of the terms 
that together make up the coefficient of xf^~^ in (12) is properly represented by 

— (2>+^i)Ci. In the same way another group is properly represented by 

— {P +jPa)^2» ^^d so on. Hence 

F{x) = x^—\p + {p +i>i)(7i+ (/> + i>s)(73 + etc.|x^-^ + etc. 
And by (11) this is equivalent to (10). The form of F{x) has been deduced on 
the assumption that the series (7) contains more than one term ; but, should the 
series (7) consist of a single term, the result obtained would still hold good, only 
in that case each of the expressions (7i, G^^ etc., would be a primitive n*^ root 
of unity. 

§21. A simplified expression will not cease to be in a simple state, if we 
suppose that any surd that can be eliminated from it, without the introduction of 
any new surd, has been eliminated. 

§22. Proposition V. In the simplified expression rj, one of the particular 

cognate forms of R, modified according to §21, let the surd A* of the highest 
rank be not a root (see §1) of unity. Then, if the particular cognate forms of ^ 

obtained by changing AJ* in Vi successively into the diflferent m*^ roots of the 
determinate base Ai, be ^d ^2> • • • > ^m» (14) 

these terms are all unequal. 

For the terms in (14) are all the particular cognate forms of R obtained 

when we allow all the surds in Vi except A" to retain the determinate values 
belonging to them in rj. Therefore, by Cor. 1, Prop. Ill, each of the unequal 
terms in (14) has its value repeated the same number of times in that series. 
Let u be the number of the unequal terms in (14), and let each occur c times. 
Then tic = m . Suppose if possible that w = 1 . This means that all the terms 
in (14) are equal. Therefore, r^ being the expression (1), 

7n?-i= rx -f /•»+... + etc. = gi. 
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Therefore the surd A" can be eliminated from r^ without the introduction of any 
new surd; which, by §21, is impossible. Therefore u is not unity. But, by §1, 
m is a prime number. And m=^uc. Therefore c'=-l and u^m. This means 
that all the terms in (14) are unequal. 

§23. Cor. 1. Let t^jl^i be any one of the particular cognate forms of R] 

i- JL 

and let A*^.!, 7ia 4-i» ^tc., be respectively what A*, 7<i, etc., become in passing 
from ri to r«^i. Also let the m particular cognate forms of i2, obtained by 

changing A*^i in r^^-i successively into the different w}'^ roots of A^+i, be 

''a + lJ ^a + 2» • • • » '^a^m* (15) 

These terms are all unequal. For, because A* is a principal surd in r^, and r, is 

what rj becomes when A" is changed into a surd whose value is cjiA*, Ox being a 
primitive m}^ root of unity, the view may be taken that r^ involves no surds 
additional to those found in r^, except the primitive m^^ root of unity %. 
Therefore ri — 7-2 involves no surds distinct from primitive w}^ roots of unity 
that are not found in the simplified expression rj. Therefore r^ — r^ is in a 

simple state. Let r^^j be what Ta^\ becomes by changing A*^i into 6)iA*^i. 
Then r^^^ — r^^i is a particular cognate form of the generic expression under 
which the simplified expression r^ — r^ falls. Therefore Va^i — r^^^ cannot be 
zero ; for, if it were, ri — r^ would, by Cor. 2, Prop. Ill, be zero; which, by the 
proposition, is impossible. Hence the first two terms in (15) are unequal. In 
like manner all the terms in (15) are unequal. 

§24. Cor. 2. Let Xj = be the equation whose roots are the terms in (14). 

When Xi is modified according to §21, it is, by §16, clear of the surd AJ*. 

\_ 

Should it involve any surds that are not roots of unity, take z{ a surd of the 

highest rank not a root of unity in X^ ; and, when %{ is changed successively into 
the different c*^ roots of the determinate base Zi, let 

Xi, X/, X/', ..., X/^-^>, (16) 

be respectively what X^ becomes. Any term in (16), as AY, being selected, the 
m roots of the equation Xy = are unequal particular cognate forms of 72. For, 

zi being a c^^ root of Zi distinct from zi , let r^^i be what r^ becomes when z/ 

becomes 22 ; the expressions A", 7<i, etc., at the same time becoming A*4.i, 
ha^i, etc. Then we may put 

Xi = a-" + (hzf -f dzf + etc.)x'*-^ + etc ; (17) 
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1 
where 6, d, etc., are clear of Zi . Therefore, because ri is a root of the equation 

X, = 0, 

{ ~{hiAr^ + etc.)}'^ + {bz^ + dz;f'+ etc.){^(/iiAi^'+ etc.)}"*"^ + etc. = 0. 

All the surds in this equation occur in the simplified expression Vi . Therefore, 
by Prop. II, 

{^(^a+iAl!^i + etcO}'~ + (64^+dz8^ + etc.){^(A,+iA!^^ 

Therefore^ (A„ 4. iAotj.14- etc.) or r^^i is a root of the equation 

X/= x"^ + (6v^+ etc.)x^-^ + etc. =0. (18) 

Therefore also, by Cor. Prop. II, all the terms in (15) are roots of that equation. 
And, by Cor. 1, the terms in (15) are all unequal. Therefore the equation 
Xi = has m unequal particular cognate forms of E for its roots. 

§25. Cor. 3. No two of the expressions in (16), as Xi and X/, are 
identical with one another. For, in order that Xj and Xi might be identical, 
the coeflBcients of the several powers of x in Xi would need to be equal to those 
of the corresponding powers of x in X/; but, if one of the coefficients of Xi be 

selected in which z{' is present, this coefficient can be shown to be unequal to the 
corresponding coefficient in Xi in the same way in which the terms in (15) were 
proved to be all unequal. 

§26. Cor. 4. Any two of the terms in (16), aa Xi and X/, being selected, 
the equations Xi=0 and X/ = have no root in common. For, suppose, if 
possible, that these equations have a root in common. Taking the forms of Xi 
and X/ in (17) and (18), since r^ is a root of the equation Xi' = 0, 

rT+ii^^+etc.)r^-'^+etc. = 0. (19) 

All the surds in this equation except z^ occur in rj . It is impossible that zi can 

_1 JL -L 

occur in r^ ; for, Zi occurs in rj; and z^ = diZi , di being a primitive c^^ root of 

j_ — 

imity ; but this equation, if both zi and z^ occurred in rj, would be of the inad- 

missible type (3). Since z^ does not occur in ri, it is a principal (see §2) surd 
in (19). We may, therefore, keeping in view that r^ is the expression (1) in 

which A" is a principal surd, arrange (19) thus, 

4> (Af) = Ar^{p^^ +i>2 V + etc.) + A^{qi4^+ q2^+ etc.) + etc. = ; (20) 

where pi, qi, etc., are clear of zi , JThen, Wi being a primitive m^^ root of unity 
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such that, by changing AJ* into the rri}'^ root of Ai whose value is OiA7, 
Ti becomes r^ , 

4)(6)iAf) = G)f~^ Af^(2)i2^+ etc.) + car""*Af^(g'iV"+ etc.) + etc. (21) 

The coefficients of the several powers of A* in <^ (AJ*) cannot be all zero ; 

for, if they were, we should have, from (21), (^(coiAJ*) = 0. This means that r^ 

is a root of the equation X/ = 0. But in like manner all the terms in (14) 

would be roots of that equation, and Xi would be identical with X] which, by 

1 

Cor. 3, is impossible. Since the coefficients of the different powers of AJ" in 

4)(AJ*) are not all zero, the equation (20) gives us, by §5, 6)A* = 7i, o being an 

m^^ root of unity, and Zj involving only surds in 4)(A") exclusive of Af. In l^ 

we may conceive zi changed into BiZ{ . Then l^ involves only surds distinct from 
\_ 

A*, all of them except the primitive c^^ root of unity Qi being surds that occur 

\_ 

in Ti . This makes the equation coA* = 7i of the inadmissible type (3). Hence 
the equations X^ = and Xi'= have no root in common. 

§27. Cot. 5. Let X^ be the continued product of the terms in (16). Then 

Xg, modified according to §21, is clear of Zi , in the same way in which Xj is 

clear of A*. Also since, by Cor. 2, each of the equations Xi = 0, X/ = 0, etc., 
has m unequal particular cognate forms of R for its roots, and since, by Cor. 4, 
no two of these equations have a root in common, the mc roots of the equation 
X, = are unequal particular cognate forms of R. 

§28. Proposition VI. Let the simplified expression r^ , modified according 
to §21, be a root of the rational irreducible equation of the N^^ degree, jP(x) = 0. 

Then if A", not a root of unity, be a surd of the highest rank in ri, iV is a 
multiple of m. But if r^ involve only surds that are roots of unity, one of them 
being the primitive ri}^ root of unity, iVis a multiple of a measure of n — 1 . 

First, let AJ*, not a root of unity, be a surd of the highest rank in Vi. Taking 
the expression (1) to be r^, let Xj be formed as in §24, and let it be modified 

according to §21. It is clear of the surd A]". Should it involve a surd that is 
not a root of unity, let Xj be formed as in §27. Setting out from rj we arrived 

by one step at Xi, an expression clear of A*, and such that the roots of the 
equation ^'1 = are unequal particular cognate forms of i2. A second step 

brought us to Xg, an expression clear of the additional surd zi , and such that 
the mc roots of the equation X^=^0 are unequal particular cognate forms of i?. 
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Thus we can go on till, in the series Xi, X^, etc., we reach a term X^ into 
which no surds enter that are not roots of unity, the mc . . . I roots of the 
equation jr^ = being unequal particular cognate forms of B. Should X^, 
modified according to §21, not be rational, its form, by Prop. IV, putting d for 
mc , . .1 J is 

where, one of the roots occurring in X^ being the primitive n*^ root of unity o^, 
the coeflficients pu gi, etc., are clear of g>i; and 0^ is the sum of the cycle of 

primitive n*^ roots of unity (8) containing s or terms ; and, the cycle (9) 

containing all the primitive w*^ roots of unity, the change of (Oi into cof causes 
Gi to become (7a, and G^ to become G^^ and so on, G^ becoming (7i. As was 
explained at the close of §20, the cycle (8) may be reduced to a single term, 
which is then identical with Gi . It will also not be forgotten that the roots of 
unity such as the n*** here spoken of are, according to §1, subject to the condition 
that the numbers such as n are prime. When Gi in X^ is changed* successively 
into (7i, Oi, etc., let X^ become 

-^e> ^li X/, . . . , X^^"*~ ^ (22) 

If X^^i be the continued product of the terms in (22), the dm roots of the 
equation Xg^.i = can be shown to be unequal particular cognate forms of R. 
For, no two terms in (22) as X^ and X/ are identical ; because, if they were, 
Xg would remain unaltered by the change of Oi into of ; which, by Prop. IV, 
because coj is not a term in the cycle (8), is impossible. It follows that no two 
of the equations Xg = 0, X/=0, etc., have a root in common. For, if the 
equations X^ = and X/=0 had a root in common, since X^ and X/ are not 
identical, X^ would have a lower measure involving only surds found in X^, 
because the surds in X/ are the same with those in X^. Let 4>(x) be this lower 
measure of X^, and let Vi be a root of the equation <^(x)=0. Then, by Cor. 
Prop. II, all the d roots of the equation X^ = are roots of the equation 
<^ (jc) = ; which is impossible. In the same way it can be proved that no 
equation in the series Xg = 0, X/ = 0, etc., has equal roots. Since no one of 
these equations has equal roots, and no two of them have a root in common, 
the dm roots of the equation Xg^i = are unequal particular cognate forms of 

R. Also Xg4.i, modified according to §21, is clear of the primitive n^^ roots 

» 

of unity. Should X^^i not be rational, we can deal with it as we did with X^. 
Going on in this way, we ultimately reach a rational expression X, such that 
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the dm . . . g roots of the equation X, = are unequal particular cognate forms 
of jB. This equation must be identical with the equation F{x) = of which Vi 
is a root. For, by Prop. Ill, the equation F{x) = has for its roots the unequal 
particular cognate forms of R. Therefore, because the roots of the equation 
X^=0 are all unequal and are at the same time particular cognate forms of R, X, 
must be either a lower measure of F{x) or identical with F{x), But i^(x), 
being irreducible, has no lower measure. Therefore X^ is identical with F{x). 
Therefore, the equation F{x) = being of the N^^ degree, N=: mc . . .Im . . . g. 
Hence iV is a multiple of m . This is the result arrived at when Vi involves a 

surd of the highest rank A* not a root of unity. Should i\ involve no surds except 
roots (see §1) of unity, we should then have set out from X^ regarded as identical 
with X — rj. The result would have been N=m . . . g. Therefore iV is a 
multiple of m ; and, because m is here the number of cycles of s terms each, 
that make up the series of the primitive ?i*^ roots of unity, ms = n — 1 . There- 
fore iV is a multiple of a measure of n — 1 . 

§29. Cor. Let ^ be a prime number. Then, if Vi involve a surd of the 

highest rank AJ* not a root (see §1) of unity, N'-=^m\ for, the series of integers 
m, c, etc., of which N is the continued product, is reduced to its first term. 
If ri involve only surds that are roots of unity, n — 1 is a multiple of N] for 
JV= m . , . g ] therefore, because N is prime, it is equal to m ; but ms = n — 1 ; 
therefore n — 1 = sN. 

The Solvable Irreducible Equation op the m^^ Degree, m Prime. 

§30. The principles that have been established may be illustrated by an 
examination of the solvable irreducible rational equation of the m}^ degree 
F{x)= 0, m being prime. Two cases may be distinguished, though it will be 
found that the roots can in the two cases be brought under a common form ; the 
one case being that in which the simplified root Vi is, and the other that in which 
it is not, a rational function of roots of unity, that is, according to §1 , of roots 
of unity having the denominators of their indices prime numbers. The equation 
F{x) = may be said to be in the former case of the first class, and in thie latter 
of the second class. 

The Equation F{x)=zO of the First Class. 

§31. In this case, by Cor. Prop. VI, rj being modified according to §21, if 
one of the roots involved in r^ be the primitive n*^ root of unity oi , n — 1 is a 



\ 
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multiple of m. Also the expression written X^ in Prop. VI is reduced to 
X — ri, so that r^zup^d +^$Ci+ . . . +^toC^. The m roots of the equation 
F{x) = being ri, rj, etc., we must have 

n = lhGi+p%Gi+ . . . ^p^G^^ 

n=PmGi+PiG^+ . . . +pfn-lOr 



m » 



(23) 



'^m = P2 0i+PsC^+ . . . +PiC,^. 

For, by Prop. II, because Vi is a root of the equation F{x) = , all the 
expressions on the right of the equations (23) are roots of that equation. And 
no two of these expressions are equal to one another. For, take the first two. 
If these were equal, we should have {p^ — a)^i + (/^i — p2)G2 + Qtc. = 0. 
Therefore, by §13, each of the terms p^ — 2hi pi — Pn etc., is zero. This makes 
2hi p2i etc., all equal to one another. Therefore ri = — pi] so that the primitive 
71^^ root of unity is eliminated from Vi; which, by §21, is impossible. Hence the 
values of the m roots of the equation F{x) = are those given in (23). 

§32. Let j\ be one of the particular cognate forms of the generic expression 
B under which the simplified expression Vi falls. Then, because, by Prop. II, 
all the particular cognate forms of R are roots of the equation F{x) = , /i 
is equal to one of the m terms rj, rj, etc., say to r,. I will now show that the 
changes of the surds involved that cause r^ to become r'l, whose value is r,, 
cause 7'2 to receive the value r,^i, and r^ to receive the value r,^2, and so on. 
This may appear obvious on the face of the equations (23) ; but, to prevent 
misunderstanding, the steps of the deduction are given. Any changes made in 
rj must transform C^ into C,, one of the m terms Ci, Cg, etc. In passing from 
Vi to 7-'i, while Ci becomes C,, let r^ become 7\, and pi become p\, and p^ 
become ^2, and so on. The change that causes Ci to become (7, transforms (7, 
into (7,4.1, and 0^ into C,^^, and so on. Therefore, it being understood that 
i^m+i»jPm4-$» 6tc., are the same ^s pu p^, etc., respectively, and in like manner 
that C^^ij Cm^%j etc., are the same as Ci, G^, etc., respectively, 

^1= p\G,-\-p\C,^^ + etc., 
and /2 = i?'^<7, + /i (7,4.1 + etc.; 

which may be otherwise written 



^2=i>'ni+i-,C'i + y^4.2_,(7, + etc 



•^ I (24) 
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Therefore, from (24) and (23), 

Therefore, by §13, p'„,^^^,=j)rn+i^., i>',n+3— = i>mH-3-., etc. Hence the second 
of the equations (24) becomes 

A = 2^fn+i-zGi + pm+2-*0i+ etc. = r,^i. 
Thus rj is transformed into r^^_i. In like manner rg receives the value r,^.2, 
and so on. 

§33. By Cor. Prop. VI, the primitive n^^ root of unity being one of those 
involved in rj, n — 1 is a multiple of m. In like manner, if the primitive a^^ 
root of unity be involved in ri, a — 1 is a multiple of m, and so on. Therefore, 
if ti be the primitive m*^ root of unity, ti is distinct from all the roots involved 
in Vi. 

§34. From this it follows that, if the circle of roots rj, r,, . . . , r^, be 
arranged, beginning with r^, in the order r^, ^c+i> 'f'e+ii etc., and again, 
beginning with r,, in the order r,, r,^.i, r,^.,, etc., and, if <f being one of the 
primitive m^^ roots of imity, 

^c+^c+i^ + ^c+2<i + etc. = r,+ r,+i^+r,^.,^+etc., (25) 

rc=r,. It is imderstood that in the series r^, r^^.!, etc., when r^ is reached, 
the next in order is r^ so that r^^i is the same as ri, and so on. In like 
manner r,^.i is the same as rj, and so on. Since ru r,, etc., do not involve the 
primitive m}^ root of unity <x, we can, by §12, substitute for ti in (25) successively 
the different primitive m^^ roots of unity. Let this be done. Then, by addition, 

mr^ — {vi + r^ + etc.) = mr, — (rj + r^ + etc.) . Therefore rc = rg. 
§35. Proposition VII. Putting 



ml 



mi 



mi 



(26) 



the terms, Aj, Ag, A3, ... , A„,_i, (27) 

are the roots of a rational irreducible equation of the {m — 1)**^ degree 4>(x) = 0, 
which may be said to be auxiliary to the equation F{x) = . 

For, let A be the generic expression of which Ai is a particular cognate 
form ; and let A' denote any one indifferently of the m — 1 particular cognate 
forms of A in (27). Because, by §33, the primitive m*^ root of unity does not 

Vol. VI. 
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enter into rj, r,, etc., no changes made in ri, r^, etc., affect <i. Also, by §32, if 
Ti becomes r,, r^ becomes r,^_i, r^ becomes r,^,, and so on. Therefore the 
expression (r,* + '^« + 1 + ^^« + 2 + etc.)*" , 

contains all the particular cognate forms of A ; where z may be any number in 
the series l,2,....,7?i — I5 and t denotes any one indiflferently of the primitive 
rrC'^ roots of unity. But this is equal to 

{^~'(n + tn + ^^3 + etc.)}"* or A'. 
The conclusion established means that all the diflferences of value that can 
present themselves in the particular cognate forms of A must arise from the 
different values of t that are taken in A', while the expressions r^ . r^ , etc., remain 
unaltered. And t has not more than m — 1 values. Hence there are not more 
than m — 1 unequal particular cognate forms of A. But the m — 1 forms 
obtained by taking the different values of < in A' are all unequal. For, selecting 
tx and ^, two distinct values of t, suppose if possible that 

(ri + <ir, + etc.)*" = {r^ + <fr, + etc.)"* .*. ^ (^i + <ir, + etc.) = n + ^r, + etc., 
s being a whole number. This may be written 

r^H-i_, + r^H-«-.,«i + etc. = n + l^r^ + etc. (28) 

Therefore, by §34, r^+i-,^ri. This means, since all the m terms ri, r,, etc., 
are unequal, that « = 0. Hence (28) becomes r^ + rj^i + etc. = h + ^«^ + etc. 
Therefore 

r% + rg^ + etc. = r,<i-* + rg^-* + etc. = r^^i + r^^,^ + etc. 

Therefore, by §36, r^=-ra^i. Therefore, because all the m terms ri, r,, etc., 
are unequal, a = 1 ; which, because ti and ^ were supposed to be distinct 
primitive m^^ roots of unity, is impossible. Therefore no two of the terms in 
(27) are equal to one another. And it has been proved that there is no 
particular cognate form of A which is not equal to a term in (27). Therefore 
the terms in (27) are the unequal particular cognate forms of A. Therefore, 
by Prop. Ill, they are the roots of a rational irreducible equation. 

§36. Proposition VIII. The roots of the equation 4>(x) = auxiliary (see 
§36) to F{x) = are rational functions of the primitive m^^ root of unity. 

For, let the value of Ai, obtained from (26), and modified according to §21, 
be Ai^ hy + k^ti -r Acgq + . . . + k^tj~ , 

where A^i, Ai, etc., are clear of ti. Suppose if possible that ki^ k^, etc., are not 
rational. We may take the primitive n^^ root of unity Oi to be present in these 
coefl&cients. But Oi occurs in rj , r, , etc., and therefore .also in Ai , only in the 
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expressions Gi, C,, etc. Therefore Ai= diGi+ . . . + d^G^] where di, etc., are 
clear of g)i. The coelBficients di, d^j etc., cannot all be equal; for this would 
make Ai= — di; which, by §21, is impossible. Hence m unequal values of the 
generic expression A are obtained by changing Gi successively into G^ Ci , etc., 
namely, diGi+ d^G^+ . . . + d^G^, 

dfnGi+ diG2+ . . . +dm-lCi,ii 



dg Cj -r ^3 Cg "T • . • . 'v di G^ . 
To show that these expressions are all unequal, take the first two. If these 
were equal, we should have 

{d^—d{)Gi+{di—d^)G^+ etc. = 0. 
Therefore, by §13, d^ — c?i = 0, cZj — c?8 = 0, and so on ; which, because d^ d^j 
etc., are not all equal to one another, is impossible. Since then A has at least 
m unequal particular cognate forms, A^ is, by Prop. Ill, the root of a rational 
irreducible equation of a degree not lower than the m^^ ; which, by Prop. VII, 
is impossible. Therefore A^j, Jc^, etc., are rational. Hence each of the expressions 
in (27) is a rational function of ti. 

§37. Gor. Any expression of the type ki + k^ti + A^^ + etc., which is such 
that all the unequal particular cognate forms of the generic expression under 
which it falls are obtained by substituting for ti successively the different prim- 
itive m^^ roots of unity, while A^i, Ai, etc., remain unaltered, is a rational function 
of ti. For, in the Proposition, Ai or ki + k^ti + etc. was shown to be a rational 
function of ti , the conclusion being based on the circumstance that Ai satisfies 
the condition specified. 

§38. Proposition IX. If gr be the sum of the roots of the equation F{x):=Oj 

r, = ^{g + A^ + a,A:+b,Af+...+e,AT + h,AT)', (29) 

where Oi, 6i, etc., involve no surd that is not subordinate (see §3) to AJ*. 
For, z being one of the whole numbers l,2,...,m — 1, put 

p, = (ri + Qr^ + f,'rs + etc.)(ri + t^r^ + <f rj + etc.)-'. (30) 

Multiply the first of its factors by ^f * and the second by Q. Then 

Pm = in + Q^3 + <i'^4 + etc.)(r8 + t^r^ + ^r^ + etc.)—. (31) 

Hence p, does not alter its value when we change Vi into r, , r, into r^ , and so on. 
In like manner it does not alter its value when we change Ti into r«, r, into 
^a+i» ^^d so on. Therefore, by §33, p^ is not changed by any alterations that 
may be made in rj , rg , etc., while ti remains unaltered. Consequently, if p, be 
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a particular cognate form of P, all the unequal particular cognate forms of P 
are obtained by substituting for ti successively in p^ the diflFerent primitive m^ 
roots of unity, while r^ r^, etc., remain unaltered. Therefore, by Cor., Prop. 
VIII, p, is a rational fiinction of ti. When z = 2, let p, = Oi; when 2 = 3, let 

jp, = 6i, and so on. Then, from (26) and (30), A^ = aiAJ*, A" = 6i Af, and so 
on. But, from (27), since g is the sum of the roots of the equation F{x) = 0, 

ri = -^ (^ + Af + 4 + . . . + 4 - 1) . 

By putting OiA* for A^*, 6iA* for AJ*, and so on, this becomes (29). Because 
Oj, 6i, etc., are rational functions of ti, while Ai, the root of a rational irre- 
ducible equation of the (rw — 1)^ degree, is also a rational function of t^ the 

coefficients Oi, 6i, etc., involve no surd that is not subordinate to A*. 

§39. Proposition X. If the prime number m be odd, the expressions 

Af 4.1, 44-2, . . . , Ai_aA^, (32) 

2 m 

are the roots of a rational equation of the T— — j degree. 

By §32, when Ti is changed into r,, r, becomes r,^i, r^ becomes r,^, , and 
so on. Hence the terms ViV^, r^rg, . . . , r^Vi, form a cycle, the sum of the 
terms in which may be denoted by the symbol XI . In like manner the sum of 
the terms in the cycle riv^y r^r^, . . . , r^/j, may be written SJ. And so on. 
In harmony with this notation, the sum of the m terms ^i,/^, etc., may be 
written 21. Now ri can only be changed into one of the terms rj, r,, etc.; and 
we have seen that, when it becomes r,, r, becomes r,+i, and so on. Such 
changes leave the cycle riV^y r^r^, etc., as a whole unaltered. Therefore, by 
Prop. Ill, XI is the root of a simple equation, or has a rational value. In like 
maimer each of the expressions 

2i, 2^, Ss, . . . , 2wi> (^^) 

has a rational value. From (26), by actual multiplication, 

Ar4-i = 2} + {Xl)t,+ {XlK+etc. 
But 2J, SJ, etc., are respectively identical with X]ni 2i»-i, etc. Therefore 

Af 4-1 = 2} + (2J)(<i + tr') + {Xl){^ + tr') + etc. (34) 

Hence, since the terms in (33) are all rational, and since the terms in (32) are 
respectively what AJ* Ajl^^i becomes by changing ^ successively into the — - — 
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terms <i, ^, etc., the terms in (32) are the roots of a rational equation of the 

/m — 1\^ , 

(^— 2-j degree. 

§40. For the solution of the equation a?** — 1 = 0, n being a prime number 
such that TW is a prime measure of n — 1 , it is necessary to obtain the solution 

of the equation of the m^ degree which has for one of its roots the sum of the 

n 1 

terms in a cycle of primitive n*^ roots of unity. This latter equation will 

be referred to as the redxudng Gaussian eqiuition of the m^^ degree to the equation 
x'*— 1 = 0. 

§41. Proposition XI. When the equation F{x) = is the reducing Gaus- 

sian (see §40) of the m*^ degree to the equation a:~ — 1 = 0, each of the — - — 

expressions in (32) is equal to n. 

Let the sum of the primitive n^^ roots of unity forming the cycle (8), 
which sum has in preceding sections been indicated by the symbol Gi , be the 
root rj of the equation F{x) ^ . This implies, since s is the number of the 
terms in (8), that ms=^n — 1. Let us reason first on the assumption that the 
cycle (8) is made up of pairs of reciprocal roots Oi and of*, -and so on. Then, 

because the cycle consists of — pairs of reciprocal roots, CI or rj is the sum of 

«* terms, each an n^^ root of imity. Among these unity occurs s times. Let g^ 
occur hi times; and let 6>J, the second term in (8), occur A' times. Since 6>i may 
be made the first term in the cycle (8), it must, under the new arrangement, 
present itself in the value of rj , precisely where Oi previously appeared. That 
is to say, A' = Ai. In like manner each of the terms in (8) occurs exactly hi 
times in the expression for ri. The cycle (9) being that which contains all the 
primitive n}^ roots of unity, let us, adhering to the notation of previous sections, 
suppose that, when Oj is changed into cjf, C^ or r^ becomes C^ or rg, Cg or r^ 
becomes G^ or r^, and so on. On the same groimds on which every term in (8) 
occurs the same number of times in the value of rj, each term in the cycle of 
terms whose sum is 0^ occurs the same number of times ; and so on. Therefore 

7^ = s+ hiGi + h^G,+ ...+ h^G, 
7i = s + h^Gi + hiG,+ ...+h^_iG^ 



m 



»i= « + A,(7i + A,C7, + . . . + hC„. 
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Therefore, keeping in view (11), 2} = m^ — (^ + A, + . . . + ^m)- But ^ — « is 
the number of the terms in the value of rf which are primitive n^ roots of unity. 
And this must be equal to « (Aj + . . . + h^ . Therefore 

^1 + ^+ • • • +^m = ^ — 1 •'• 2i=m5 + l — 6f = n — 8. 
Again, because Vi is made up of pairs of reciprocal roots, and because therefore 
unity does not occur among the s* terms of which rj r^ is the sum, 

n^2= hOi+Jc^Gi+ . . . + KG^ 
rf^rs=KOi+hGi+ . . . +K^iG^ 



mi 



rfnri= Jc^Gi + k^Gi+ . . . +hGn,; 
where kiyJc^, etc., are whole numbers whose sum is 8. Therefore 28= — 8. In 
like manner each of the terms in (33) except the first is equal to — 8. There- 

JL JL 

fore (34) becomes AJ* AJJ^_i = (n — s) — « (^ + ^ + etc.) = n . Let us reason now 
on the assumption that the cycle (8) is not made up of pairs of reciprocal roots. 
It contains in that case no reciprocal roots. By the same reasoning as above 
we get 2i = — 8. As regards the terms in ( 33) after the first, one of the terms 
Ci, Ci» ®tc., say Ggj must be such that the n^ roots of unity of which it is the 
sum are reciprocals of those of which C\ is the sum. In passing from Gi to (7,, 
we change r^ into r,. In fact, Gi being ri, G, is r^. This being kept in view, 
we get, by the same reasoning as above, Xl = n — 8. But, if any of the expres- 
sions Gi, Cj, etc., except (7,, be selected, say Gay none of the roots in (8) are 
reciprocals of any of those of which G^ is the sum. Therefore 2i = — 8. 
Therefore, from (34) 

Ai^-i = -s + {n-s)tl'-'-8{{t, + f,+ ...+tT-')-t^-''\=n. 
In like manner every one of the expressions in (34) can be shown to have the 
value n. 

§42. Two numerical illustrations of the law established in the preceding 
section may be given. The reducing Ghtussian equation of the third degree to 
the equation a^^ — 1 = is a^ — a? — 6a — 7 = 0; which gives 

ri = i(— 1 + aJ + aJ), 2Ai = 19(7 + 3V3), 2A8= 19(7 — 3^/3), A}Af=19. 
The next example is taken from Lagrange's Theory of Algebraical Equations, 
Note XIV, §30. The Quussian of the fifth degree to the equation x^ — 1=0 is 
a^+a*— 4a^ — 3a* + 3x + l = 0; which gives 

ri=H-l + A} + Aj + A8* + Aj); 
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4Ai=ll(— 89 — 26V5 + 5^ — 45^), 4Ag= 11(— 89 + 26V5 — 45/>— 5^), 
4A4=11(— 89 — 25V5 — 5^+45(^), 4A3 = 11(— 89 + 26V6 + 45^+ 5^), 
i> = V(— 5— 2V5), q = ^/{—5 + 2^^5),pq = — ^/5 /. AlA4=ll^ 
§43. Proposition XII. To solve the Gaussian. 

The path we have been following leads directly, assuming the primitive m^^ 
root of unity ti to be known, to the solution of the reducing Gaussian equation 
of the m^^ degree to the equation x" — 1 = 0. For, as in §41, the roots of the 
Quussian are Cj , C, , etc. Therefore g , the sum of the roots, is — 1 . Therefore 

ri = i(-l+Af + 4+... + Ai_i). (36) 

By Prop. VIII, Ai, Ag, etc., are rational functions of ti. Therefore 

Ai ^^"r^^i"r«'3^"r • • • i ^m ^ 

A2 = AJi+&2^+AJ3^i+ . . . + /^m n ** 



r 



(36) 



A^— 1 — /^'T /^tr H"«^3^ ■•••l^m'i; J 

where ki, Jc^, etc., are rational. From the first of equations (26), putting C\ for 
Vij Gi for rg, and so on, Ai = ((7i + ^ Cg + etc.)*". 

By actual involution this gives us k^ k^, etc., as determinate functions of Ci, C^, 
etc., and therefore as known rational quantities. For instance take ki. Being 
a determinate function of Ci, (7j, etc., we have 

where q^ q^j etc., are known rational quantities. But, by §13, the rational 
coefficients qi — k^q^, etc., are all equal to one another. Therefore ki= qi — q^. 
In like manner ^^2,^:3, etc., are known. Therefore, from (36), Ai, Ag, etc., are 
known. Therefore, from (35), rj is known. 

§44. Proposition XIII. The law established in Prop. X falls under the 
following more general law. The m — 1 expressions in each of the groups 



(AfA:_i, ^=a;_„ .... zc.iAr.) 
(ArA^.,, 4^-i 4-i4,) 

(AfAi.,, Af A:_, A;_xA= ) J 



(37) 



and so on, are the roots of a rational equation of the {m — 1)^^ degree. 

ffi —"' 1 

The m — 1 terms in the first of the groups (37) are the — - — terms in (32) 

each taken twice. Therefore, by Prop. X, the law enunciated in the present 
Proposition is established so far as this group is concerned. The general proof 
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i—B 



is as follows. By (30) in §38, taken in connection with (26), Pm-g ^i" = AJJ^-*- 

- i. 
Therefore A" A^_,=/>^_,Ai. But, by §38, j9^_, is a rational function of ti] 

and, by Prop. VIII, Ai is a rational function of ti. Therefore AJ* Aili_, is a 
rational function of ti. Also from the manner in which ^^_, is formed, when ti 

in p^^gAi is changed successively into <i, ^, . . . , /T"^, the expression Aj" A^_, 
is changed successively into the m — 1 terms of that one of the groups (37) 

whose first term is A* AJJl..,. Therefore the terms in that group are the roots of 
a rational equation. 

§46. Cin-. The law established in the Proposition may be brought under a 
yet wider generalization. The expression 

a: a; A3-. . . a;_i (38) 

is the root of a rational equation of the {m — 1)"* degree, if 

a + 26 + 3c+ . . . + {m — l)8= Wm, 

W being a whole number. For, by (30) in connection with (26), aJ^ = ^A*, 

^=zp^A^^ and so on. Therefore (38) has the value 

o-f W + Sc-I Km — l)t 

{plpl ...\A, ^ , or {plpl . . . ) Ai^ 

This is a rational function of t^ and therefore the root of a rational equation of 
the {m — 1)^ degree. 

The Equation F{x)z=zO op the Seoond Class. 

§46. We now suppose that the simplified root Vi of the rational irreducible 
equation F{x)=^0 of the m^^ degree, m prime, involves, when modified according 
to §21, a principal surd not a root of unity. It must not be forgotten that, when 
we thus speak of roots of unity, we mean, according to §1, roots which have 
prime numbers for the denominators of their indices. In this case conclusions 
can be established similar to those reached in the case that has been considered. 
The root Vi is still of the form (29). The equation F{x) = has still an auxiliary 
of the {m — 1)^^ degree, whose roots are the m}'^ powers of the expressions 

Ar, OiAi", iiAr, . . . , eiAr , hiAi^ , (39) 

though the auxiliary here is not necessarily irreducible. Also, substituting the 

expressions in (39) for Af, AJ*, etc., in (37), the law of Proposition XIII still 
holds, together with the corollary in §46. 
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§47. By Cor. Prop. VI, the denominator of the index of a surd of the highest 

rank in ri is w. Let A* be such a surd. By §21, the coefficients of the diflfer- 

ent powers of A* in Vi cannot be all zero. We may take the coefficient of the 

first power to be distinct from zero and to be — , for, if it were — , we might 
• tn m 

substitute «* for A^iAr, and so eliminate A* from r^ introducing in its room the 

1 1 

new surd «* with — for the coefficient of its first power. We may then put 

ri = ^ (^ + Af + ai Af + . . . + e^A^ + h^A?) ; (40) 

where g, di, etc., are clear of AJ*. When A* is changed successively into 

L L L 

Ar, tr^Ai, tr^Ai, etc., let r^, r^, . . . , r^, (41) 

be respectively what Ti becomes, ^ being a primitive m*^ root of unity. By 

Prop. VI, the terms in (41) are the roots of the equation F{x) = 0. Taking r^, 

i_ 

any one of the particular cognate forms of R, let A,7, a^, ^tc, be respectively 

what A7, Oi, etc., become in passing from Ti to r^; and, when AJII is changed 
successively into the difierent m^^ roots of the determinate base A^, let r„ 

become r«, <,<',..., rL'""^^ , (42) 

By Prop. II, the terms in (42) are roots of the equation F{x) = 0} and, by 

§23, they are all unequal. Therefore they are identical, in some order, with the 

terms in (41). Also, the sum of the terms in (41) is g. Therefore g is rational. 

i_ 

§48. Proposition XIV. In rj, as expressed in (40), AJ* is the only prin- 
cipal (see §2) surd. 

Suppose, if possible, that there is in Vi a principal surd Zi distinct from 

A*. And first, let z{ be not a root of unity. (It will be kept in view that when, 
in such a case, we speak of roots of unity, the denominators of their indices are 

understood, according to §1, to be prime numbers.) When z/ is changed into 

Zg', one of the other c^^ roots of Zi, let ri, o^, etc., become respectively /i, a'l, 

etc. Then m/i = jr + AJ* + a', AJ" + etc. (43) 

By Prop. II, r'l is equal to a term in (41), say to ?•„. And, by §48, putting <„_i 

for^— , «ir„ = sr + <„_iAf+^_iaiAf + etc. (44) 

Therefore, A; (1 — t^^i) + Ai{a\— ai^_i) + etc. = . (45) 

This equation involves no surds except those found in tlie simplified expression 
ri, together with the primitive m}^ root of unity. Therefore the expression on 

Vol. VI. 
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the left of (45) is in a simple state. Therefore, by §8, the coefficients of the 
diflferent powers of AJ* are separately zero. Therefore ^n-i= 1> a'i = a, 6'i= J^, 
and BO on. But, as was shown in Prop. V, z/ being a principal surd not a root 

of unity in the simplified expression aj, aj cannot be equal to a\ unless Zi can be 

eliminated from Oi without the introduction of any new surd. In like manner 

1 
bi cannot be equal to b\ unless z{ can be eliminated from bi. And so on. 

Therefore, because «!=: a'j, and bi=b\, and so on, z{ admits of being eliminated 
from Ti without the introduction of any new surd, which, by §21 , is impossible. 

Next, let Zi be a root (see §1) of unity, which may be otherwise written 6i. 
Let the different primitive c^^ roots of unity be 6i, flg, etc.; and, when 6i is 
changed successively into 6i, 6g, etc., let r^ become successively rj, /i, etc. 

Suppose if possible that the c — 1 terms rj, /i, etc., are all equal. Since Zi is a 
principal surd in rj, we may put ri = A^""^ + A^~' + . . . +1-, where h, k, etc., 

are clear of di. Therefore (c — l)ri = cZ — {h + k + etc.) Thus Zi may be 
eliminated from Vi without tlie introduction of any new surd ; which by §21 is 
impossible. Since then the terms /'i, /j, etc., are not all equal, let ri and /i be 
unequal. Then /^ is eqtial to a term in (41) distinct from rj, say to r^. 
Expressing mr^i and mt\, as in (43) and (44) , we deduce (46) ; which, as abovci 
is impossible. 

§49. Proposition XV. Taking rj, r„. A", etc., as in §47, an equation 

tAt=pAi: (46) 

can be formed ; where t is an m}^ root of unity, and c is a whole number less 

than m but not zero, and p involves only surds subordinate (see §3) to AJ* or A^IJ. 
By §47, one of the terms in (42) is equal to r^. For our argument it is 
immaterial which be selected. Let r,, = r^ . Therefore 

(A„A?Ve„A?'+. . . + Ai)-(AiAi^-"+e,Ar'+ . . . + Af)=0. (47) 
The coefficients of the different powers of A* here are not all zero, for the 

coefficient of the first power is unity. Therefore by §6, an equation tA^^^Ii 

subsists, t being an m^^ root of unity, and Zj involving only surds exclusive of 

\_ i_ 

A,7 that occur in (47). By Prop. XIV, A* is a surd of a higher rank (see §3) 

j_ 

than any surd in (47) except A*. Therefore we may put 

/i = rf + rf,Af+rf3Af+...+ci^.iA^\ 
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where d, d^, etc., involve only surds lower in rank than A*. Then 

where rf', c?i, etc., involve only surds lower in rank than AJ*. By §8, since AJ* 
is a surd in the simplified expression r^, the coefficients d! — A„, dli, etc., in the 

equation {d! — £^) + d\6^'\'dl^£^'\- etc. =0 (48) 

are separately zero. Therefore (rf + c^ AJ* + etc.)"* = dl. And, t^. being a 
primitive m}'^ root of unity, 

(rf + c/i^iAf + etc.)'~=rf' + dViAr+ etc.= rf'. 

Therefore, (^ + ^ ^i Ai" + etc.) = ^ (rf + cij A; + cZ^ Af + etc.) , 

^ being one of the m^^ roots of unity. In the same way in which the coefficients 

of the diflferent powers of A* in (48) are separately zero, each of the expressions 
d{l — <i), di{ti — <i), etc., must be zero. But not more than one of the m — 1 
factors, t^ — ^, <? — <i,etc., can be zero. Therefore not more than one of the 
m — 1 terms, c^, rf^, etc., is distinct from zero. Suppose if possible that all 

these terms are zero. Then <A* = d. Therefore the different powers of ^Z can 
be expressed in terms of the surds involved in d and of the m*^ root of unity. 

Substitute for A*, A^, etc., in (47), their values thus obtained. Then (47) 

becomes g — (Ai Ai"* + . . . + AD = ; (49) 

where Q involves no surds, distinct from the primitive m*^ root of unity, that 

are not lower in rank than A* ; which, because the coefficient of the first power 

of A" in (49) is not zero, is, by §8, impossible. Hence there must be one, while 
at the same time there can be only one of the m — 1 terms, e?i, (4, etc., distinct 
from zero. Let d^ be the term that is not zero. Then i\ — ^J = . Therefore 

1 — ^ is not zero. Therefore d = . Therefore, putting p for d^ , ^A^ =^pAi. 

§60. Cor. By the proposition, values of the different powers of A^ can be 
obtained as follows : 

t^t = i>Af , <*A: = ?A;, m! = kAf, etc.; (50) 

where pi q, etc., involve only surds that occur in Ai or A^; and c, 6*, z, etc., are 
whole numbers in the series l,2,...,m — 1. No two of the numbers c, «, 
etc., can be the same ; for they are the products, with multiples of the prime 
number m left out, of the terms in the series 1,2, ...,m — 1, by the whole 
number c which is less than m. Therefore the series c, s, 2, etc., is the series 
l,2,...,m — l,ina certain order. 



92 Young : Principles of the Solution of Equations 

§61. Proposition XVL If r^ be one of the particular cognate forms of ^, 
the expressions ^^^ ^^^^^ ^ r-»e,zf ', f-'KA: , (61) 

are severally equal, in some order, to those in (39), t being one of the m^ roots 
of imity. 

By §47, one of the terms in (42) is equal to r^. For our argument it is 
immaterial which be chosen. Let r^=iri. By Cor. Prop. XV, the equations 

(50) subsist. Substitute in (47) the values of the different powers of ^ so 
obtained. Then 

(<-^jpAi' + ^-^ja^Af + etc.) — (Ar + aiAf + etc.)= 0. (62) 

By Cor. Prop. XV, the series Af , Ai", etc., is identical, in some order, with 

L 1. L 

the series AJ*, Af, etc. Also, by §8, since AJ* is a surd occurring in the simpli- 
fied expression ri, and since besides A* there are in (52) no surds, distinct -from 

the primitive m^ root of unity, that are not lower in rank than A*, if the 

i_ 

equation (52) were arranged according to the powers of AJ* lower than the wi"*, 
the coeflScients of the different powers of A* would be separately zero. Hence 
A* is equal to that one of the expressions, 

t^^pAf, f^qa^Afj etc. (53) 

in which A* is a factor. In like manner o^ AJ* is equal to that one of the expres- 

sions (53) in which A* is a factor. And so on. Therefore the terms A*, aiAJ*, 
etc., forming the series (39), are severally equal, in some order, to the terms in 
(53), which are those forming the series (51). 

§52. Proposition XVII. The equation ^(a) = has a rational auxiliary 
(compare Prop. VII) equation ^ (a) = , whose roots ar^ the m}'^ powers of the 
terms in (39). 

Let the unequal particular cognate forms of the generic expression A under 
which the simplified expression Ai falls be 

Ai, A,, . . . , Ae. (54) 

By Prop. XVI, there is a value t of the m}'^ root of unity for which the 
expressions ^^i ^^^^ t^-^e^£^, <~-%A,^\ (55) 

are severally equal, in some order, to those in (39). Therefore A^ is equal to 
one of the terms Ai, aJ'Aj, . . . , ^Af*, AfAf^ (56) 

In like manner each of the terms in (54) is equal to a term in (56). And, 
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because the terms in (54) are unequal, they are severally equal to different terms 
in (56). By Prop. Ill, the terms in (54) are the roots of a rational irreducible 
equation, say '^i{x) = 0. Rejecting from the series (56) the roots of the equa- 
tion 4^1 (a-) = , certain of the remaining terms must in the same way be the 
roots of a rational irreducible equation 4^2 (^)= 0- -^.nd so on. Ultimately, if 
^{x) be the continued product of the expressions 4^1 (2^) » ^'^(aj), etc., the terms 
in (56) are the roots of the rational equation <^(a:) = 0. 

§53. The equations '4'i(x) = 0, '4',(a;) = 0, etc., formed by means of the 
expressions 4^1 (sc) , '^^iix) , etc., may be said to he stth-avadliary to the equation 
F{x) = 0. It will be observed that the sub-auxiliaries are all irreducible. 

§54. Proposition XVIII. In passing from ri to r^, while Ai becomes A., 
the expressions ai, 61, etc., which, by Prop. XIV, involve only surds occurring 
in Ai, must severally receive determinate values, a^, &«» ^tc. In other words, 
tti being a particular cognate form of A , there cannot, for the same value of A^ , 
be two particular cognate forms of -4, as a^ and a^, unequal to one another. 
And so in the case of ii , ^j , etc. 

For, just as each of the terms in (42) is equal to a term in (41),* there are 
primitive m}^ roots of unity r and T such that the expressions 

tA! + t'a^X + etc., TAl+ T'a^Ai+ etc., 
are equal to one another. Therefore, if Aj^= A^, in which case, by assigning 

suitable values to r and T, A^ may be taken to be equal to A^H , 

A!(r- T) + A:(a,T*— a^r ) + etc. = 0. ^ (57) 

Suppose if possible that the coeflSciente of the different powers of A" in (57) are 

i_ 

not all zero. Then, by §5, ^A^ = ^1 ; ^ being an m}^ root of unity ; and l^ involving 

only surds of lower ranks than Af. Hence, by Prop. XV and Cor. Prop. XV, 

AI* is a rational function of surds of lower ranks than AJ* and of the primitive 
m^ root of unity ; which, by the definition in § 6 , is impossible. Since then the 

coeflScients of the diflferent powers of A^ in (57) are separately zero, r= T, 
a^t^^a^fT^, therefore a^-=ajf. 

§55. Proposition XIX. Let the terms in (39) be written respectively 

JL 'JL i. — 

The symbols Ai, 5^, ^3, etc., are employed instead of Ai, Ag, A3, because this 
latter notation might suggest, what is not necessarily true, that the terms in (56) 
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are all of them particular cognate forms of the generic expression mider which 
Aj falls. Then (compare Prop. XIII) the m — 1 expressions in each of the groups 

Li. 1.2. 1. L LL 

(^1 ^m— 1» ^8 ^m— 8i O3 0^_8» • • • > ^m — l^li) 
L 1. 1. L L 1. J-i. 

J. J. i. 1 JL J. 2. 

and so on, are the roots of a rational equation of the (m — 1)^^ degree. Also 
(compare Prop. X) the first — ^ — terms in the first of the groups (59) are the 

roots of a rational equation of the [ — - — j degree. 

In the enunciation of the proposition the remark is made that the series (54) 
is not necessarily identical with the series Aj, Sg, Sg, . . . , 5«_i. The former 
consists of the unequal particular cognate forms of A ; the latter consists of the 
roots of the auxiliary equation ^ (x) = . These two series are identical only 
when the auxiliary is irreducible. To prove the first part of the proposition, 

take the terms forming the second of the groups (59). Because hZ.-'i represents 



M-S 



ei Ai" , ei Ai= A*^_8. Let E be the generic symbol under which the simplified 
expression e^ falls. By Prop. XVIII, when Aj is changed successively into the 
c terms in (54), ej receives successively the determinate values ^i, ^21 • • • » ^cJ 
and therefore ^lAi receives successively the determinate values 

CiAi, e^Ag, . . . , (9,A,. (60) 

There is therefore no particular cognate form of J^A that is not equal to a term 
in (60). By Prop. XVI, there is a value of the vr^^ root of unity t for which 
the terms in (55) are severally equal, in some order, to those in (39). Let the 

term in (39) to which iAJ* is equal be jiAi**. Then, applying the principle of 
Cor. Prop. XV, as in Prop. XVI, it follows that the term in (39) to which 

f*'"*Cj|A2'* in (55) is equal is \^\^ , M being a multiple of m, and M — 2/i 

being less than m. Therefore ejAj is equal to yJA^iAi"*, which is the product of 
two of the terms in (39) occurring respectively at equal distances from opposite 
extremities of the series. In other words, c^Ag is equal to an expression 

5j|^5;il_8n in the second of the groups (59). In like manner every term in (60) is 
equal to an expression in the second of the groups (59). Let the unequal terms 
in (60) be eiAj, etc. (61) 

Then, by Prop. Ill, the terms in (61) are the roots of a rational irreducible 



<% 
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equation, say /j (a) = 0. Rejecting these, which are distinct terms in the second 
of the groups (69), it can in like manner be shown that certain other terms in 
that group are the roots of a rational irreducible equation, say f%{x) = 0. And 
soon. Ultimately, if /(a) be the continued product of the expressions /i (x) , 
f%{x), etc., the terms forming the second of the groups (69) are the roots of a 
rational equation of the {m — 1)**^ degree. The proof applies substantially to 
each of the other groups. To prove the second part, it is only necessary to 
observe that, in the first of the groups (59), the last term is identical with the 
first, the last but one with the second, and so on. 

§66. G(yr. 1. The reasoning in the proposition proceeds on the assumption 
that the prime number m is odd. Should m be even, the series Ai , 5i , etc., is 
reduced to its first term. The law may be considered even then to hold in the 

JL JL 

following form. The product AJ* A* is the root of a rational equation of the 
(m — 1)*^ degree, or is rational. For this product is Ai, which, by Prop. XVII, 
is the root of an equation of the (m — 1)*^ degree. 

, §57. Cor. 2. I merely notice, without farther proof, that the generalization 
in §45 in the case when the equation F{x) = is of the first (see §30) class 
holds in the present case likewise. 

Analysis of Solvable Equations op the Fifth Degree. 

§58. Let the solvable irreducible equation of the m*^ degree, which we 
have been considering, be of the fifth degree. Then, by Prop. IX and §47, 
whether the equation belongs to the first or to the second of the two classes that 
have been distinguished, assuming the sum of the roots g to be zero, 

ri = |(a} + ai A? + e^ A* + A^ A? ), (62) 

though, when the equation is of the first class, the root, as thus presented, is not 
in a simple state. 

§59. Proposition XX. If the auxiliary biquadratic has a rational root Ai 
not zero,-all the roots of the auxiliary biquadratic are rational. 

Because A^ is rational, the auxiliary biquadratic 4) (a) = is not irreducible. 
Therefore, by Prop. VII, the equation F{x\-=' is of the second (see §30) class. 

Therefore, by Prop. XIV, A* is the only principal surd in r^. Consequently, 
because Ai is rational, Oi, e^ and hi are rational. Therefore Ai, ojAj, ^Af, AJAJ, 
which are the roots of the auxiliary biquadratic, are rational. 
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§60. Proposition XXI. If the auxiliary biquadratic has a quadratic sub- 
auxiliary '\//i(a;) = with the roots Ai and A,, then Aj|= AJAJ, and Ai= AIAJ; 
and ^lAi is rational. 

As in §52, t being a certain fifth root of unity, each term in (65) is equal to 
a term in (39). The first term in (55) cannot be equal to the first in (39), for 
this would make A2= Aj. Suppose if possible that the first in (56) is equal 
to the second in (39). Then, by equations (50), applied as in Prop. XVI, 

<Aj = aiAf, fia^/^=h,At, <«6,a}=A?, ^A,Aj=eiA*,) .^g. 

therefore A«=ajAf, aSA|=^^Aj, 6|A|=Ai, A|AJ = ejAj. j ^ ^ 

Now ajA?, being equal to A,, is a root of the equation '^i{x) = 0. And ajAf, 
involving only surds that occur in ri , is in a simple state. Therefore, by Prop. 
Ill, ajA| is a root of the equation '\i/^{x) = 0. Therefore A? A}, and therefore 
also AgAg or ef Aj, are roots of that equation. Hence all the terms 

Ax,ajA!,efA?, AjAf, (64) 

are roots of the equation ^i (x) = . But ai , ei , Ai , are all distinct from zero ; 

for, by (63), if one of them was zero, all would be zero, and therefore Ai would 
be zero ; which by §6, is impossible. From this it follows that no two terms in 
(64) are equal to one another; for, taking ajAf and ^A?, if these were equal, 

we should have <5if'Ai = ai, if being a fifth root of unity; which, by §8, is 
impossible. This gives the equation i^i (x) = four unequal roots ; which, 
because it is of the second degree, is impossible. Therefore the first term in 
(55) is not equal to the second in (39). In the same way it can be shown that 
it is not equal to the third. Therefore it must be equal to the fourth. In like 

manner the first in (39) is equal to the fourth in (65). Because then t^ = ^i Ai , 

and Ai = ^AgAi , Aj Aj|= ^i Ai. But, just as it was proved in §66 that, the roots 
of the sub-auxiliary '\f/^(x) = being the c terms Ai, A,, etc., there is no par- 
ticular cognate form of EA that is not a term in the series ^i Ai , e^ Ag , . . . , e^ A^ , 
it follows that, if Ai be a particular cognate form of H, there is no particular 
cognate form of HA that is not equal to one of the terms h^Ai and h^A^' Hence, 
since hiAi^^h^A^, HA has no particular cognate form difierent in value from 
hi Ai . Therefore, by Prop. Ill, h^ Ai is rational. 

§61. Proposition XXII. The auxiliary biquadratic ^(x) = either has 
all its roots rational, or has a sub-auxiliary (see §53) of the second degree, or is 
irreducible. 



% 
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It will be kept in view that the sub-auxiliaries are, by the manner of their 
formation, irreducible. First, let the series (54), containing the roots of the 
sub-auxiliary ^^i (x) = consist of a single term Ai . Then, by Prop. Ill, Ai is 
rational. Therefore, by Prop. XX, all the roots of the auxiliary are rational. 
Next, let the series (54) consist of the two terms Ai and Aj. By this very 
hypothesis, the auxiliary biquadratic has a quadratic sub-auxiliary. Lastly, let 
the series (54) contain more than two terms. Then it has the three terms 
Ai, Aj, A3. We have shown that these must be severally equal to terms in 
(64). Neither A, nor A3 is equal to Ai. They cannot both be equal to AfA}. 
Therefore one of them is equal to one of the terms ojAf, ej AJ. But in §60 it 
appeared that, if Aj be equal either to ajAj or to eJAf, all the terms in (64) are 
roots of the irreducible equation of which Ai is a root. The same thing holds 
regarding A3. Therefore, when the series (54) contains more than two terms, 
the irreducible equation which has Ai for one of its roots has the four unequal 
terms in (64) for roots ; that is to say, the auxiliary biquadratic is irreducible. 

§62. Let 5i^ = Ai , 5t^ = ai A{ , 5i^ = 61 A? , 5u^ = y^i Af ; and, n being any 
whole number, let S^ denote the sum of the n*^ powers of the roots of the 
equation F{x) = . Then 

/Si = 0; Sfi = 10 {v^u^ + u^Us) ] /Si= 15{2(wit4)}; 

/Si= 20 \X{t4ui)\ + SO{v^u\ + i^i^) + 120uiV^u^u^', 

S,= 6\X{ul)} + 100 {X{ulv^u,)\ + 150\X{uiV^u\)} ; 

where such an expression as 2(wit4) means the sum of all such terms as Mi?4; it 

being understood that, as any one term in the circle ?^i, ti^, u^j t^g, passes into 

the next, that next passes into its next, u^ passing into Ui . 

The Roots op the Auxh^iary Biquadratic all Rational. 

§63. Any rational values that may be assigned to Ai, Oi, Ci, and ^ in ri, 
taken as in (62), make Vi the root of a rational equation of the fifth degree, for 
they render the values of aS'i, aS^, etc., in §62, rational. In fact, ASi = 0, 
25/811= lOAi (At + «i^)» and so on. 

The Auxiliary Biquadratic with a Quadratic Sub-Auxill^ry. 

§64. Proposition XXIII. In order thatri, taken as in (62), maybe the 
root of an irreducible equation F{x) = of the fifth degree, whose auxiliary 
biquadratic has a quadratic sub-auxiliary, it must be of the form 

V0..V1. ri = A{(Aj+Aj) + (aiA;+a,A|)|; ' (65) 
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where Ai and Ag are the roots of the irreducible equation •4/i(a;)=sc* — 2j?a5+g*=0; 
and ai=6 + d^ {p^ — }*), a,= 6 — d\/ {^ — g^) \ p, q,h and d being rational; 

and the roots A* and Ai being so related that A* Ai = j. 

By Prop. VII, when a quintic equation is of the first (see §30) class, the 
auxiliary biquadratic is irreducible. Hence, in the case which we are con- 
sidering, the quintic is of the second class. The quadratic sub-auxiliary may be 
assumed to be -ij/i (ic) = cc* — 2px + A; = , p and h being rational. By Prop. 
XXI, the roots of the equation '^^{x) = are Ai and AJ A}. Therefore h = (Ai Ai)*; 
or, putting q for Ai Ai , A; = g*. By the same proposition, Ai Ai is rational. 
Therefore q is rational. Hence ^^^ {x) has the form specified in the enunciation 
of the proposition. Next, by Proposition XVI, there is a fifth root of unity 

t such that <Ai = Ai Af . If we take t to be unity, which we may do by a suitable 

interpretation of the symbol Ai , AJ = Ai A* This implies that ei Ai = a, A| , a, 
being what ai becomes in passing from Ai to Aj . Substituting these values of 

eiAi and AiA; in (62), we obtain the form of Vi in (65), while at the same time 

A* Ai = Ai Ai = q . The forms of Oi and a^ have to be more accurately deter^ 

mined. By Prop. XIV, A* is the only principal surd that ri, as presented in 
(62), contains. Therefore Oi involves no surd that does not occur in Ai; 
that is to say, V {p^ — g*) is the only surd in Oi. Hence we may put ai= 6 + d 
V (2>* — g^) , h and d being rational. But a^ is what Oi becomes in passing from 
Ai to Aj . And Aj diflFers from Aj only in the sign of the root V {]^ — g*) . 
Therefore Oj = 6 — d\/ {p^ — g*) . 

§65. Any rational values that may be assigned to 6, d, ^ and g' in rj, taken 
as in (65), make r^ the root of a rational equation of the fifth degree ; for they 
render the values of S^ a^, etc., in §62, rational. In fact, /Si=0, 25a^ = 
10{g + g*6* — g*cP(^'— g*^)}, and so on. 

The Auxiliary Biquadratic Irreducible. 

§66. When the auxiliary biquadratic is irreducible, the unequal particular 
cognate forms of A are, by Prop. Ill, four in number, Ai, Aj, Ag, A4. As 
explained in §55, because the equation ^(a:)=0 is irreducible, these terms are 
severally identical with Ai, h%, Ss, ^4. Hence, putting m=5, the first two 
terms in the first of the groups (59) may be written in the notation of (37), 

a}a},aJa*; (66) 
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and the second and third groups may be written 

(A?4, A* A*, aJaJ, a!4) 1 (67) 

(A* A*, 4a}, a* a*, a* a}). J 
§67. Proposition XXIV. The roots of the auxiliary biquadratic equation 
<t(x) =0 are of the forms 

Ai=m + n>v/2+\/«, A8=m — n\/2 + V^i, I . . 

A4=m + n\/25 — V^, As=m — nVz. — \/«i;) 
where ^=^ + 5^25, and 5i=^ — q^z] m, n, z,^ and g being rational; and 
the surd V s being irreducible. 

By Propositions XIII and XIX, the terms in (66) are the roots of a quad- 
ratic. Therefore A1A4 and AjAj are the roots of a quadratic. Suppose if 
possible that AiA3 is the root of a quadratic. By Propositions IX and XIX, 

Aj = ei Ai . Therefore aj AJ is the root of a quadratic. From this it follows 
(Prop. Ill) that there are not more than two unequal terms in the series, 

65AJ, ^A|, 4A}, 65AJ. (69) 

But suppose if possible that cf A} = ^A}. Then, t being one of the fifth roots of 

unity, fejAf = ejA|. But, by Propositions IX and XIX, Ai = ^A* . Therefore, 

feiAi = e^AJAfAi . Therefore, by §8, 61 = 0. Therefore one of the roots of the 
auxiliary biquadratic is zero ; which because the auxiliary biquadratic is assumed 
to be irreducible, is impossible. Therefore ^Af and ^AJ are unequal. In the 
same way all the terms in (69) can be shown to be unequal; which, because it 
has been proved that there are not more than two unequal terms in (69), is 
impossible. Therefore A1A3 is not the root of a quadratic equation. Therefore 
the product of two of the roots, Ai and A4, of the auxiliary biquadratic is the 
root of a quadratic equation, while the product of a diflFerent pair, Ai and A3, is 
not the root of a quadratic. But the only forms which the roots of an irre- 
ducible biquadratic can assume consistently with these conditions are those 
given in (68). 

§68. Proposition XXV. The surd V^i can have its value expressed in 

terms of %/« and V2. 

By Propositions XIII and XIX, the terms of the first of the groups (67) 
are the roots of a biquadratic equation. Therefore their fifth powers 

A?A3, AfAx, AIA4, AlA,, (70) 

are the roots of a biquadratic. From the values of Ai, Ag, Ag and A4 in (68), 



(71) 
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the values of the terms in (70) may be expressed as follows : 

^A{=F—F^^z^'{F^—FWz)^s^—{F^—F^sfz)sf8—{F,—FWzWs^8,, 
A\£^=F-FWz-{F^—F^^/zWs^+{Fc-F^^fz)^f8—{F,—F,s^z)^/8^/8^, 
^Aa=F+FWz-{F,+F,^zW8-{F,+FWzW6,+{F,+FWzW8^8^, 
where jP, F^^ etc., are rational. Let 2(A?A3) be the sum of the four expressions 
in (70). Then, because these expressions are the roots of a biquadratic, ^(AiAj) 
or 4.F+ 4^7 V8\/8i must loe rational. Suppose if possible that V^i cannot have 
its value expressed in terms of V^ and a/z. Then, because a/8^Si is not 
rational, i^, = . By (68) , this implies that n = . Let 

{AlAsy=L+Ll^/z + {^+L^^z)^/s + {L^ + ^^z)V8l + {Lfi + L^Vz)^/8V8l^ 
where L, L^, etc., are rational. Then, as above, Lt=0. Keeping in view that 
n = 0, this means that 7w*g' = 0. But q is not zero, for this would make 
a/ 8= \/8i] which, because we are reasoning on the hypothesis that \/8i cannot 
have its value expressed in terms of V^ and \/z, is impossible. Therefore m is 
zero. And it was shown that n is zero. Therefore Ai = \/8, and A3 = — V^. 
Therefore Ai Ag = — V {p^ — 2*z) ; which, because it has been proved that Ai Ag 
is not the root of a quadratic equation, is impossible. Hence a/8i cannot but be 
a rational function of \/8 and Vz. 

§69. Proposition XXVL The form of s is 

h{l + ^) + hV{l + ^), (72) 

h and e being rational, and 1+6* being the value of z. 

By Prop. XXV, \/«i = v + c\/5, v and c being rational functions of \/z. 
Therefore 8i = x^ + c?8+ 1vc\/8. By Prop. XXIV, ^/8 is irreducible. There- 
fore vc = . But c is not zero, for this would make ^/8x = v , and thus V«i 
would be the root of a quadratic equation. Therefore v = 0, and a^Si^i^cj^s 
= (ci + c%Vz)^/8j Ci and Cg being rational. Therefore 

\/{s8i) = V(i>* — g^z) = (ci + Cg \/z){p + qs/z) 

= {piP + Cgjz) + s/z{c^q + c^p) = P + Q ^/z. 

Here, since i^ — (fz is rational, either P= or Q= 0. As the latter of these 
alternatives would make s/ {j^ — ^z) rational, and therefore would make 
\/(p + ?v'z) or ^/8 reducible, it is inadmissible. Therefore Cijp + C2g3=0, 
and \/(i^^ — <f 2) = (cig' + C2^)\/z. Now qz is not zero, for this would make 
^/{ss^=.±.p\ which, because ^/s is irreducible, is impossible. Therefore C2=0. 
But, by hypothesis, Ci = 0; therefore \/«i, which is equal to (ci + Cj\/2j)%/«, is 
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zero ; which is impossible. Hence Ci cannot be zero. We may therefore put 
ce=l, and h{l + ^)=p. Then 8 = p + q^z = h{\ + ^) + h^ {1 + ^). 
Having obtained this form, we may consider z to be identical with 1+c*, 
q with A, and p with h{\ + e*). 

§70. The reasoning in the preceding section holds good whether the equa- 
tion F{x) = be of the first (see §30) or of the second class. If we had had to 
deal simply with equations of the first class, the proof given would have been 
unnecessary, so far as the form of z is concerned ; because, in that case, by Prop. 
VIII, Ai is a rational function of the primitive fifth root of unity. 

§71. Proposition XXVII. Under the conditions that have been established, 
the root Ti takes the form given without deduction in Grelle (Vol. V, p. 336) 
from the papers of Abel. 

For, by Cor. Prop. XIV (compare also Cor. 2, Prop. XIX), the expressions 

a|a|a!aS, A*AfA3*A*, aJaIaJa,*, aSaJa^A*, (73) 

are the roots of a biquadratic equation. In the corollaries referred to, it is 
merely stated that each of the expressions in (73) is the root of a biquadratic ; 
but the principles of the propositions to which the corollaries are attached show 
that the four expressions must be the roots of the same biquadratic. Let the 
terms in (73) be denoted respectively by 

5^r\ ^^T\ ^^z\ 5^r^ 

Then a} aJ aJ a| = A* (A? aJ A* a| ) is an identity. Therefore 

ja1 = A(A*a!a}a}). Similarly,iA* = ^8(AjA!A|Ah 

lAi=A(AjA?Af4), and |Aj = 44(AjA}Af A*). 

Substituting these values in (62), we get 

n==4i(A*A|A!A})+4,(AjA*A|A,*)+>43(A*A!4A* (74) 

This, with immaterial difierences in the subscripts, is Abel's expression ; only we 
need to determine A^, A^^ A^ and A^ more exactly. These terms are the recip- 
rocals of the terms in (73) severally divided by 5. Therefore they are the roots 
of a biquadratic. Also, no surds can appear in Ai except those that are present 
in Ai, A2, A3 and A4. That is to say, Ai is a rational function of V«> V^i and 
Vz. But it was shown that Jiy8i^8=:-he^z. Therefore Ai is a rational 
function of ^/8 and \/z. We may therefore put 

^i = ^+^'Ai + ^'A + Ji^'"AiA4, 
K^ K\ K'^ and K'** being rational. But the terms A^ A^^ A^^ A^ circulate with 
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Ai, A,, Ai, As. Therefore 

-4,= ^+ K'^ + iT^A, + -^'"A, A3, 

A, = K+ K^A, + -^"A, + -^'"A, A,. 
These are AbeFs values. 

§72. Keeping in view the values of A^, As, etc., in (67), and also that 
a = 1 + c*, and 8^^hz + h/s/z, any rational values that may be assigned to m, n, 
e^ hy K, K\ K" and K^" make ri, as presented in (74), the root of an equation 
of the fifth degree. For, any rational values of m, n, etc., make the values of 
Si, S^j eta, in §62, rational. 

§73. It may be noted that, not only is the expression for Ti in (74) the root 
of a quintic equation whose auxiliary biquadratic is irreducible, but, on the 
understanding that the surds ^/e and a/z in Ai may be reducible, the expression 
for Vi in (74) contains the roots both of all equations of the fifth degree whose 
auxiliary biquadratics have their roots rational, and of all that have quadratic 
sub-auxiliaries. It is unnecessary to offer proof of this. 

§74. The equation x* — 10a^+ 5a:* + 10x+ 1 = is an example of a 
solvable quintic with its auxiliary biquadratic irreducible. One of its roots is 

G) being a primitive fifth root of unity. It is obvious that this root satisfies all 
the conditions that have beeii pointed out in the preceding analysis as necessary. 
A root of an equation of the seventh degree of the same character is 

J + G>'J + 6)*G)* + J" J + Jq^ + q'J , 
6) being a primitive seventh root of unity. The general form under which these 
instances fall can readily be found. Take the cycle that contains all the primitive 
{rn^y^ roots of unity, 6, ^^ d^\ etc., (75) 

m being prime. The number of terms in the cycle is (m — 1)*. Let 61 be the 
(m + 1)*^ term in the cycle (75), 6, the (2m + 1)*^ term, and so on. Then the 
root of an equation of the m*^ degree, including the instances above given, is 

r,= {6 + 6-') + ((?!+ ^^) + ... + (e.-.+e^). 
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§1. By means of the laws established in the paper entitled " Principles of the 
Solution of Equations of the Higher Degrees," which is concluded in the present 
issue of the Journal of Mathematics, a criterion of the solvability of equations 
of the fifth degree may be found, and the roots of solvable quintics obtained in 
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be determined in terms of coefficients to which particular numerical values have 
not been assigned, but which are only assumed to be so related as to make the 
equations solvable. 
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Sketch op the Method Employed. 

§2. Let ri, r,, rj, r^, rg, be the roots of the solvable irreducible equation 
of the fifth degree wanting the second term, 

F{x) = 7?+piOi?+Ps^+P4X+p^=0. (1) 

It was proved in the ''Principles " that 

where Ai, As, A3, A* are the roots of a biquadratic equation auxiliary to the 
equation F{x)=^0. It was also shown that the root can be expressed in the 

^^""^ n = ^{At + a,Al + e,At + 7HAt), (2) 

where Oi , 61 , ^ , involve only surds occurring in Aj ; and no surds occur in Ai 
except V {hz+ h^/z) and its subordinate V^; 2 being equal to 1 +c*, and h and 

e being rational. As in the "Principles," we may put 5i^ = A{, 5tXj| = A»i 

5^3 = A| , 5i^4 = AJ . Then 

ri = 1^1 + ti^+ 1^ + 1^4. (3) 

Let /Si be the sum of the roots of the equation F{x) = , /Si the sum of their 

squares, and so on. Also let 

2(1^^2)= ^^+ t4t^4+ t^3i^ + 1^41^3. 
2(^114^4) = ^^^4+ ^^4^4+ «^t^4W|+ t^4t4^i 

2(u?) = ^,J+t4+i4+i^J. ]. (4) 

Then /S,= 10^114+1^,1^3), /S3=15{2(t4t^)}, 

/Si= 20 J2(a?M5)} + ^(/S'l) + 60i^ 0,1^31^4, 
/y5=5{2(i^«)}+4(/S,/S3) + 50{2Ki4t^l)f. 

§3. It was proved in the "Principles" that v^u^ and u^u^ are the roots of a 
quadratic equation. But 25i^t*4= AiAi, and 252««|t^ = aieiAi. Therefore, 

because Oi, ej, Ai, involve no surds that arc not subordinate to A*, ^/z is the 
only surd that can appear in u^u^ and u^u^. Consequently we may put 

UiU^=g + ua/Zj and v^u^zzig — a^z^ (5) 

where gr, a, are rational. It scarcely needs to be pointed out that these forms 
are valid whether the surd \/z is irreducible or not. Now S%^=^10{uiU^ + u^u^ 
= — 2/)3 . Therefore 9 = — ^ {pi)- (6) 

Again, it was shown in the "Principles" that the four expressions u\\(^^ t^fwi, 
14^4, t(\i(^j are the roots of a biquadratic equation. And, by the same reasoning 
as that employed in the case of u^u^ and m^t^, the only surds that can appear in 



(8) 
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these expressions are \/ (hz + hA/z), \/ {hz — h a/z) , and \/z . Let 7iz + hA/z=8, 
and Az — AVz = ^i. Then 

s/si = f— j\/s, and \/8\/si=^he\/z. (7) 

Hence the expressions ulu^j t4^, ^^4, ^^Iw^i may have their value exhibited 
in terms of a/z and either of the surds V«, V«i. Put 

l/f'MgZz: k + C^/z + {6 + ^a/z)a/8j 

uln^ = Jc + c \/z — (0 + ^ \/z) \/« , 

^4^4 = A; — c\/z — (6 — ^\/z) V^i; 
where A;, 0, d, 4>, are rational. These coefficients must bear a relation to gr, a, 
in (5). In fact, because (t/it^)(wj^) = (^^4)*(^^)> 

(^— ah){g + asfz) = (A; + cs/zf— {6 + ^^/z)\hz + h^/z). 
Equating the rational parts to one another, and also the irrational parts, 

hz{^+q?z+2,^) zzzT^+t^z — gf.g'-a'z),) ,gx 

h{&^ + ^^z+2e^z) = 2kc — a{g^—a^z). ) 

Because «2= 15{2(i^i/3)} = — 8/^3, 

k = -y{p,). (10) 

It will be convenient to retain the symbols g and h, whose values are given in 

(6) and (10). Again, because v^u^^- ^^ , we have, from (5) and (8), 

yiy^ = ^-^^^\h + c^z + {e + ^^/z)^^8\\h — c^/z^-{Q — ^^ 
y — a z 

= A-\- A!^z + {A!' + A!Wz) s/s, 
where A , A', A", A"', are rational. The value of A is 

^ = ^^j9i^-<^^) + <^ez{6^-^*z)\. (11) 

Again, ?4= ^"^"»)'(^^">) . That is, from (8) and (5) and (7) , 

{k — c^/z + {e — ^Vz)^/si} = B + BVz+{B"+ffWz)Vs; 
where B, B, B', B", are rational. Now, by (4), 

Si= 20 {2(tt?«,)} + w('Sl) + 60«i«,«3«4- 
And aS^ = 2/^ — 4/)4 . Also 2 (t^ Wj) ^ 4 J, ; and, by (6), 10g= — p^; and, by (5), 
«it«,«3tti=gf* — a*z. Therefore 

Pi= — 20 A + 50^+150^ z. (12) 

VOU VL 



(16) 
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Again, S^ = b[I.{v\)\ + \{S,S,) + 50 {^{u^vJ^uX)]. 

And 2(t/i) = 4J?, S^S^— 6piPB= 1200grAj, and 

Therefore S^= 20B + lOOOgk — 200acz . 

But /S5— 6jp,p3+ 5^5= /S5— lOOOgrAj + 5^5= 0. 

Therefore ^5 = — 45 + 40ac2;. (13) 

The values of p4^ and ^5 in (12) and (13) make the quintic 

F{x) =a? + p^a? + ps^ + (5gr« + 15ah — 20A) x + (40acz — 45) = . (14) 

§4. Assuming the coefficients /?, , ^3, etc., in (1), to be known, the coeffi- 
cients in the equation F{x) = as exhibited in (14) involve six imknown quan- 
tities, namely, a, c, 6, 4), e, h. The list does not include z, gr, k; because 
z= 1 + c*; and y and k are known by (6) and (10). To find the six imknown 
quantities we have six equations, which are here gathered together. 

p^z= — 20A + 5/+ 15a»z, 
^5 = — iB + 40ac25, 
J5"=l, 

hz{e^ + ^h + 2ft^) = A?+ (?z — g{g^—ah) 

A(^ + ^h + 2Q^z) = 2kc — a{(f— ah) . 

The first two of these equations are the equations (12) and (13). As to the 
third and fourth, it was proved in the ** Principles " that the form of v^ is 
m + ns/z + \/{hz + hj^z)j m and n being rational. This is saying in other 
words that J5"=l and J5'"=0. The last two of the equations (15) are the 
equations (9). 

§5. The criterion of solvability of the equation F(x)=^0 may now be stated 
in a general way to be that the coefficients ^2 , ^3 , etc., must be so related that 
rational quantities, a, c, d, ^,e,A, exist satisfying the equations (15). We also 
see what requires to be done in order to find the roots of the equation F{x) = 
in terms of the given coefficients. By (3), Vi is known when th, u^, v^, u^ are 
known. But, J5" and B'^ being respectively unity and zero, 

i4 = 5 + 5Vz + Vs, t4 = B— Bsfz + V«i , 
v\^=.B-\-Bs/z— ^/s, i4=^ B — B\/z — \/8i. 
Therefore, to find ri we need to find B, B, z and A; which is equivalent to 
saying that we need to find the six unknown quantities a,c,6,4),e,A. Before 
pointing out how this may be done in the most general case, I will refer to some 
special forms of soluble quintics. 
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Case int which t^u4 = ti,ti,. 

§6. A notable class of solvable quintics is that in which UiU^:=u^u^. It 
includes, as was proved in the *' Principles," all the Gaussian equations of the 
fifth degree for the reduction of x" — 1=0, n prime. It includes also other 
equations, of which examples will presently be given. Now, when UiU^^=u^u^^ 
the root of the quintic can be found in terms of the coefficients p^^ Pz, etc., even 
while these coefficients retain their general symbolic forms ; in other words, the 
root can be found in terms of jp^, jps? ^*c., without definite numerical values being 
assigned to j>» , jpa , etc. This I proceed to show. 

§7. By (5), because tiiu^=^u^v^^ a = 0. Thus, one of the six unknown 
quantities is determined, while we have still the six equations (15) to work with. 
It might be sufficient to say, that, from six equations five unknown rational 
quantities can be found. I will recur to this idea; but in the meantime the 

following line of reasoning may be pursued. From (11), -4= There- 

fore equation (12) becomes 

gp^= — 20{T^—(»z) + bff'. (16) 

Also, because a= 0, equations (7) being kept in view, 

ttj = -i- { 2 (A»— c»2)(A; + c Vz) — S^ (* — c -v/z) + 2 (;fc + c -v/2)(^— ^«3) Ac Va } 

+ (5" + BWz) V» . 
.-. Bg'=.h[2{¥ — (?z) — g'] + 2chez{(l^ — ^\) 

and B^= c { 2(A?— c»z) + /} + 2Mc (V— <|)»2) ; 

••• v^=X[lc{2{W — <?z) — g'\-\- 1cTwi{^— 4)*z)] 

y * 

+ ^[c{2(^ — c»z) + ^} + 2;fcA«(e»— ^«z)] + -v/«. (17) 

Substitute in the second of equations (15) the value of ^ that has been obtained. 
Then ^p^^ — ^k\2{;i^ — &z) — ^\ — %chez{^ — ^\). (18) 

The values of B' and B" are 

B'e^=^\M-\-2e{T^ — 

B"eg'=eN—^{M- 



fc» — c»z) } — ^zN= e^, ) . jg. 

— 2e{T^—(?z)\ = Q) ) 
where Jf= — 2(A*+c*z)+gr'+4A»z, which may be written M^^4kcz — P,) ,nQ\ 
and JV=:2(7c* + c*z) — ^ — ^kc, which maybe written iV= P — Ahc. i 



The two equations (19) give us 

d { if» — ziV» — 4e» (A? — c» z)» } = e(/» { if — 2c (P — c» z) } , 

Therefore — = ^f= -• 



(21) 
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Equating the value of mT^ too obtained from (21) with that derived from 

the last two of equations (15), 

Jc'^(?2—^ _ \M—2e{}f—i^z)\^ + N^z + 2N {if— 2g(ife»— c»g)} , . 

2kcz ~ {M—2e{J^—c'z)\^-\-N^z + 2Nz\M—2e{J^ — e'2)\ ' ^ ^ 

The coeflScients p%i ps, ©tc, in the equation F{x)=^0, being given, g and k are 
known by (6) and (10). Therefore, by (16), c^z is known. Then (22) will be 
found to be a quadratic equation determinative of c. For, keeping in view the 
value of P in (20), (22) may be written 

Jfe2^e^g_^_ {4(ifc« + c»g)»+P«|— SJfcPc — 16Jfc(ife»— c'2)(ce) 

2k(^z ~ {4(jfe»— c'2)'^— 16Jfc*c'2— P«}c + 8Jfec'2P— 4(jfe»— o»2)P(ce)' 

Because g^k^ (?z and P are known, this equation is of the form 

H{ce) = Kc+L, 
where H, K, L^ are known. Therefore, since c*e*= &z — c*, 

(?{H^ + K^) + 2KLc + {D— n^(?z) = ; 
from which c is known. Therefore, since c^z is known, z is known. Therefore 
e is known. Therefore, by (21), 6 and ^ are known. Therefore, by (18) or 
either of the equations (9), A is known. Therefore, by (17), vl is known. In 
like manner, t4, t4> ^Si ^.re known. Hence finally, by (3), Vi is known. 

§8. Example First. I will now give some numerical verifications of the 
theory. The Gaussian equation of the fifth degree for the reduction of 
a^^ — 1 = 0, when deprived of its second term, is 

22 11 11X42 11X89 _ 

^ 5 25^^ 125 ^^ 3125 ~"' 

When a root of this equation is expressed as in (1), the value of ri, as given bj 
Lagrange, is 

«J = 4-J^5{ — 89— 25V5 + 5(19— 9V5)(— 5-2^/5)}; 
which, reduced to the form that we have adopted, is 

11'X89» , 41 ,, , 22 

8x41x(5)«'^' = -89^^' ^^<^^ = -89 
that this is the result to which the equations of the preceding section lead. The 
simplest way will be to find g, k and c*z by means of (6), (10) and (16), and 
then to take the values of e and a/z given above, and to substitute them in 
equation (22). If the theory is sound, the equation ought in this way to be 



where 7^= — ftttttttf^* \/z = — 67^ V5, and e= — ^^. We have to show 
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satisfied. When this equation has been satisfied, it will be unnecessary to pursue 

22 11 11 

the verification farther. Because P»=--^, fmd p,= -^, g= ^ ^d 

A; = ^^r — ^. From (18), taken in connection with (21), cAe must be negative. 
Therefore 

_ 11x89 ,^ _ 89; ^iiy ,^ _ 41 ^iiy 

^~ 4x25x41' ^~ 80X41 V25>^^~ 16x89'<26y' 

^ ^^- 100 V25;' 

2716 /liy ^^1224^/llY jf o,(p ^A- ^^^ fl^V 

^- 89 X 100 V26> 41 X 100 W ' ^ '^^~ 89x100^* 

These values reduce the equation (22) to the identity 

89 _ 89 ( 41 (4080^ + 5 x 1224^) — 89 (2448 x 4080) ) 
. 41~41 (89(4080'+5xl224«) — 205(2448.x4080)) 

§9. Example Second. The example that has been given is one in which the 
auxiliary biquadratic is irreducible. I will now take an example, 

aj^ + lOa:^ — 80a:* +145x — 480 = 0, (23) 

in which the auxiliary biquadratic has a sub-auxiliary quadratic. When the 
root of the equation (23) is put in the form (1), 

t^=(l + V2)*, w,= (l-^/2)*, t^,= (l + V2)(l+V2)*, W3=(l— ^/2)(1— V2)*, 

the product of the roots (1 + V2)*, (1— V2)*, being — 1. Putting/? for 28560, 
and ;ifor 28562, 

gr= — 1, Aj = 4, c>v/z = — 3,2; = ^»c = -^) A:*+c*a = 25, Jcc = -~^i kcz=:-^j 

r» «/7Ji . _« \ 3 e. ir 48^ — 51^9 ^. 51; — 48/9 
P = 2{]k? + (?z) — g^=51, M= ^ — -y N= — -y 

p A 

1^ « /7i -J ^ 48-J — 51^+14x338 
M— 2e(P— (?z) = ^ 

These values cause (22) to become 

13 _ X {(48>l — 51/9+ 14 X 338)' + (51yl — 48;3f{ + 2^ (51yl — 48;9)(48>1— 61^ + 14 X 338) 
12 ~j9{(48yl — 51/3+14x338)« + (51yl — 48^)«{ +2/(51yl — 48/3)(48>l— 51/9+14 X 338)* 

■to TX5 I OV'O 

This may be written — = tj^^To"^! * ^^ order that this equation may subsist, 
it is necessary that 

^(13/3- 12X) = 2Kil2l3 - 13X); or f (^) = -^(^. 
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But S={— 80852)* 4- (85782)*= 6537045904 + 7358551524 = 13895597428 ; 

— jr=(80852)(85782) = 6935646264; ^^^^ = 14268 ; ^i^ = 14293; 

and 6947798714X 14268 = 6935646264 X 14293 = 99131192051352. 

§10. Example Third. I will finally take an example, 

a?+ 20a^+ 20a*+ 30a; + 10 = 0, (24) 

in which the roots of the auxiliary biquadratic are all rational. By (6) and (10) 
and (16), g = — 2, A;= — 1, 0*2=0. Therefore the denominator of the 
expression on the left of (22) is zero, while the numerator is not zero. There- 
fore the denominator of the expression on the right of (22) is zero. Or, 

— ^ + 44*^ — SeAj* + 46/ A* = . Therefore e = — —. Therefore z = T yj , 

andc=0. Hence Jf= — 10, iV^= 10; and, if 

2)=-104^ Therefore, by (21), 6 = -^, 4> = j2fi3' Q'-^'z^-^. 

226 
Therefore, by (9), A = -ir^. Therefore, using the symbols, 5, jB', as in §3, 

5 = — y, -8' = — 26' » = ^(« + Vz) = 81, «j = A(z — -v/z) = 36. 

Therefore t4= — 7 + 9 = 2, ttj = — 7 — 9 = — 16, t4=2— 6 = — 4, 
t4=2 + 6=8. Hence, by (3), 

ri = 2* — 2* + 2* — 2* ; 

which is the solution of the equation (24). 

§11. It was pointed out in §7 that, in the case we are considering, there are 
six equations and five unknown quantities. All the unknown quantities may be 
eliminated, and an equation p'= obtained ; where j/ is a rational function 
of the coefficients pt, ps, etc. This elimination has been performed, under the 
direction of the author of the paper, by Mr. Warren Reid of Toronto, with the 
following result. Putting P, as in §7 , for 2(A*+ c*z) — gr*, let 

j1 = — 2*<^2^{ 8 (P + c»z) — 3/ } , 

B = g^{ 16A?c»2 + 4(;5i» + c»z)»— 5^(i»+ (^z) + g'}, 

i> = — 4(P— c»z){ — (7«+ 3^(A? + c»z) — 2(A?— c»z)»}, 

j1i= — 8;fec»z[32fe!»z(P— c»z) — P{p5^+ 8A;(A? — c»z) — 4)1^}] 

Bi= {ptg*+Sk(Ii»—(*z) — 4kg'}[— 32;t»c»z+^{ 4(A? + c»2)— ^}]+64*c»zP(Ai»— c»z), 

!>,= — 16fe!»zgf»{4(A? + c»z) — ^} + 4P(Ai»— c»z){^(/»+ 8A;(;5i'— c»z) — 4^}. 



YoDNG : Eesohition of Solvable Equations of the Fifth Degree. Ill 

Then, since I0g^= — p^, and 20A;= — ^ji and 20<?z^=pig — 5gf'+20A!*, the 
quantities J. , B, D, A^, Bi, Di, are known rational functions of ^,,^8> 6tc. And 

(5» + ]jI'){A\ — i)! c»2) — (5? + 2)?)(^» — Z?»c»3) 
+ 4 { AB{Bi + i^) - ^jA (£*+ i?») } { jl£(4i — LI{<?z)—AiBj{A?— D'c'z) } = . (25) 

§12. To verify this result, the Gaussian equation in §8 may be used. Here 
_ 11* / !!»+ 11' X 19 \ _ 11* X 3 

2»x5"V j6« y" 2*x6" 

_11Y 11* 3«x7'xll* 9x35x11' , H'N _ 9x11^ 

_ 11»X3V ,,,, 7x27x11' 31»xll* N_ 3x31x11' 
^"S^V"*" 8 8/"" 4X5" 

11* 11' 

■^1= 2*3^ (19 + 31) = ^^^ 

A=2f^(-5» + 44X41-19X3l) = ^-^|^ 

_ 11» / 63xll» 11*\ irxl9x31 _ irx26 

^~ 4x6"V 2x5« 5«/ 8x6"' ~ 5" 

m, f w . n» 9X 11"X41 ll«xll029 

Therefore ^+i?»= — g^^^ . igi + -Pi= 2«x6" ' 

j» n,j _ 9X11"X89 , ^ . _ 11" X 40139 
A* — iy(^z= g'xS" ' -^i~-^^« = 2" X 5" ' 

By the substitution of these values, equation (25) becomes 
t„ ^ „ { 6265333* — 2886277 X 13600357 } = 

JIM y 04 

S5S-^ {89254397600889 — 392543976008891=0. 
2M^5W6 ( ) 

§13. As an additional verification, the equation 

a» + lOx*— 80a? + 146x— 480 = 
may be taken. Here, by §9, gr = — 1, k = 4, J^ — c*2 = 7, A?+ 0*2 = 25. 
Therefore 

^=2»X3*X7X29, 5= — 2X5X17X29, 2) = 2*X3X7X 29. 

j1i=— 2»X3*X141, £i=2*X3Xl7X2393, A = — 2^X3*X 13X 19. 

£*+i?»=2*X29*Xl4281, -Bf + 2)? = 2"'x3*X 5x338016989, 
ji*— 2?*c»z=0, ^f — I>!c*2=2"X3«X5x7Xl7*X277. 

By the substitution of these values, equation (26) becomes 

2**X3«X5X 7 X17*X29*{ 277X14281* 

+ 5*X7X338016989 — 2»X3X141X2393X14281} = 0. 
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The Trinomial Quintic a^+i^4a:+i>B = 0- 

§14. In this case, by (6) and (10), gr = 0, and h = Q. Therefore, by (11), 
A = - ^^^~^'^ . Therefore, by (12), 

^4 = ^^ ^--^ + 15a*z. (26) 

Also, by §3, B=^ { — a^;?c + 2hecz{0^ — ^^z)]. . Therefore, by (13), 

CL Z 

p,= - ^(0»- ^h) + Uacz. (27) 

Hence the quintic becomes 

The criterion of solvability of a trinomial quintic of the kind under consider- 
ation is therefore that the coefficients p^ and p^ be related in the manner indi- 
cated in the form (28) ; while at the same time the last four of equations (15), 
modified by putting g = Jc = Of subsist between the rational quantities a, c, e, 
h, 6, 4). From these data, the three following equations may be deduced, 

V being put for —^ : 



a' 

SevP—4zcl^+z{3 — 4e)v — ^=0, 

%+^=250., 
a* ac 



4v 



{ze + 4zo— Sv>)=(— 33 + -^) {« + 4f (e — 1) + 8r»}. 



(29) 



The first of these equations is obtained from a comparison of the two equations 
(9) ; the second is obtained by putting ^4 and p^ respectively equal to the values 
they have in (28); and the third iS obtained by putting p^ equal to the coeffi- 
cient of the first power of x in (28). 

§15. If any rational values of e and v can be found satisfying the first of 
equations (29), let such values be taken. Then, from the second and third of 
(29), a* and ac can be found. Therefore a and c are known. Therefore, by 
(21), and 4) are known. Therefore, by (9), h is known. In this way all the 
elements for the solution of the quintic are obtained. 

§16. For example, the three equations (29) are satisfied by the values, 
1 5 25 . /i ^ 4 , 45x25* 
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When these values are substituted in (28), the quintic becomes 

. , 625x , ^-.^^ 
a:^+ -7- + 3750 = 0. 
4 

Then the values of tif, tij, t^l, wj, obtained from the expression for t^f in §3, are 

••i = f|-'-s/(T)-^V(TW4)[. 

•*=?|-+v/(4)-^v/(i-N/4)}. 

'^=?|-'Wa)+^V(4-v4)[- 

Hence, Ti—Uy'\-u^'\'U^ + u^= — 1.52887 — 2.25035 + 2.48413 — 3.65639 = 
— 4.95148. 

When any Relation is Assumed between the Six Unknown Quantities. 

§17. In the case in which u^u^ was taken equal to u^u^^ a relation was in 
fact assumed betwixt the six unknown quantities a, c^ e, h, 0, ^] for, as we saw, 
to put UiU^= ti^^i^ is tantamount to putting a = 0. Hence, as was noticed in §7, 
we had only five unknown quantities to be found from six equations. Now, 
when any relation whatever is assumed betwixt the six unknown quantities, the 
root of the quintic can be found in terms of the given coeflScients^,, p^, etc., 
without any definite numerical values being assigned to the coefficients, because 
six rational quantities can always be found from seven equations. 

The General Case. 

§18. We have hitherto been dealing with solvable quintics, assumed to be 
subject to some condition additional to what is involved in their solvability. 
We have now to consider how the general case is to be dealt with. That is to 
say, we here make no supposition regarding the equation of the fifth degree 
F{x) = except that it wants the second term and is solvable algebraically. In 
this case it is impossible to find the roots in terms of the coefficients^, ^3, etc., 
while these coefficients retain their general symbolic forms. But the equations 
in §3 enable us to find the roots when the coefficients receive any definite 
numerical values that render the equation solvable. For, we have the six 
equations (15) to determine the six unknown quantities a,c,e,A,0,^; and we 

Vol. VI. 
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can eliminate five of the unknown quantities, and obtain an equation involving 
only one unknown quantity. The unknown quantity appearing in this equation 
has a rational value ; but there are known methods of finding the rational roots 
of any algebraical equation with definite numerical coefficients. Therefore the 
unknown quantity can be found. In this way all the six unknown quantities 
a, c, c, A,0,4), can be foimd. Hence the roots of the quintic can be found. 

§19. Note. — From my friend, Mr. J. C. Glashan, of Ottawa, who read in 
manuscript the paper on the ^^ Principles of the Solution of Eqwatimis of the Higher 
Degrees ^^^ but did not see the present paper on the '^ Eesolution of Solvable Equa- 
tions of the Fifth Degree" I learn that, setting out from propositions demonstrated 
in the ** Principles," he has arrived at important conclusions in the theory of 
Quintics, which will be made public without delay ; but he has not communi- 
cated to me either his method or the results he has obtained. 




On Certain Possible Abbreviations in tfie Computation 

of the Long-Period Inequalities of the Moon^s 

Motion due to the Direct Action of 

tJie Planets. 



By G. W. Hill. 



Hansen has characterized the calculation of the coefficients of these 
inequalities as extremely difficult. However, it seems to me that, if the shortest 
methods are followed, there is no ground for such an assertion. The work may 
be divided into two portions, independent of each other. In one the object 
is to develop, in periodic series, certain functions of the moon's coordinates, 
which in number do not exceed five. This portion is the same whatever planet 
may be considered to act, and hence may be done once for all. In the other 
portion we seek the coefficients of certain terms in the periodic development of 
certain functions, five also in number, which involve the coordinates of the earth 
and planet only. And this part of the work is very similar to that in which the 
perturbations of the earth by the planet in question are the things sought. And 
as the multiples of the mean motions of these two bodies, which enter into the 
expression of the argument of the inequalities under consideration, are neces- 
sarily quite large, approximative values of the coefficients may be obtained by 
semi-convergent series similar to the well-known theorem of Stirling. This 
matter was first elaborated by Cauchy,* but, in the method as left by him, we 
are directed to compute special values of the successive derivatives of the 
functions to be developed. Now it unfortunately happens that these functions 
are enormously complicated by successive differentiation, so that it is almost 
impossible to write at length their second derivatives. Manifestly then it would 

*M&moire sur les approximations des fonctions tie trt^-grands nombres; and Rapport sur un Memoire 
^ M, Le Verrier, qui a pour objet la determination d'tiiie grande in^galit^ du moyeji mouvement de la 
pla/n^te Pallas : Comptes Rendus de VAcaddmie des Sciences de Paris, Tom,. XX, pp. 691-726, 767-786, 

825-847. 
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be a great saving of labor to substitute for the computation of special values of 
these derivatives a computation of a certain number of special values of the 
original function, distributed in such a way that the maximum advantage may 
be obtained. This modification has given rise to an elegant piece of analysis. 
It will be noticed that, in this method, it is necessary to substitute in the 
formulaB, from the outset, the nutnerical values of the elements of the orbits of 
the earth and planet There seems to be no objection to this on the practical 
side, as, for the computation of the inequalities sought, no partial derivatives of 
By with respect to these elements, are required. 

L 

If the masses of the moon, earth and the planet considered are denoted 
severally hy m, M and w", and the geocentric rectangular coordinates of the 
moon by sc, y, and z, the similar coordinates of the sun by a/, y and 2/, and the 
heliocentric coordinates of the planet by a", y" and 2", the perturbative function, 
for the direct action of the planet on the moon, is 

But, by a slight substitution in and modification of this expression, we take 
account of the lunar perturbations of the solar coordinates. Let X, Y and Z 
denote the coordinates of the sun referred to the centre of gravity of the earth 
and moon, we shall then have 



a/=jr+ 



m 



X, y'=Y+ 



m 



y, z'=Z + 



m 



z. 



And A may denote the distance of the planet from the centre of gravity of the 
earth and moon, so that 

also r the radius vector of the moon, so that 

moreover, for brevity, put 

Then R takes the form 



R = m" 



P + 



m 



M+m 



[a* 



2-, 



M 



M + m 



P + 



M' 



{M+m) 



,7^]^ [a* +2 
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But it is evident that this expression, difTerentiated with respect to the 
variables x, y and z, will not furnish differential coeflBcients identical in value 
with those the expression gives before the transformation, as a/, y and 2/ have 
now been made to involve x, y and z. But a little consideration shows the 
modification which will remedy this. It is plain we ought to multiply the first 

term by — ^ — » and, multiplying the last term by — — > substitute unity 

3 1 
for the numerator and reduce the exponent of the denominator from — to -^ • 

^Thus the proper form of ^ is 

If+TO 1 



R = m" 



L M-\-m {M-\-my J 

Jf+m 1 ' 

When this expression is expanded in a series proceeding according to ascending 
powers of the lunar coordinates, and the terms independent of the latter omitted, 
we get 



jy ,,(4.3 P^ 2 
( 2.4 zP 1 



2 2.1 r" 



2.4 J» 
if ^— m» r 6.5.4 P» _^ 4.3.2 ^-1 
"^(Jlf+m)*L2.4.6 i^~ T*2T476 J~J 

j/8^^8 8.7.6.5 P' 4 6.5.4.3 PV^ , 4.3 4.3.2.1 r* 



(Jtf-fmy 

+ 



"^ f Jtf 4- m)» L2T4.~6T8 ~>~ ~ T' 274T678 'J'' "*" 1.2*2.4^6^.8 ~J \ 

The terms of this series follow a quite evident law, and it is easy to write as 
many as there may be occasion for. But, hitherto, no sensible inequalities 
have been found arising from the terms beyond the first line. This line furnishes 

all the inequalities which are not factored by the small ratio — , whose value is 

about 2^ * And the following two lines of terms can add to the coefficients of 

these only parts which have the very small factor -^-' For these reasons we can 

a 

restrict ourselves to the first line of terms, and write very simply 
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Restoring the equivalent of P, 

This expression has the advantage of exhibiting the value of jR as a sum of 
terms of which each is the product of two factors, one of which depends solely 
on the coordinates of the moon and the other is independent of them. 

If we denote the factors of a* , y* and 2* in jB severally by J. , -B and G, 
we shall have the relation A+B -{- (7=0. 

Hence it is plain that the number of terms can be reduced from six to five. As 
we shall take the ecliptic for the plane of xy, we will have Z=0. We can 
then write 

II. 

We will now express the five factors of the terms of B, viz. r^ — 82*, 
^"^y^i xy, xz, and yz, as functions of t, the time, when elliptic values are 
attributed to the coordinates, leaving, however, the longitudes of the perigee and 
node indeterminate, so that the latter may have their motions proportional to t. 
Using Delaunay's notation, and, in addition, putting v for the true anomaly, 
we have aj = r cos {v + g) cos h — (1 — 2y^) r sin (t?^+ g) sin 7i, 

y=:r cos {v + g) sink + {1 — 2y*) r sin {v + g) cos 7i , 
z = 2y \/l — y^r sin {v + g)] 
or, in a slightly different form, 

x = (1 — y^)r cos {v + g + h) + y^r cos (ly + g — h), 
y= (I — y^) r sin {v -\- g -\- 7i) — y^r sin {v + g — h) , 
z^2yVl — y* r sin {v + g). 
From these equations we derive 
2*= 2/(1 — /)r2 [1 — cos 2{v + g)] , 
7-»— 32^= [1 — 6/ + 6/] 7-^ + 6/(1 —/)r^ cos 2{v + </), 
x-2 — y«z=(l—/)Vcos2(i; + (7 + 70 + yVco82(t? + j/— 70 + 2/(1 — /)r^ cos 2A, 
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2Qcy = (1 — y*)Vsin 2(i; -f gr + ;i) — y V sin 2 (v + g — h)'\' 2/(1 —y*)r* sin 2A, 
rjcz = y (1 — y»)Vsin (2v + 2(7 -f A) + j^(l — y«)Vsin (2v -^ig — h) 

— y (1 — 2y»)(l — y») V sin h, 
yz = — y (1 — y«)M cos (2t? + 2gr + A) + y^(l — y*)M cos (2v + 2gr — A) 

+ y (1 — 2y*)(l — y*) V cos A. 
It is then plain that the development of these five factors depends on that 
of the quantities r^ , r* cos 2v and r* sin 2v . Denoting the eccentric anomaly by 
u, we have r» _ . . _ ., 

' -^=(1 — 6C0SW)*, 

-3- COS 2v= -^6* — 26COSt^+ fl o'^J c^s 2Uy 



-5-sin 21?=^/! — c* (sin 2u — 2e sin t^) . 
or V . / 

The constant terms of these fimctions, in their development in periodic series 
involving multiples of the mean anomaly, are the same as the constant terms of 
the right members of the last equations after they have been multiplied by 

1 — e cos u. That is, these terms are severally 1 + — c*, -^^ ^^^ ^ • ^^ obtain 

the remaining coeflBcients, we put s = 6**^""^ and z = e^^"^, and recall the theorem 
that the coefficient of z*, in the development of any function S according to 
powers of 25 , is the same as that of s* in the development of 

according to powers of s. Moreover, adopting Hansen's notation for the 

Besselian fimction, we put e^^ '-^ = 2<.f7'l*^«*, 

so that, for positive values of i, we have 

j«)= ^! fl ^! I ^ 1 

^ 1.2...iL l.(t-f-l)^1.2(t + l)(i + 2) • "J' 

and, for negative values, J^-*^z=:J^{. 

These functions satisfy the following equation, 

"Whence J«-« = — J<« — J<*+») 

and, by writing i — 1 for i in the first of these and i + 1 for i in the second, 

7(i+») _ l±lnt+i) _ m_ 
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Consequently j^.^t) _ jxi^z) _ j_ j-(^- _ i)/w-d _ (^- + i)/^*+i)] . 
The coeflScient of 2* in the expansion of -r being equal to that of s* in 

-fD-i('+T)](-l)'^'-'' 



€ 
i L 2 \ ' 8 /J\ 8 / 

18 



which, by means of the relations between the J fimctions just given, reduces to 



2 jH) 
* a 

Hence we have *=" 



€? 2 ^mm^ P -r 



<=i 
This result may also be obtained from the equation 

cP^ a 



In like manner we get 



=2 — 2. 



^ cos 2t, = |e» +^ .-|[(i -| ^)(/r»wr -)-« (/r"-/!:-^")]co8 17. 



*=i 



^ sin 2v = VI^=?^ . A [/|-'>+ j|+«_ .(/|-"+ /|+")] sin i?. 



< = 1 

Consequently, if we put 



H»'=|[(co»'|-i^)/2-'-e«».|-J2-" 

+ eam-|.^|-'-(sin.|-i^)/j-'], 
where sin ^ = e , and we agree that 



we shall have, a denoting any arbitrary angle, 

r* cos (a + 2v) = a» ^^ . JJ<*) cos (a + ^0, 

i = — OD 

< = 4-o o 

r* sin (a + 2t;) = a* ^ . fi^<*>sin (a + U) . 

We can now write the expansions of the five factors of the terms of R 
which depend solely on the moon's coordinates : 
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|-^^= |-(1 — y»)»2.JIWco8(2A + 2^ + t7) 

_ 3y»(l _ y») 2 . i- J2'cOS (2A + t?) 

* "J" 

1^^= l-(l-y')*2.^<'>8in(2^ + 2^ + t7) 

— 3y»(l — y») 2. 4- •'I" sin (27t + t7) 

!■?= |-y(i-y«)»2.Jr('>8in(A + 2^ + t7) 

+ 3y (1 - 2y«)(l - y«)i2.4- «^*'8iii (^ + »^) 

» T 

+ |.y3(l_y«)i2.ir«'sm(-;i + 2^ + t7), 

If = --|-y(i-y')*2.Jr''>co8(A+2sr + iO 

- 3y (1 - 2y»)(l - y»)*2.4 /i*'c08 (A + i?) 

The summation must be extended to all integral values positive and negative, 
zero included, for i. When i= we must suppose that -^Ju takes the value 

-yO + t^)- 

It will be perceived that the three first terms of B furnish inequalities 
whose arguments do not involve the longitude of the moon's node or involve it 
in an even multiple. The two remaining terms furnish inequalities having an 
odd multiple of this longitude in their arguments. And it is evident that these 
statements remain true even when the solar perturbations of the lunar coordi- 
nates are taken into consideration. Hence, in deriving any particular inequality, 
we never have to consider more than three out of the five terms of R. When 
we propose to neglect the solar perturbations, it can be seen at a glance what 
terms of the expressions above ought to be retained. Thus, in the case of 

Vol. VI. 
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Hansen's inequality of 273 years, the argument involving only I without either 
h or g, it is plain that the first term of — j-j— can alone furnish it ; and, conse- 
quently, we may put, very simply, 

i2 = _inV(l - 6>^+ 6/)/j [-],- - 3^] cos L 

And the whole diflBculty is reduced to finding, in the development of 

1 2"2 

^="5" — 3 — x-> 
J* J* 

the terms A^'^ cos (18/"— 16Z') + AS'^ sin (18^"— leV). 

III. 

We pass now to the consideration of the development, in periodic series, of 
the factors of the terms of B which depend on the coordinates of the earth and 
planet. Let it be required to discover the coeflBcient (7<^ <. of zV*' in the develop- 
ment of any periodic function of the eccentric anomalies u and u' of two planets, 

in the case where i is quite large. We shall suppose that the function has 



J2« 

for a factor. It is known that 

^ = N'^ [1 — 2a cos (i^ — g) + a*]-*^ [l — 2h cos {u+Q) + 1*]-*, 

where N, IX, h and Q are functions of u' or I' only, and a and h are always less 
than unity. Substituting the imaginary exponential « = 6*'*'""^, and, to abbre- 
viate, putting A;= a"^f^^"S k^=Jr^e-^'^-'\ 
this equation becomes 

^=^(i-±)-(i-=^)-o-ir(-^)-- 

Rendering evident the factor fl — -r- J , we can then suppose that the function 
to be developed is 

(i - i)->w . 

The coeflBcient of z* in the development of this is equivalent to 

«.=iX"'-'=^'-«['-|-(-+l)]('-y)">W''»- 

Since the absolute term of a series of integral powers of a variable is not 
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changed by substituting for the latter a constant multiple of it, in the expression 
for Gi we can write Tcsiov s. Thus 

^' =■£/**"' (^-*)"*-^(^)^"- 

The difficulty here that the factor (1 — «)""* becomes infinite at the limits of the 
definite integral, is only apparent. For the multiple of s instead of ks may be 
ps , in which the modulus of p is less than that of A; by a very small quantity. In 
this case we get a tangible result, which is seen to have, as its limit, when p is 
made to approach h indefinitely, the value which will be presently given. 

We now assume that it is possible to expand /(A») in an infinite series 
proceeding according to positive integral powers of m.* Let 

The definite integral _1_ r*e-<«>'-i(i — e^^^-^-^dw 

2;rt/o ^ ' 

is a function of n and i: with Cauchy we will denote it by [n]<. Then by taking 
the derivative of the quantity, under the integral sign, j times with respect to i , 

Whence we have the symbolic expression for Ci, 

But we have ^^^ . . ^^^ _1_ 

A here denoting the characteristic of finite differences with respect to the 
variable i , and not the distance between the two planets. Let 

V = T-T— 7' then6~^<=X — v- 
1 -|- J 

Making these substitutions, we have 

By successive integrations by parts, making the integration always bear on 
the first factor, we find the value of the definite integral, 

i,jr:-.>-(-."-)-M»=M.^"J-"+i)-^^^'-. 

*Thi8 is the assumption which leads to the semi-convergent series representing the value of d. 
Its allowableness is shown by the fact of the relative smaUness of the definite integral which ought to 
be added to complete the truncated series, when t is tolerably large and the number of terms taken 
into account is not too great. As Cauchy has treated this point at length, in his memoir first mentioned 
above, I have thought it unnecessary to say more about it here. 
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When the function f{k — k^) \b developed in ascending powers of Vi the general 
term of (7< will be proportional to 

V^. M« = (T+^jp • Mi = ^^- W<-/ = [^ — ^*]i • 

And, developing the last expression for d , and employing accents, attached to /, 
to denote diflFerentiation of the form of /, we have 

C,=Ar' I /(A)[n],-&/(A)[n-l],+ jL A?/' (*)[«- 2], 

-nig *»/"(*)[« -3], + ...}. 
This may also be written 

-L. _L/»'rife^ 7^1 (n— 1X»— 2) 

L./'/zm « (n-lXn-2)(n-3) 

1.2.3"' ^"^•'^(t + n— lX» + n— 2Xt + n— 3) 

+ }• 

We may employ the V fimction to express [n]< , and then 



r(n)r(i+i) 

In practice, n will have some one of the following series of values, 

13 5 7, 

"2" ¥' y T' ®*^-' 
and it is well known that 

r(i) = v-, r(|) = iv«, r(A)=|.vn.eto. 

When t is a tolerably large integer, we may use the semi-convergent series 

log r (t + n) = ^ log {2n) +(i + n - i) log (i + n - 1) 

logr(i-|-l) = Ylog(2«) + (t-Hi-)log* 

"•■^t *"^1.2 i 3.4 t^ "^6.6^ •••)' 

where M is the modulus of common logarithms, and 3^,3^, etc., are the numbers 
of Bernoulli. Thence is derived 
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log^^^=(i+^yog'-±^ + in-l)logii + n-l) 

^6.6L«' (i + n— 1)»J •••; 

= (t + -|^)log * + "~^ +(n-l)log(i + n-l) 

11 1 »» + »(»4.n— l) + (t + n — 1)* 



Jlf(n — 1)| 



1 + 



+ 



12 t(t + n— 1) 360 »*(» + n— 1)» 

1 i4_|-f«(t + „_l) + ,^(» + „_l)»_|-t(»+„_l)»+(» + „_l)« 



1260 »*(» + »— 1)» 

- \- 

The first term of the last expression for Ci affords a first approximation to 
its value, correct, so to speak, to quantities of the order of -r- • Then 

In like manner, the two terms at the beginning afford an approximation correct 

to quantities of the order of -^ • Here we can effect a remarkable reduction ; 

for, on comparing the two terms in question with the two first terms of Taylor's 
theorem, we see that, to the same degree of approximation, we may write 

No more labor is involved in employing this expression than in the preceding. 

IV. 

In this condition Cauchy leaves the subject, but we may go a step farther. 
In the cases which come up in practice /(k) is always such a function that 
successive differentiation immensely complicates it ; so that it is scarcely possible 
to go beyond fijc). Hence a great deal of labor is saved, if, instead of 
attempting to calculate f'{Tc)^f'{h), etc., we substitute the calculation of /{k) 
for several values of the argument k. It is easy to perceive that, in general, all 
the derivatives Z' (Aj) ,/'' (A:) , etc., may be eliminated from the expression for Ct. 
For, cutting the series off at the term which contains /^^ (k) as a factor, we may 
suppose that, to the same degree of approximation, 

Gt = k-^ln']i{xo/{k—kyo) + Xi/{k — ki/i) + . . . +aSp/(* — %p) I » 
where Xo, xi, . . . x^ and yo> ^u • • • y^ are unknowns to be suitably determined. 

By developing this expression for (7< in powers of k and comparing it with 
the previous expression, we get the following system of simultaneous equations 
for determining the imknowns x^y Xi, . . . Xp, y^, yi, . . . y^: 
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Xo + Xi + X,-\- . . . +Xj, = 1 , 

Xf,!A + Xryi + x,yi + '- . +a*2^ = ( j + n -^1(1 + ! -2) ' 

For the sake of brevity we will denote the right-hand members of these 
equations as Qq, Oj, ct% ' - - <hp+i' The solution of these equations is very 
elegant. According to the theorem of Bezout, the degree of the final equation, 
obtained by elimination, would be = (2p + 2)! But, as we shall see, the solu- 
tion depends on that of an equation of the (p + 1)*^ degree, whose roots are the 
values of the several unknowns yo> yi • • • y^ 5 ^^^ there is practically but one 
solution. 

Let us suppose that the values of the ^'s, in any particular solution, are the 
roots of the equation 

so that «i = — (yo+yi + y»+ • • • +yp)i 

s% = yoyi + yoy% + yiy%+ . . . , 



«p+i= (— i)^+Voyiy» • • • yp 



Hence, y^ denoting any one of the y% we must have 

yf^' + «iyf + «»yf"'+ . . . +^p+i = o. 

Now, in the group of equations to be solved, multiply the equation, whose 
second member is a^^.!, by 1, the one, whose second member is a^, by «i, and 
so on imtil the first equation is multiplied by ^p+i- Then, by adding all the 
equations thus obtained, the first member of the resulting equation vanishes, and 

we have 01,4.1 + <^p«i + «p_i«3+ • • • +<h^p+i = 0' 

By cutting off the first equation and adding to the group the equation whose 

second member is a^+s, and writing x^ for x^y^^ Xi for a^i^i, and so on, we obtain 

a group which differs from the former only in the second members. Hence we 

have, from this group, the equation 

Up^^ + ap^iSi-^apS^'j' . . . +ai 5^4.1=0. 

And, in a similar manner, 

^1,4.3 •+- Op ^.2«i + Op ^1^2 -|- . . . +02^p + l^^^^> 



O^p-j-i T" Ojp^l 4" 02p_i^3 + . . . "T" Opfip^_i — 0. 
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These ^-f- 1 linear equations suflfice to determine the values of «i, «, . . .«p+i, 
the coefficients of" the equation of the (^+ 1)"^ degree, which has, as its roots, 
the values of the unknowns y. These values, being obtained and substituted in 
the first {p + 1) equations of the original group, we have a group of {p + 1) 
linear equations for determining the {p + 1) unknowns a;o» ^i • • • ^p- I* is plain 
that all possible solutions of the group of equations are obtained by permuting 
between themselves the roots of the equation which gives the values of the y's ; 
and, as thus, to each root, corresponds its special value of the x's, and the order 
in which the several terms of G^ stand, is of no import, it is clear that, practically 
at least, but one solution exists. 

In practice, p never need exceed 2. For ^ = , the solution has already 
been given. For jp = 1 , we have 



(» + n— l)(»-f n— 2) ■ »-f n— 1 
(„_ i)(„_2)(«_3) («-i)(n-2) , »-l ^ _ 



(i + »_l)(i + „_2)(» + n— 3) ' (t + n— IXt-f n— 2) '■ ' »-f n — 1 

The solution of these gives 

, - « »-2 ^ _ (»-l)(n-2) 

^~ ^i + n—Z' *»~(i + n— 2X» + n— 3) 

Thus the equation which contains the values of the y'a is 

. n n-2 ■ (n-lX»-2) _ 
^ ''t + «_32'^(i + n— 2Xt + n— 3) 

Whence the two values of y are 



^ %'\-n — 2 

^~ i + n — 3 



and the corresponding values of x are 



^ 2 L^=*=t + n-lV(2_n)(i— 1)J" 
In many cases these values will be imaginary, which, however, does not hinder 
their use, as A; is imaginary. 
For ^ = 2 , we have 

(„_!)(„_ 2X«-3) _^ in-l)(n-2) _^ J^^^^_^_^^^^^ 



(t-|_„_lXt + n— 2Xt + n — 3) ' {i-\-n — l)(i + n—2) " ' t-(-n— 1 

(„_2Xn-3Xn-4) (n_2Xn-3) n-2 ^ . _f. 



(t-f n— 2Xi + n— 3Xi + n— 4) ' (t + n— 2Xt + n — 3) » ' t-f-n— 2 

(„_3Xn-4Xn-6) (n-3Xn-4) n-3 ■ ^ _^, 



(i-|-„_3X» + n— 4Xt + n — 5) ' (» + n — 3X» + n— 4) ^ ' t + n— 3 
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The solution of* these equations gives 

n-8 (n-2Xn-3) (n_l)(n-2Xn-8) 

*i — — **'n ?* *» — •^7^1 JuH K\ ' *8"~ 



i+n— 5 ' ^(»+n— 4)(»+n— 5) ' (i+n— 3X»+n— 4Xt+n— 6) 

The equation, which has, for its roots, the values of the y% is 
,ji o ^-3 ^. ,o (n-2Xn-3) (n-lXn-2Xn-3) _ 

2^ ''i + n — 52^ "^"(» + n— 4X» + n — 5)^ {i + n—3){i + n—4t){i + n — 6)~^' 
By comparing this with the equation for the case where jp = 1 , we readily see 
what the equation would be for higher values of j>. 

As an example, suppose it were required to find the coefficient of ^ in the 
expansion of [1 — 2a cos {u—Q) + a*]" *. 

Here the form of /{s) is 

/(.)=(x-?e»)-.[,_|(.+i)].~(.-«. 

In the first place let two terms in the final expression for Gi be regarded as 
sufficient, that is, put j> = 1 . Then { = 18 , n = -n~f &^d the two values of y are 



-ld=2v/Il. 

y= ^ 36 > 

33 
and the corresponding value of se is 



'' = tO=^37n/w)- 



Thus the expression for (7< is 

(7i8 = Ari»r-|l {1.17865/(0.9880647Jfc) — 0.17866/(1.0725413Aj)}. 

The error of this is of the order of -q- , while, in case ^ = , which gives the 

<•»-"•- ^" = *-*[i]/(t *) . 

which Cauchy employed, the error is of the order of -^ • 

In case we make jp = 2 , and thus have three terms in the formula for (7< , 

the roots of the cubic • , _9_ « , 9 9 ^ 

2^"^ 29 ^"^31.29 ^"'"33.31.29" 
must be found. They are 

yo= + 0.00804343, yi= — 0.04617994, y,= — 0.27220828. 

The linear equations for determining the x's are 

0.0804343x0—0.4617994x1 — 2.722083xi = 0.2702703, 
0.0064697x0 + 0.2132586xi + 7.409736x3i = — 0.0772201. 
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The solution of which gives 

a-o= + 1.3426685, ai = — 0.3408857, a:i= — 0.0017828. 
Thus, in this case, we should have 

(7i8 = A;-^»[-|-] {1.3426685/(0.9919666A;) — 0.3408857/(1.04617994A;) 

— 0.0017828/(1.2722083*)}. 

The error of this formula is only of the order of -^ • 

In further illustration of this method, let us find the value M"^ of the coeflfi- 
cient of cos 180 in the periodic development of 

(1 — 2acos0 + a*r*» 
where a = 0.723332 the ratio of the mean distances of Venus and the earth from 

the sun. Here the form of /{s) is simply 

/W = (i - t)" ' 

Let us take the formula where p=l. We have 
W»-2C„=l![|.]_^a»|l.l7865(l-j;jg^)-«-0.17866(l-j34j3)-'|. 

The value of f-^l will be found in the table at the end of this memoir. And, 

on the substitution of the numerical values, we get 1)|®^ = 0.090880. Delaunay, 
in his memoir,* has 0.090876. 

In the case where the function to be developed contains the anomalies of two 
planets, after the value of (7< has been obtained corresponding to J points evenly 
distributed on the circumference with reference to the variable Z' or the variable 
ttf, the value of t7< ^^ results by employing the method of mechanical quadratures : 
the formula in the first case being 

and, in the second, ^ 1 ^ ^ r' ,_^. 

J * a' 

In the annexed table are given the common logarithms of the function [n]<, 

for 71 as far as n = -^, and for i, as far as i = 30. As they have been computed 

with the ten-figure logarithms of Vega's Thesaurus LogarithmcTum^ it is to be 
presumed that they are correct, in nearly every case, to half a unit in the last 
place. 

"" *C<mnais8(moe dea Tempa^ 1862. 

Vol. VI. 
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Table op the Values op Log [n]<. 



I. 



n = i. 



n = |. 



n = |. 



n = |. 



n = f. 



1 


9.6989700 


0.1760913 


0.3979400 


0.5440680 


0.6632126 


2 


9.5740313 


0.2730013 


0.6409781 


0.8962606 


1.0926462 


3 


9.4948500 


0.3399481 


0.8170693 


1.1594920 


1.4283373 


4 


9.4368581 . 


0.3911006 


0.9653720 


1.3703464 


1.7013386 


5 


9.3911006 


0.4324933 


1.0693154 


1.6464366 


1.9317876 


6 


9.3533120 


0.4672554 


1.1662254 


1.6977043 


2.1313599 


7 


9.3211273 


0.4972186 


1.2505463 


1.8303299 


2.3074511 


8 


9.2930986 


0.5235475 


1.3251799 


1.9484292 


2.4650590 


9 


9.2682750 


0.5470286 


1.3921267 


2.0648845 


2.6077266 


10 


9.2459986 


0.5682179 


1.4528245 


2.1517946 


2.7380602 


11 


9.2257953 


0.5876231 


1.5083418 


2.2407356 


2.8680366 


12 


9.2073118 


0.6052519 


1.5594944 


2.3229224 


2.9691860 


13 


9.1902785 


0.6216423 


1.6069190 


2.3993107 


3.0727266 


14 


9.1744842 


0.6368822 


1.6511227 


2.4706666 


3.1696366 


15 


9.1597610 


0.6511227 


1.6925154 


2.6376134 


3.2607171 


16 


9.1459727 


0.6644866 


1.7314334 


2.6006661 


3.3466317 


17 


9.1330077 


0.6770758 


1.7681562 


2.6602508 


3.4279367 


18 


9.1207733 


0.6889750 


1.8029183 


2.7167322 


3.5051026 


19 


9.1091914 


0.7002560 


1.8359186 . 


2.7704171 


3.6785315 


20 


9.0981960 


0.7109799 


1.8673271 


2.8215696 


3.6485694 


21 


9.0877306 


0.7211990 


1.8972903 


2.8704181 


3.7155162 


22 


9.0777464 


0.7309589 


1.9259356 


2.9171616 


3.7796337 


23 


9.0682010 


0.7402989 


1.9533737 


2.9619739 


3.8411517 


24 


9.0590577 


0.7492537 


1.9797027 


3.0050086 


3.9002732 


25 


9.0502837 


0.7578539 


2.0050085 


3.0464012 


3.9571780 


26 


9.0418506 


0.7661264 


2.0293679 


3.0862727 


4.0120267 


27 


9.0337327 


0.7740954 


2.0528490 


3.1247310 


4.0649628 


28 


9.0259073 


0.7817822 


2.0765129 


3.1618728 


4.1161153 


29 


9.0183542 


0.7892062 


2.0974148 


3.1977853 


4.1656007 


30 


9.0110560 


0.7963858 


2.1186051 


3.2325484 


4.2136252 




Setninvariants and Symmetric Functions. 

By Capt. p. a. MacMahon, R. A. 



In this paper I consider the binary quantic with derived coeflficients 
aoof +naix''''^y + n{n — l)afiX'"'*j^ + n{n — l){n — 2)a3a;'*"'2^+ . . . 
or putting y equal to unity, it may be written symbolically thus, viz. 

where 3, stands for -r- • 

Where it is convenient a© will be supposed unity, and sometimes the literal 
coeflBcients will be taken to be a, 6, c, d, . . . An advantage of discussing the 
equation in this form is that the seminvariant operator 

belonging to the quantic with .binomial coeflficients (1 , Ui, Og, . . . Ja;, 1)* becomes 

in the present case 3^^ + «i9a, + ^a^a, + • • • 

an operator which, when considered in connection with the equation 

(1,^1, a„. . . \x, 1)^ = 

is such that it reduces all the non- unitary-partition symmetric functions to zero, 
and further reduces a symmetric function whose partition contains r units to a 
similar one containing r — 1 units; consequently the solutions of the partial 

diflFerential equation da, + «i ^a, + ^la^a, + • • • =0 

are contained in the tables of symmetric functions which have been already 

calculated as far as the twelfth degree and amply verified. 

We thus arrive at the result that every seminvariant of the equation with 
derived coefficients is a non-unitary-partition symmetric function of the roots of 
the equation (1, ai, ag, . . . Jx, 1)* = 0. This paper is based upon the analogy 
shown to exist between seminvariants and symmetric functions, and it will 
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appear that it gives us a universal method for forming an asyzygetic series of 
seminvariants of a given weight in a form which discovers the syzygants where 
such exist. 

In lieu of considering the correspondence between the two quantics 

we might have discussed in conjunction the quantics with binomial and exponen- 
tial coeflScients, viz. (oo, . . .Jx, 1)* and (ao, Oi -^o,, -^cij, . • .Ja;, 1)*, since the 

non-unitary-partition symmetric functions of the equation formed by equating 
the latter quantic to zero are seminvariants of the former; but since the converse 
is not true imless the seminvariants be affected with numerical factors, the 
method here adopted seemed the better one. The notation is settled so as to be 
as nearly as possible in accordance with that of Mr. Hammond {Amer. Jour., 
V, No. 3); viz. q%, c^j q^, c^, q^j . . . are taken to represent the protomorphs or 
primary groundforms, the suffix denoting at once the extent {%. e. rank or weight 
of highest letter) and the weight of the source. 

In Mr. Hammond's paper these are respectively H, C^, Q^, G^, ©e? • • • 
and refer to the quantic with binomial coefficients ; any protomorph expression 
of a seminvariant of the quantic with derived coefficients which involves c's and 
g^'s may be transformed so as to belong to the quantic {oorai, . . .Jx, 1)* by 
means of the equations 

Q2n, = m{2m— l)!j,« 

the simply numerical factor being rejected ; so that the present results may be 
readily identified with those of Mr. Hammond. We find 

?2=2a, — aj, 

C3 = Soj — Sa^ai + aj, 

0^4 = 2a4 — 2aia, •+- a|, 

C5 = Sag — 5aia4 + 0,03 + 2c^as — «ia|, 

q^=2a^— 2aia^ + 2a,a4 — a|, 



ftm = 2a,«— 2aia,«_i+2a,a^_,— . . .+(— )*"aj., 

— {2m — 6)(hat„,^^ + . . . + ai{ 2(ii(hm^i — ^<hm^% 
+ 2a3a^_3— . . .—(—)** ai} 



MacMahon: Seminvarianta and Symmetric Furu^iom. 133 

expressions in which the numbers are inuch lower than in the case of the 
binomial quantic; representing the symmetric functions of (1 , Oi, . . . Xx, 1)" = 
by their partitions in ( ), we have 

ft=-(2), ?.= -(2') 

c, = -(3), c,= -(32») 

?«=+(2*), ?.= + (2^) 

Cb= + (32), Ci=+(32») 

?^ = (-)*" (2*"); c^+i = (-r(32'-»); 

since the partition involved for any weight is the simplest non-unitary one of 
the number representing the weight, we obtain conclusive evidence that the most, 
advantageous baseforms are those of alternately two and three degrees. For 
weight w we have a seminvariant of extent = weight corresponding to each 
non-unitary partition of to, and all these are linearly independent; the degree 
of each is given by the highest part in the corresponding partition, or, what 
comes to the same thing, by the number of parts in the conjugate partition ; but 
such a system of linearly independent seminvariants of a given weight is not the 
simplest that can be formed, for by adding to any seminvariant certain numerical 
multiples of the seminvariants of lower degrees a certain number of the terms 
of highest extent can be made to vanish, and we can choose the multipliers so 
that a maximum number shall vanish ; we thus obtain another simple system of 
the same number of forms, and each form of a certain degree in one system will 
produce another of the same degree in the other, viz. there will be a one to one 
correspondence between the two systems. Hence arises a theorem for the 
number of linearly independent seminvariants of a given degree and weight, 
considered 'iiiier cUia^ ; thus for degree- weight {J, w) the number is equal to the 
number of non-unitary partitions of w which contain a part j and no part 

greater than j] that is, it is the coefficient of x*^ in ,., « ^ i 

which therefore is the generating fimction for the number of seminvariants in 
question. 

In the case (y, tr) = (5, 11) the expanded form is 

a*+aj^ + a:«+2a:»+2x^^+3a^+ . . . 
showing that the number is three, which we know to be the case, as they must 
correspond to the partitions 542. 53*. 52^. But considering the asyzygetic semin- 
vari^jits of degree-weight (5.11) 'oft a?ta,' we know from Professor Cayley's 
rule that there are four; and since there are but three when all those of the 
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weight 11 are considered Hnter alia,^ it follows that there must be a syzygant of 
degree-weight (5.11); using [ ] to denote degree-weight, we know from Mr. 
Hammond's late researches that 

[2.4][3.7]-[2.6][3.5] = [l.0][4.1l]. 

Syzygants of any degree-weight can therefore be detected in this manner. 

Mr. Durfee (Johns Hopkins University Circulars, Dec. 1882) has shown the 
most advantageous way of arranging the terms of a symmetric function, viz. 
representing the combinations of coeflScients by their partitions, the first half 
(not counting the self-conjugate ones) in ascending order as to number of parts, 
and in dictionary order in each set of so many parts ; then the self-conjugate 
partitions ; then the conjugates of the first half in inverse order. 

It seems natural therefore to arrange the terms of the single-partition 
seminvariants according to the same plan ; the ending terms then will have 
partitions which are the conjugates of the partitions of the symmetric functions 
to which they respectively correspond, and this will remain so after the ajsyzy- 
getic series has been formed; consequently an ending term must have a partition, 
the conjugate of a non-unitary partition. 

The literal expressions of the asyzygetic seminvariants up to weight 12 are 
annexed, the first set having reference to the quantic with derived coefficients, 
and the second set referring to the quantic (o^, ai . . .\x, y)*; the terms have 
been arranged as explained above, with the exception of the case weight 11, 
and a very singular symmetry becomes evident, viz. the tables are of exactly 
the same shape when inverted ; this shows that to each seminvariant corresponds 
another, the partitions of whose terms are the conjugates of its own ; it follows 
therefore that whenever there is an odd number of asyzygetic seminvariants, 
there must be at least one self-conjugate seminvariant ; that is, one containing 
no term without at the same time containing another whose partition is conjugate 
to its own ; such forms are shown by the dark vertical lines ; the pairs of 
conjugate seminvariants are arranged symmetrically about these in the same 
way exactly as the pairs of terms are arranged about the self-conjugate terms ; 
the asterisks are placed in those squares which are empty in virtue either (1) 
the ending term denoting the degree of the form, or (2) the leading term denoting 
the extent. The asterisks and blank spaces each enjoy the same symmetry. 

A slightly different arrangement was found preferable in the case of weight 
1 1 ; the first half of the terms are altered so as to bring those of like extent 
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together. The leading terms are the non-unitary partitions, and the law of 
their correspondence with the ending terms appears to be diflScult. With one 
exception the following law holds, viz. the m^^ leading term from the left has 
for its ending term the conjugate of the m^^ leading term from the right ; the 
exception is in the case of the self-conjugate seminvariants of weight 11, viz. 
an interchange of ending terms occurs between them ; if this were not so they 
could not both be self-conjugate. 

Proceeding to develop the protomorph expressions of these seminvariants 
as far as weight 11, the following scheme shows for each weight: (i) the proto- 
morph expressions of the single partition forms, (ii) the partition expressions of 
the asyzygetic series, (iii) the protomorph expression of the latter ; the forms 
are numbered successively i , ii , iii . . . 



(4) 



m 



(5) 



(82) 



Weight 2. 

(i) (ii) and (iii) 


Weiqht S. 
(i) (ii) and (iii) 


No. 1. (2) 


—1 


No. 1. (8) 


—1 




(i) 








Weight 4. 

(ii) 
(2^) (4) 






(iii) 

gt g« 


-2 


+1 


No. 1 
No. 2 


+1 




No. 1 
No. 3 




+1 


+1 




+3 


+1 


+1 




(i) 
C5 Cg^z 




WEiaHT 6. 

(ii) 
(82) (6) 




(iii) 

C»ga C* 


—1 


+1 


No. 1 
No. 2 


+1 




No. 1 
No. 2 




+1 


+1 




+1 


+1 


+1 
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9« 


9<a> 


c? 


«: 




m 


WnoHT 6. 
(8*) (48) 


(6) 


No. 1 
No. 8 
No. 8 
No. 4 


9i 


o5 


9>S« 


9« 


(8) 


-8 


+8 




—1 


No. 1 
No. 8 
No. 8 
No. 4 


—1 














+1 


(48) 


+8 


—1 






-8 


—8 






—1 


—1 


+8 




2(8') 


+8 


—8 


+1 


+1 


+6 


—8 


+8 




+1 


+1 






(8*) 


—1 








+6 




+8 


+1 


+1 









Here, for the first time, a syzygant is evident, for No. 2 weight 6 is equal to 

-3(2»)-2(3») = -5i-c? + 3ft^„ 
the left-hand side of this equation is obviously of degree 3, whereas the right- 
hand side is of degree 6; consequently it must divide out by al, leaving a 
syzygant of degree 3; this is, ^^mviatia mutandis ^^^ Tin Mr. Hammond's notation, 
a ground-source for the quartic and all higher quantics ; it is convenient to write 
it T^u so that the degree, weight and rank will be denoted. 

No. 3 weights is + 6(2») — 2(3») + 3(42) = y|+ cj, 
showing that the right-hand side must divide out by aj leaving a ground syzygant 
for the cubic, which, ^^ mutatis* mtitandis,^^ is ^^. 

But since it may also be written 

we see that A^^ is not a ground-source for the quartic or any higher quantic. 



(i) 
Ci CiQi g<ei e^l 



WmaHT 7. 

(ii) 
(8S«) (48) (68) (7) 



(iu) 
c$ql QiCa Csgt Cf 



(7) 



(68) 



(48) 



(88«) 



—1 


+1 


+1 


—1 


No. 1 
No. 2 
No. 8 
No. 4 


—1 








No. 1 
No. 2 
No. 8 
No. 4 








+1 


+1 




—1 




—1 


—1 








—1 


+1 




+1 


—1 


+1 




—1 




—1 






+1 






-1 








—2 


—1 


—2 


—1 


+1 









No. 2 weight 7 is — (32*) — (43) = — 5^403 + Cjft , 

showing that a^ must be a factor, leaving P^^^ a ground-source for the quintic 

and all higher quantics. 



* This will be understood in future. 
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WmoHT 8. 

(i) 



aw' 



c!9> qi 



(8) 



(62) 



(58) 



(4') 



(43=) 



2(8»a) 



(2M 



—4 


+4 




+2 


-^ 




+1 


+4 


—1 




—2 


+1 






+4 


-^ 


+1 


—2 


+4 


—1 


—1 


+3 


—2 


1 

1 

1 








—4 


+1 












—8 


+6 


—2 


+4 


—5 


+1 


+1 


+1 















(ii) 
(2*) (822) (42») (4«) (58) (62) (8) 



(iii) 



No. 1 



No. 2 



No. 8 



No. 4 



No. 5 



No. 6 



No. 7 



+1 


• 












+8 


+2 












+12 


—2 


+6 










+6 


• 


+2 


+1 








+12 


+2 


+8 




+2 






-12 


—2 






—2 


+8 




+48 




+20 


+10 




+4 


+1 





gi 


e\q2 


949i 


9! 


C5C3 


9692 


9> 


No. 1 














+1 


No. 2 


+1 


+1 


—5 


+4 


—2 


+6 




No. 8 


—1 


—1 


+5 


-^ 


+2 






No. 4 








+1 








No. 5 


—1 


—1 


+8 










No. 6 


+1 


+1 












No. 7 


+1 















No. 2 weight 8 has evidently a factor oj and is a syzygant, say jK^gj, a 
ground-source for the sextic and all higher quantics. 

No. 3 weight 8 has a factor aj and is a ground-source, say X485 , deg. ord, 
(4.4) for the quintic, but since it maybe expressed in the form — ^Kage + ^jeft 
it is not a ground-source for the sextic and higher quantics. 

Nos. 5 and 6 reduce respectively to q%T^ and q^£^. The analysis of 
weight 8 therefore is complete. 



Vol. VI. 
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Weight 9. 



(i) 





c» 


e,qt 


9.Cj 


C^Qa 


e^ql 


94<^39t 


cf 


c»gl 


(») 


—1 


+1 


+1 


1 

+1 '■■ 

1 

—1 : 
—1 

+1 i 

! 
I 

1 

1 


—1 


—2 




+1 


(78) 


+1 


—1 


—1 
+2 
—1 




+1 






(68) 


+1 


+1 


■ 

-1 






(54) 


+1 


-1 








(62') 


—1 




— 1 

-7 




i 

1 




(482) 


-a 


+1 


t 
+2 




+6 






(8") 


—2 


+2 


-2 


— 1 


—1 


(82') 


+1 






1 
1 


1 
1 





(ii) 
{82«) (8») (482) (52«) (54) («3) (72) (9) 



(iii) 



No. 1 



No. 2 



No. 8 



No. 4 



No. 5 



No. 6 



No. 7 



No. 8 



+1 
















+2 
+2 


+6 
-6 















+2 










+8 
+8 


+1 


—2 


+6 










—1 


+4 


—1 


+2 






+8 


+« 


+8 
+6 
+6 




+2 






+6 


—6 


+8 
+8 


+8 


-2 


+8 




+« 


+8 


+1 


+8 


+1 





cM 


c! 


94<5iga 


C59I 


C8«4 


96C, 


<5»«, 


0% 


No. 1 


—1 












+1 


No. 2 


-1 


+6 


—2 


+2 


—7 


+2 




No. 8 


+1 


+1 


—6 


+2 


—2 


+5 






No. 4 


—1 


—1 


+6 


—2 


+2 








No. 5 


+1 


+1 


—6 


+2 










No. 6 


—1 


—1 


+8 












No. 7 


+1 


+1 














No. 8 


+1 
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No. 2 weight 9 is obviously divisible by aj, and is therefore a syzygant 
giving R^ a ground-source for the septimic and all higher qualities. 

No. 3 is, after rejection of the factor aj, aS^^^ a ground-source for the sextic 
and all higher quantics. 

No. 5 is a ground-source for the quintic A595, oj being the integrating factor, 
but since it can be written 

2050^4— lOje 03+2/^496, 

it is not so for the sextic and liigher quantics. 

No. 4 is now seen to be 2c^q^ — A595, which is of the right degree. 
No. 6, of degree 6, is c^ T^^. 
No. 7, of degree 7, is C3A453. 



Weight 10. 

(i) 
(Tio QiQi C7C3 q^q^ g«gl cj CjC^gj gjg^ g^cj g4g5 



elql 



ql 



(10 



(82 



(78 



(64 



(62' 



2(6' 



(582 



{4«2 



2(48' 



(42' 



2(8*2' 



(2^ 



—5 


+5 




+6 


—6 






—5 




+6 




—I 


+6 


—1 




—6 


+1 






+8 




—1 






+8 


—5 


+1 


—5 


+6 




—1 


+5 


—1 


-5 


+1 


+1 


+5 


—5 




+1 


+8 






—1 










—6 


+1 




+8 


—1 




—2 
+2 












+6 


—6 




—6 


+6 


+1 


+6 




-5 


+1 


+1 


—10 


+6 


—1 


+10 


— « 


—1 


—8 


+1 


+6 


-— 1 


—1 


—5 


+8 




—1 


















—10 


+10 


—8 


+4 


—7 




+2 


-4 




+6 


1 

! —1 


—1 


+6 


—1 






















+16 


—7 


+8 


—18 


+7 


+1 


—2 


+8 


—1 


— « 


+1 


+ 1 


—1 
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(ii) 





(2*) 


(8«2») (42*) 


(48«) 


(4»2) 


(582) 


(5«) 


(62«) 


(64) 


(78) 


(82) 


(10) 


No. 1 


—1 
























No. 2 


—16 


—8 






















No. 8 


—20 


+2 


—7 




















No. 4 


—20 


—8 


-8 


-2 














^ 


( 


No. 5 


—60 


+8 


—21 


+2 


—8 
















No. 6 


-40 


+4 


—8 


—2 




-2 














No. 7 


—80 


—2 


—9 




-8 


—2 


—2 












No. 8 


-60 


+4 


—27 


+2 


—10 


+2 




—5 










No. 9 


—60 


+2 


—27 




-12 


+2 


+2 


—6 


—8 








No. 10 


-60 


—2 


—21 


—1 


—6 


—4 


—2 


—8 




—8 






No. 11 


—120 


+2 


—60 


+1 


—80 


+4 


+2 


—18 


—9 


+8 


—8 




No. 12 


+120 




+60 




+80 






+20 


+10 




+» 


+1 
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(iii) 





ql 


Olql 


q^gi 


3«c| 


QlQ2 


C5C«ga 


o| 


QbQI 


QtQi. 


C7C3 


QtQi 


9io 


No. 1 




1 






i 




—1 










+1 


No. 2 


—1 


-1 


+6 


1 


1 

1 
—8 


+2 


—7 


+12 


—2 


+7 




No. 3 


+1 


+1 


—6 


t 

-1 j +8 ; 

1 


-2 


+1 


+7 


-12 


+2 






No. 4 






+2 


+8 
—1 


—8 


—2 




+16 








No. 5 






-1 


+4 


t 


+1 












No. 6 


+1 


+1 


—6 


-H 


—2 




+5 










No. 7 




! -1 

1 

1 


—1 


+8 

1 






i 

i 






No. 8 


—1 


—1 


+5 




-4 


+a 














No. 9 






+1 


+1 
















• 


No. 10 


—1 


—1 


+8 




















No. 11 


+1 


+1 






















No. 12 


+1 








i 










1 







No. 2 weight 10 has a factor oj and is a ground-source deg. ord. 3.4 for 
the octavic and all higher quantics ; say /Si, 10, 8 • 

No. 3 has a factor aj, leaving a ground-source deg. ord. 4.8 for the septimic, 
but since it may obviously be written 7qsq% — /Si^icei* is not an irreducible form 
for the octavic and higher quantics. 

Nos. 4 and 5 are not really separate forms ; the latter is divisible by aj , 
leaving a ground-source deg. ord. 4.0 for the quintic and all higher quantics. 

No. 6 is simply q%K^. 

No. 7 is equal to g^ T^^^. 

q% -''485 • 
^4 ^463 • 

72 -'aw* 

** 5|A4^3, 80 that there exist no more ground-sources of 



No. 8 
No. 9 
No. 10 
No. 11 '' 



u 



i( 



weight 10. 
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(11 
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(74 



(72' 



(65 



(542 



2(58' 



(52> 



(4*8 



(482' 



6(8'2 



(82' 



'II 



c»9a 9iCs CiQi CjQI 



Weight 11. 

(i) 



qlctq^c^ql cig, e,qi 
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— 1 
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+1 
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—1 
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—1 
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(ii) 
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(58») 
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No. 9 
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+6 
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—1 


—1 












No. 10 
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No. 11 
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No. 12 


—12 
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—8 
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—2 


—2 


—8 
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+e 
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—1 


—1 
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—6 


+2 


—8 

r 
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-* 
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(iii) 
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QaC^q, 
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c,3l 


OiQi 


gsCa 


0,9, 


Ci, 


No. 1 
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+1 


No. 2 
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—1 
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+4 
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—8 
—8 


+1 


+1 
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—5 
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No. 11 






+1 






















No. 12 


—1 


—1 

+1 

























No. 18 


+1 
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No. 14 


+1 



























No. 2 clearly has a factor aj, leaving, say Jfa.n.j a ground-source for the nonic 
and all higher quantics ; this source is deg. ord. 3 . 3n — 22 for the n*?. 

No. 3 is — ao^3,n.9 + 4(^9?2 — ?8^)> 8.nd since the expression in ( ) has a 
factor cfoi it is ^ ground-source for the octavic, say N^u^^, but not so for the nonic 
or any higher quantic ; it is deg. ord. 4. 10 for the octavic. 

No. 4 is c^q^ — q^c^ , the partition expression showing that it must have a 
factor Qq] thus, No. 4 = c^q^ — ?e<^5= ^^4,u,7 ^ ground-source deg. ord. 4.6 for 
the septimic and all higher quantics ; which is Mr. Hammond's result (vide 
Amer. Jour., Vol. V. No. 1). 
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Nos. 5, 6 and 7 are not separate forms. No. 7 is obviously divisible by oj, 
and being the simplest of the three, we take as the source of the covariant deg. 
ord. 5.3 for the quintic, say ©5,11,5. 

Then No. 6 = S^^ n, 5 + 56^5. 

No. 6 = 2qiRs9T — S{No, 6), 
and consequently Nos. 5 and 6 are not ground-sources. 

Since, however, we find easily 

30 = 3g'8C5 — 6c^q^ + I4q^c^ + 2q^ R^^ — N^ n, g 
is seen to be expressible in terms of lower groundforms in the case of the 
octavic ; consequently is a ground-source for the sextic and septimic as well as 
for the quintic, but not for any higher quantic. 

No. 8 is equal to c^K^a, 

No. 9 *^ ^^ ^,Pm-c,Ts. 

No. 10 '' *' CgZ^j + 26-5 A,e3 + mc,. 

No. 12 - - Csq.n,,. 

No. 13 '' '* c,q,A,^, 

which completes the consideration of weight 11. 

In the calculation of single-partition seminvariants in terms of protomorphs, 
Mr. Hammond's other operators {vide Proceedings London Math. Soc, February, 
1883) may be utilized; these are included in the formula df,= [X]] where [X] 
stands for the sum of the X^ powers of the roots of the equation 

X'' + D.x'"'' + D^x""-^ + D^x''-^ + . . . = 0, 
and the law of operation of Z> on ( ) is from his paper 

D,[V.yr.r'\ . .) = 0, D,{X.fr.v'', . .) = (X'-^^^7^ . .), Dj,{X) = l. 
To calculate thus seminvariant (3^2), put 

(3»2) = ai(2*) + a,(23)(2) + a, (32)(3) + a^ {2j + a, (2«)(2)« + ae(3)«(2) + a,(2)*. 
Operating with dg or . . . Z)^ — 41)1 D^. . . , we find at once ai = — 4, and the 
lower operators quickly give the other coefficients. 

When performed on the literal expression, 

^'a = da^ + «i 9«^ ^ 1 + ^'2 \ + 8 + ^tc- 
and clearly any of these operators when performed on a seminvariant will 
yield seminvariants; the operation of c?^ alone frequently enables us to determine 
the degree in the protomorphs of any given seminvariant ; if 4> be any form and 
we find d^^ = 0, it shows us that ^ consists entirely of even- weight proto- 
morphs, since d^ would not make a term containing a *c' vanish ; generally if m 

Vol. VI. 
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operations of d^ reduce a serainvariant to zero, its expression in protomorphs 
can contain no terra with more than m — 1 odd-weight protomorphs, and must 
contain a term with that number ; if m operations reduce the form to a constant, 
then the term containing most c's contains m of them and no q ; operating with 
c7^ and rf^ will thus disclose the degree in the protomorphs, which is the end in 
view. 

Putting ao = in any serainvariant we obtain what Professor Sylvester calls 
its residue, and he has explained its serai-invariantive character ; in the present 
case the residue is a serainvariant, qua the eleraents ai , a, , 03 , 04 . . . 
that is of the quantic 

aiX^ + 7}a^x"~^'\- n{n — l)a^x^~^ + . . . 
since then the operator becomes 

which is of the same character as 

and differs from it merely in each suffix being increased by unity. 

Putting further a^, a,, 03 . . . a^^u each equal to zero, we obtain the m^^ 
residue which is a serainvariant of the quantic 

a^x''+nam^iX''-\+n{n — l)a^^^x''-^+ .. . 
It follows that if ^(a©, aj, a^ . . .) be a serainvariant, ^{ai, 021 Os- . .) is ^ residue, 
the latter being obtained from the former by increasing each suffix by unity ; 
the protoniorph residues are therefore at once written down, viz. they are 

2^3 a I — al 

3^4 al — 3^3 02 tti + ag 

2a^ai — 2a4a2+ ^3» ^tc. 
This simple derivation of the residue groundforms is of sorae advantage in the 
exhaustive raethod of groundform deduction initiated by Professor Cayley ; 
considering the residues qua the operator 

the residue syzygants will contain some power of «i as a factor ; supposing the 
partitions in { } to refer to the seminvariants of the quantic 

ajo:" + 7ia2x'*~^+ n{n — l)agx'*^*+ . . . 
and ^ to denote the residue of the serainvariant which follows it, then 

il(2"') = {2-M; m(320 = -ai{2''}; 11(2) = a?, 
and generally ^ {'>.hC^v'' ...) = (— 1)^ { TJ^^^i"^ V' . , .] , 



MacMahon : Seminvariards and Symmetric Ftmctions. 147 

consequently, if in the protomorph expression of any semin variant there -be 
either an odd weight or a weight two (q^) protomorph in each term, ai will be a 
factor of the residue ; generally if i, t denote respectively the number of odd 
weight and weight two protomorphs in a term, and the least value of i + 2t that 
occurs in every term be v , then aj is a factor of the residue, and conversely if 
aj is a factor of the residue, j + 2t must be at least equal to v in every term of 
the protomorph expression. 

From the facts above given it will be seen that starting from a seminvariant 
of degree weight {j\ w) . we can immediately write down the residue of a semin- 
variant of degree-weight {j\ to+j)-, if the former is a member of the weight w 
asyzygetic series, the latter will not necessarily be a member of the weight tc +J 
series, but, more often than not, will be a linear combination of the members of 
that series ; on this principle the ending terms of a weight w series can be derived 
from those of the several series of inferior weight in regular succession. Starting 
from the ending terms of zero weight 

by a unit increase of suffixes we derive ending terms aj, aj, a}, . . . of weights 
2, 3, 4 . . .; the ending terms of weight 2 are therefore aj, aoaj, ala\, . . . and 
from these we derive ending terms of, aiof, a\al, ... of weights 4,5,6; from 
the ending terms of weight 3, af, aoof, c^al, ... we derive a|, aiof, ajol, ... of 
weights 6,7,8...; thus the ending terms of weight 4 are a} and a|, and of 
weight 5 al and Oiol, and so forth; we can thus not only derive the ending 
terms of higher weights, but also, to numerical factors prfes, the residues of 
certain seminvariants having those ending terms. Ex. gr. 

Suppose we wish to derive the residues of the weight 8 from the semin- 
variants of lower weight; we know that the ending terms of weights 0, 2, 3, 
4,5,6,7, are respectively 

K)(af)(a?)(aJ, a|)(aj, ay^){at, a\al, a^, al){al, a^4, a^al, aja^); 
whence we derive by a unit increase of suffixes, 

From 



(( 



a 



ti 



n 



n 



u 



al . 


. . al 


a^f,a\ . , 


. aial 


alal . . 


, . alal 


a\., 


. . a^ 


ajol . . 


, . alal 


ajol . 


, . a,a| 


Os • . 


. a\ 



148 MacMahon : Seminvariants arid Symmetric Fwftctions. 

no other derivation being possible ; in fact, if (y, w) be the degree- weight of a 
lower ending term when multiplied by any positive integer including zero power 
of ao, then we must have jT-f t/;zz:8; 

the above are the only possible solutions of this equation ; so that if we multiply 
a seminvariant of lower weight by such a power of a^ that, as regards the ending 
term : y -f to = 8 , 

a unit increase of suflSxes will give, to a numerical factor pr^s, the residue of a 
seminvariant of weight 8 and degree j] if we wish to form the residue of a 
seminvariant of weight w^ from a form deg- weight (lOi, j^, we multiply the 
latter by Oq^^"^'"^' where w^ — Wi — Ji is not less than zero, and then a unit 
increase of suffixes gives, to a numerical factor pr^, the required residue of a 
seminvariant of degree-weight {w^ — Wi , w^) ; so that the number of forms of 
degree-weight {j\, W2) in the asyzygetic series must be the equal to the number 
of forms of weight ti?, that it is possible to derive from the weight {w^ — j\) 
asyzygetic series ; this is clearly equal to the number of non-unitary partitions 
of w^ — Jt which contain no part greater than j\ ; this result is obviously iden- 
tical with that obtained at the beginning of the paper, viz. that the number is 
equal to the number of non-unitary partitions of w^ which contain a part j\ and 
no part greater than y,. 

Since the operator ao9a, + 2ai9aa + 3««9a, + • • • 

= («o9a, + (h^a, + (hda, + ...) + («l9a.+ «»9a, + (h^a, + • • 

+ K^a, + ^S^a, + «49a. + ...) + ••• 

we see that the seminvariants of the quantic 

(ao, ai, a«. . Ja:, yY, 
can be expressed in terms of those of the quantics whose type is 
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ASYZYGBTIC SeMINVABIANTS. 

Tables A for Quantics with Binomiai OoeffidenJts ; tables B for ditto toith Derived Ooeffioients. 



Tables 1A and IB. Oo 
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Table 2B. 



Table 8B. 



Table 4B. 



Table 5B. 
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Table 6A. Oia^Oa 
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Tablk 6B. Oia^a, 
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Table 7A. 
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Table 7B. 
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Table 8A. 



Table SB. 
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Tablb 9B. 
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Compound Determinants. 

By C. a. Van Velzer, University of Wisconsin, 



If a determinant of the order A, say -4^, be bordered by p rows and 
columns, thus making a determinant of the order h+p, then the rows and 
columns forming the border we will call a gnomon of tJie order p, and the deter- 
minant of the order h'\- p, obtained by putting on Aj, a gnomon of the order ^, 
we will call a p^^ gnomonic of A^ or a gnomonic of A^ of the order A + p, and the 
principal diagonal of the square array at the intersection of the rows and 
columns forming the gnomon we will call the principal diagonal of the gn/omon. 

If from a determinant Aj^ of the order A we strike o\xi p rows and columns 
leaving a minor of the order A — p^ the rows and columns struck out will be 
called an apho/eretan (the part which is taken away) of the order p, and the prin- 
cipal diagonal of the square array at the intersection of the rows and columns 
forming the aphaereton will be called the principal diagorial of the apluaereton. 

It may happen that the very same thing will be designated by the name 
gnomon at one time and aphaereton at another time, but the point of view is 
different in the two cases; thus in Fig. 1, dcgfhe is a gnomon considered in 
reference to a6 as a given determinant, but an aphaereton considered in reference 
to oc as a given determinant. 



ft 
/ 



Fig, 1. 



Now in Fig. 1, suppose ah or Aj, to contain A, and he to contain s rows and 
columns, so that ac contains A + « (= n) rows and columns. If we form a 
gnomon of A^, of the order p from p of the rows and columns intersecting in 
6c, and another gnomon of the order g'(=« — p) from the q remaining rows 
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and columiiB intersecting in 6c, these two gnomons will be called complementary 
gnomons. 
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Fig. %. Fig. 3. 

In Fig. 2, let ojc be a determinant of the order n, say A^, and select a minor 
ah or Aj, of the order h . From this determinjtnt ac we can form another as 
follows. Rewrite the last h rows of ac above the first row and the last A 
columns before the first column, then fill out the vacant upper left-hand corner 
with the determinant JL^ » ^^^ finally change into zeros all the elements found at 
the same time in any of the first A + i> rows and the last h columns (t. e. in the 
rectangle Im in Fig. 3) , and also all those elements found at the same time in 
any of the lower n — p rows and the first h columns (i. e. in the rectangle ef in 
Fig. 3) . 

We have now the determinant od, Fig. 3, of the order n + A, and if we 
add the first column to the (n + l)***, the second to the (n + S)***, etc., and then 
subtract the (n + 1)*^ row from the first row, the (n + 2)*** from the second, etc., 
it is evident that the determinant ad^=^Ai^,A^^ for it will then be the determinant 
A^ bordered by h rows and columns of which the square cd is the determinant, 
Aj^ and all the elements in the rectangle cm are zeros. 

But the determinant ad, before any combination of rows and columns, is 
equal to the sum of all minors of the order A H-^ formed from a given selection 
of A + p rows each into its complementary minor. As a fixed selection of rows 
take the first A +/> rows, i. e. all those above the line//. Fig. 3. Now any one 
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of these minors of the order h + p which does not contain all the first h columns 
will have for its complementary minor a determinant containing a column of 
zeros, and therefore the product of the two minors must vanish. Also any one 
of these minors of the order h-i- p which contains either of the last h columns 
will vanish from containing a column of zeros. Therefore, in applying Laplace's 
theorem to this case, the only significant terms are those wherein minors formed 
from the first h + j) rows necessarily contain all the first h columns and the 
complementary minors necessarily contain all the last h columns. The sign being 
properly determined,* all these latter described minors of the order n — p are 
gnomonics of ^;^ of the order n — p, wherein each gnomon contains all the rows 
of the rectangle &/ whether we consider Fig. 2 or Fig. 3. 

Now consider any one of the non-vanishing minors of the order h-i-p 
formed above the line //, Fig, 3, and in that minor pass the first h columns 
bodily over the remaining jj columns and then the first h rows bodily over the 
remaining p rows, and we have a determinant obtainable from Fig. 2 by putting 
upon Af^ a gnomon of the ^>*^ order whose rows and columns intersect in/fc.f 

From this we draw the important conclusion that if we form all possible 
gnomonics of ^4;^ of the order A + i>> wherein the gnomons used are formed from 
the rows and columns intersecting m/k, and each of these gnomonics be multi- 
plied by the gnomonic of the order n — p formed by putting upon -4^ the 
complementary gnomon, the sum of all these products = Aj^.A^, 

If one or more of the rows below the line /I should be identical with one 
or more of the rows above the line//, then the sum of the products of determi- 
nants formed as above will evidently vanish ; but we can arrive at this same set 
of determinants without supposing any two of the rows of A^ identical as follows. 
Border A^ in every possible way with gnomons of the order ^> from a fixed 
selection of p rows, and also in every possible way from a fixed selection of 
(n — h — p) rows wherein the second fixed selection contain^ one or more rows 
of the first selection. 

Therefore if we form all possible gnomonics of Af^ of the order h -{-p and 
also all possible gnomonics of Af^ of the order n — p wherein the gnomons used 

♦Consider p'*" and (n — h — p)*^ gnomonics of ^4* formed by putting upon As complementary 
gnomons, then to aU p^^ gnomonics or gnomonics of the order h-^-p give the sign + and to aU 
(n — h—pY^' gnomonics give the sign + or — according as the principal diagonal of the gnomon used 
in forming the gnomonic into the principal diagonal of its complementary gnomon gives a positive or 
negative terra of be. 

t This would not be the case if it were not for the fact that the elements in fg. Fig. 3, are the same 
as those in Ik. in Fig. 2. 
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in forming the first set of gnomonics are taken from a fixed selection of p rows 
and those used in forming the second set of gnomonics are taken from a fixed 
selection of n — h — p rows, which selection contains one or more rows of the 
first selection, and if each gnomonic of the first set is multiplied by that one of 
the second set in which the gnomons used in forming the two gnomonics have no 
two columns the same ; then the sum of all these products must be zero. 

Let us now form a compound determinant whose elements are p^^ gnomonics 
of j1;», the various gnomons being taken from the rows and columns intersecting 
in he . Suppose the elements of this determinant are denoted by p^ , and the 
whole determinant by P. 

Also form another compound determinant whose elements are {ii — h — pY^ 
gnomonics of Af,^ the gnomons being the complements of those used in forming 
the corresponding elements of P. Denote the elements of this determinant by 
q^^g and the whole determinant by ^. 

From what has been shown above, it follows that P and Q are so related 
that when the elements of a row of P are multiplied by the corresponding 
elements of the same row of Q, the sum of the products =il^.^^ or 

/'^ Pr,9'9r,s^=^ ^h'^ni ^ud if thc clcments of any row of P be multiplied by 
the corresponding elements of a different row of Q, the sum of the products = 

or /\Pr,s'qr\s=0' 

Determinants possessing these two properties I shall call reciprocal. Evi- 
dently this definition includes the ordinary reciprocal determinants formed from 
complementary minors of a given determinant. 

P and Q are therefore reciprocal determinants, and when multiplied together 
by the ordinary rule it follows at once that 

where (n — A)« stands for ,-7^ — r-^— r. or the number of combinations of n — /* 
^ ^^ pl{n — h — p)l 

things taken y; at a time. 

From this value for the product P, Q it follows that 

P=: x.Ai.A^,^ and 

Now when j) changes into n — h — y>, P becomes $.* Therefore, whatever x is 

* Q has the same value as if aU its signs were + , for in every row the signs are tiie same as in the 
first row or every sign is reversed, and if we change the signs of the elements in every row which 
begins witli a — sign, then the signs in every row are the same as in the first row, and then changing 
the signs of all the columns which have — signs, we make the same number of changes of sign of 
columns as we before made of rows, since originally the number of — signs in the first row were Jthe 
same as in the first column. The determinant has thus been multiplied by — 1 an even number of 
times and the final determinant has all its signs + . 
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it must change into its reciprocal when n — h — p is written for p . Also s and 
&' change into (n — h)p — 8 and (n — h)^ — sf respectively. Moreover, when 7e =0 , 
P becomes the determinant of minors of the p^^ order formed from A^ and we 
know that then P = A^^'''^^''-\ and when ^ = 1 it can easily be proved* that then 
P = ^J~*~"\^„, and when A = n — 1, P = A^. 

From all these results we are led to write a; = l, « = (n — h — 1)^, and 

Hence p_^(.»-A-i),^(n-*-i),-, 

and g_^(n-*-i),_,^(j.-A-i), 

since {n — h)p — (n — h — l)p= {n — h — l)p-i. 

In exactly the same manner as in ordinary reciprocal determinants it may 
be shown that if a minor of P of the order m be represented by P^, we have 

where Q^^ is the complementary minor of Q] and if a minor of Q of the order 
m be represented by Q^, we have 

where P^^ is the complementary minor of P. Gnomonics of A^ are minors of 
A^ , and the determinant above represented by P may be considered as the deter- 
minant of minors of A^ of the order A H-2>» which result from striking out, in 
every possible way, n — h— p oi the rows and columns intersecting in he. 

The determinant Q may also be considered as the determinant of minors of 
A,,, formed by striking out in every possible way p of the rows and columns 
intersecting in he. 

Now, since P and Q are reciprocal determinants, we have here an exten- 
sion of the notion of reciprocal determinants, formed from minors of a given 
determinant, and these reduce to the ordinary reciprocal determinants when the 
striking out of a certain number of rows and columns is done in every possible 
way throughout the whole determinant A^. 

By making A= in the above expressions for P, Q, P^, Q^, and remem- 
bering that a determinant of the zero order = 1 , and also that ! = 1 , and 

* See page 160. 

t This inferring the form of a function from several particuii^r values may be open to some objection 
as a proof, but it seems to me to be as free from objection as Picquet^s method as given in Scott^s 
Determinants, page 65, wherein an equation is assumed true which we know to be true for a single 
value of one of the letters entering the equation. The theorem was discovered by Professor Sylvester, 
but I have never seen his proof: 
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therefore ro= 1 , we have the well-known values of these expressions given in 
most books on the subject. 
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Fig. 4. 
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From the determinant ac, Fig. 4, of the order n, say ji^, let us form the 
determinant ad of the order 2n — h by bordering ac with n — h rows and 
columns, as in Fig. 4, wherein all the elements of the gnomon are zeros except 
those marked 1 in the figure. It is evident that this determinant od = rfc the 
determinant ab which is of the order h and will be designated by JL^ ; the upper 
or lower sign being used according as n — A is even or odd. 

Let us now form the determinant of first minors of ad , and of the resulting 
determinant take that minor of the order n — h which contains all the elements 
obtained by striking out in every possible way one of the rows and columns 
intersecting in cd. 

If we call this minor D^-h we have by a well-known theorem (Salmon's 
Higher Algebra, page 29, Art. 33) 

But the elements of D^^h are all possible first gnomonics of Af^j where the 
gnomons used are formed from the rows and columns intersecting in 6c, and is 
the very determinant that we have before called P^ , when p=^l] and here we 
have the easy proof spoken of on page 168. 

Now we know that if od = the first minors of any row are proportional 
to those of any other row (Salmon's ffigher Algebra, page 29, ex. 1). There- 
fore if A^=^0 the first gnomonics in any row are proportional to those in any 

Vol. VI. 
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other row of the determinant of all first gnomonics, or the determinant of all 
first gnomonics, and also any minor above the first order vanishes. 

Instead of first we may form p^^ minors of ad by striking out p rows and 
columns, and it is evident that every p^^ minor formed by removing an aphaereton 
of the p^^ order whose rows and columns intersect in cd reduces to a p^^ gno- 
monic of Aj,, formed by bordering Aj, with a gnomon of the p^^ order whose 
rows and columns intersect in he. 

Thus we have a means of passing from theorems concerning minors to those 
concerning gnomonics, but to do so we should always look upon a minor as 
formed by taking away an aphaereton from a given determinant, and not by 
selecting a square array from a given determinant. 

It has before been shown that we may pass from theorems concerning 
gnomonics to those concerning minors, and we have therefore a principle of 
duality in determinants which may be illustrated by the following dualistic 
theoreips placed side by side. 



A determinant P whose elements 
are p^^ gnomonics of a determinant 
Ai^ of the order h wherein the various 
gnomons are formed from the rows 
and columns intersecting in a given 
determinant A, of the order s is equal 
to the original determinant Aj, to the 
\ {s—l\ Y^ power into the \ («— l)p_i Y^ 
power of the determinant obtained by 
bordering Af, with all the rows and 
columns intersecting in A^, 

A minor of P of the order m is 
equal to the original determinant Aj, 
to the power m — {s — l)p-.i into the 
\m — {s — ^)pY^ power of the deter- 
minant obtained by bordering Ai, with 
all the rows and columns intersecting 
in 4, into the complementary minor 
of the reciprocal determinant. 

If a determinant vanish the elements 
in any row of the determinant of first 
gnomonics are proportional to the 
elements in any other row. 



A determinant P whose elements 
are p^^ minors of a determinant Aj^ of 
the order h wherein the various aphae- 
retons are formed from the rows and 
columns intersecting in a given deter- 
minant AJ of the order s is equal to 
the original determinant Aj, to the 
\ {s—l\ Y^ power into the { («— l)p-i Y^ 
power of the determinant obtained by 
striking out from Aj^ all the rows and 
columns intersecting in AJ. 

A minor of P of the order m is 
equal to the original determinant Aj^ 
to the power m — {s — l)p_i into the 
\m — {s — l)pP^ power of the deter- 
minant obtained by striking out from 
Aj, all the rows and columns intersect- 
ing in AJ into the complementary 
minor of the reciprocal determinant. 

If a determinant vanish the elements 
in any row of the detetminant of first 
minors are proportional to the elements 
in any other row. 
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Now consider the determinant ad, Pig. 4, divided by the dotted lines in the 
figure, so that iW is a square array say of the order A;(-< h) . Form two compound 
determinants whose elements are minors formed by removing aphaeretons of the 
orders 2> and k — p respectively, whose rows and columns intersect in Id. 

These two determinants are reciprocal, and we may apply to either one the 
first two theorems given on the right-hand side of the line dividing dualistic 
theorems. Denote the elements of the first by p\, , , of the second by g[r, , , the 
first compound determinant by P', and the second by Q. It is evident that the 
elements p\^ , reduce to those determinants formed by striking out p of the h 
right-hand columns of ah and substituting in their stead p of the k right-hand 
columns of hg , while the elements ^^^ , reduce to those determinants formed by 
striking out k — ^^ of the right-hand columns of ah and substituting in their stead 
k — p of the k right-hand columns of hg, where in forming any element of P 
neither striking out nor substituting affects the same columns as in forming the 
corresponding element of Q. By applying the first theorem on the right of 
the line dividing dualistic theorems it follows that 

But ad = A^ and Im reduces to the determinant formed by striking out the k 
right-hand columns of A,, and substituting the k right-hand columns of hg in 
their place. 

Hence the determinant -P equals the original determinant A,, to the power 
{k — l)p into the \{k — l)p__i}*'* power of the determinant produced by striking 
out and substituting all at once the rows and columns that were struck out and 
substituted piecemeal in forming the elements of P. 

Now remembering what the elements of P are we may produce this deter- 
minant in another way, as follows : Take two determinants A,, and B^ , placed 
side by side, and form a determinant whose elements are those determinants 
obtained by replacing in every possible way p columns from a fixed selection of 
k columns of Aj^ , by j) columns taken in every possible way from a fixed selection 
of k columns of Bf,. This determinant, P, then equals the original determinant 
Af^ to the power {k — 1)^ into the \{k — l)p_i|^^ power of the determinant 
produced by replacing the fixed selection of k columns of Af^ by the fixed 
selection of k columns of B^ . 

Similarly the determinant Q equals the determinant Bf^ to the power (k — 1)^ 
into the \{k — l)p^i\^^ power of the determinant obtained by replacing the fixed 
selection of k columns of B^ by the fixed selection of k columns of A,^. 
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Jf k=ih, i. e. if the fixed selection of k columns of A^ and B^ is in each 
case the whole determinant, then the determinants -P and Q are the determinants 
described in Scott's Determinants, page 56, Art. 4. Moreover, when k<i7i, 
these determinants P and Q are minors of the determinants given in Scott's 
treatise, but they are here expressed entirely independent of a complementary 
minor of another determinant. 

Applying the second of the theorems on the right of the line dividing 
dualistic theorems, it readily follows that a minor of -P of the order m is equal 
to the determinant A^ to the power m — {k — l)p-i into the \m — (k — l)p|*^ 
power of the determinant obtained by replacing the fixed selection of k columns 
of Ai^ by the fixed selection of k columns of Bf^, into the reciprocal deter- 
minant Q. 

P. S. — Since writing the above I have received and read an article on 
Compoimd Determinants by Mr. R. P. Scott, published in the Proceedings of 
the London Mathematical Society, Vol. XIV, page 91. 

I was never satisfied with Picquet's proof of the theorem discovered by 
Professor Sylvester and tried to find some simple and rigorous proof. Failing 
in this, I wrote out the one given above as one to my own mind preferable to 
Picquet's, but Mr. Scott's proof, in section 2 of his article, seems to leave nothing 
to be desired either in simplicity or rigor. 

In the determinant which I have called A^, if n = 2A, and if j1^ is a deter- 
minant formed by putting on A^ a gnomon of the order A, wherein the A* 
elements at the intersection of the rows and columns forming the gnomon are all 
zeros, then the theorems given by Mr. Scott, in his article from section 5 on, are 
easily seen to be special cases of some of the theorems given in this paper. 



Extract from a Letter to Mr. Sylvester from M. Hermite. 



. . . puisque vous etes assez bon pour publier mon 6nonc6 sur la fonction 
qui repr6sente le nombre des decompositions d'un entier en deux carr6s j'y 
ajouterai quelques observations sur une question voisine en consid6rant la 
fonction ^{n) 6gale 4 la somme des diviseurs de n. J'ai 6te amene a joindre a 
la fonction E{x) qui d6signe Rentier contenu dans x les deux suivantes 

E^{x) = E(x'[-\) — E{x) 
et E^ \x) =4 [^* (x) + E{x)] 

La premifere qu'on peut aussi exprimer par 

E^{x) = E{2x)—2E{x) 
et dont Gauss a fait usage, a pour principale propri6te que : 

E,{x+l) = E^{x) 

E,{x+\)=1—E,{x) 
et on voit qu'elle est toujours 6gale a zero ou a I'unite. EUe a pour valeur 
I'unite lorsque cette difference egale ou surpasse ^. Cela etant voici une circon- 
stance dans laquellc elle se presente. 

Soit F{Tfi) le nombre des representations de n par la forme di? + if, on aura : 

F{i) + F{&) + . . . + F{An + 2) = 

Mais c'est surtout de la seconde fonction E^{x) que je vais m'occuper. 
Soit n un entier impair et ^{n) la somme de ses diviseurs, on aura 

4)(l) + 4>(3)+.. .+4>(n) = 
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les deux sommes 6tant continu6es jusqu'^ ce que les quantit6s sous le signe E^ 
deviennent moindres que l'unit6. 

De cette expression de X^{n) j'ai tire les conclusions suivantes. 

Soit X =^ E (\/n) ; la somme relative aux entieres impaires qui sont 
= 3 mod 4, ilsavoir ^{S) +4)(7) + . . . +4)(4n — 1) 
a pour valeur ^ 

La meme somme, en consid6rant les nombres = 1 mod 4, c'est a dire 

<^(l) + 4>(5) + ,. .+<^(4n+l) 
conduit k considSrer deuz cas. Je suppose d'abord que 4tn + 6 ne soit pas un 
carr6 ; en faisant 

j'obtiens x-i 

1 

Mais s'il arrive que 4n + 5 soit un carr6 le terme alg^brique se modifie ; la valeur 
de la somme 6tant dans ce cas 



^z^d^y 




A Graphic Method of Solving Spherical Triangles. 

By Charles H. Smith, Professor of Mathematics in Bowdoin College, 



A OB and AOR are respectively equal to the sides c and 6 of a spherical 
triangle, OD is the natural cosine of the included angle A , OE is the natural 
cosine of the third side a, and OB is the radius of the natural tables; DC \R 




drawn parallel to OA, RC perpendicular to OjI, and EC perpendicular to OB. 
It may readily be shown that these three lines meet in C, which is the ortho- 
graphic projection of the triangular vertex C on the plane of the side c . 

With A OB and A OR given, it is evident that if either OD or OE is known, 
the other may be found, and if both are known together with AORj the two 
values of A OB then possible may be found by drawing from C tangents to an 
arc which has as center and the given length of OE bs radius. 

(The constructions on OB and OR may be exchanged.) 

Thus a spherical triangle may be solved when there are given three sides, 
two sides and included angle, or two sides and angle opposite one of them ; and 
the three remaining cases of the spherical triangle may be solved through the 
three just named which are polar to them. 

When great accuracy is not required, it is believed that the method here 
sketched will be found useful, on account of its simplicity and the ease with 
which it may be applied. 
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Thus, to find the distance between two places whose latitudes and longi- 
tudes are known, take HOR and HOB the latitudes and OD the cosine of the 
diflFerence of longitude, then through D draw SG the sine of HOR and GE 
perpendicular to OB] OE is the cosine of the great circle arc between the 
places. 

To reduce a sextant-angle to the horizon, take HOR and HOB the angular 
altitudes of the two points in space, OE the cosine of the measured angle 
between them, and OR the radius of the natural tables, then draw EG perpen- 
dicular to OB J and RG parallel to OH, and GD perpendicular to 0H\ OD is 
the cosine of the horizontal angle required. 

The construction last mentioned gives also the cosine of the angle between 
an hour circle through a heavenly body whose declination and altitude are 
known, and the meridian of a place whose latitude is known. In this case OE 
is the sine of the altitude, and of course is zero for an observation at the 
horizon. 

Other applications will readily occur. 



Note on Weierstrass^ Methods in the Theory of Elliptie 

Funetions. 

By a. L. Daniels, Johns Hopkins University. 



The work of Professor Weierstrass in the modern function-theory is of such 
commanding importance that it may not be out of place to give a clear and 
elementary account of his somewhat peculiar nomenclature and methods for the 
benefit of those English readers who have not had the opportunity of listening 
to his lectures. This is especially desirable in the theory of doubly-periodic 
functions, where his symbols and methods differ not a little from those of Jacobi 
and his predecessors. The only connected and S3^stematic statement of Weier- 
strass' methods in this field is contained in the ^'Formeln und LehrscUze zum 
Gebrauche der elliptischen Functionen, Nach Vorlesungen und Aufzeichnungen des 
Herm K, Weiei'strass hearheitet und herausgegehen von H, A, Schicarz, GQttingen, 
1882." Professor Schwarz has prepared this little work with infinite pains for 
the use of his own and Weierstrass' students exclusively. I rely in the following 
chiefly on this work, on a large number of lithographed formulae prepared by 
Prof. Schwarz, and on notes of lectures on this topic by Profs. Schwarz and 
Weierstrass. 

We commence with the sigma-function, to designate which Weierstrass 
employs a slightly altered form of the Greek sigma. The simplest possible 
analytic function, which for all finite values of the argument retains the character 
of an integral function, and which becomes an infinitesimal of the first order 
for u= and u = w, where w = 2fiG> + 2^'g)', is represented by the formula 

(5u=uU'^ (l ^Je^ ^%u>^^ 

where 2g), 2J are the so-called '' periods, ^^ and /tz, li! assume all real integral 
values, positive and negative, excepting only the combination /t^ = , ^' = ; 
which exception is indicated by the dash at the right of 11 . The exponential 

factor is to be repeated with each of the factors 1 , and is necessary to the 

Vol. VI. 
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convergence of the infinite product. For 

logS„=log« + 2'|log(l-^) + ^+4-^| 

the exponential factor furnishing the last two terms, which are seen at once to 
be necessary, because 2 — and 2 -^ do not converge. 

The remaining terms all converge, and the formula becomes 

log ^u = log u s- 2 — 5 7-2 — r — . . . 

The function ^u may however be presented in a slightly diflFerent form by com- 
bining with every pair of values of /tz, /u' the corresponding pair with opposite 

signs, and we have instead of H T 1 j from — ooto+^, Yl(l ^ j from 

1 to + 00 , and the formula becomes 

1 \ tt?V fA, f^' = 1, 2 . . . + 00. 

Developed in an infinite series 

^ w» 1 u' \ 

(du = u T-2-7 ^^Tl ~ • • • 

4: vr o vr 

The coeflScients in this series are integral functions of two constants, 



w- - "" vfi' 



called the invariants of the corresponding sigma-function, and which are functions 
of course of the half periods o , d. 

The series for S^ then takes the form 

6,i — ,i -^ wi — -^^ — —^ ^^' -•- 329zy^^ 

"^ 2*.3.5 2».3.5.7 2*. 315. 7 2131517. 11 



• . . 



The sigma fimction is not an elliptic function, and does not possess an addition- 
theorem in the usual sense, neither is it periodic ; but on increasing the argu- 
ment by one period, 2ci), we have 

S (w + 26)) = — e *- .<ou 

and in like manner 

Weierstrass writes ^ + g^w' = a) , 2»7 + g^V = ^ 
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so that in general S (^u + 2d)) = =f c^^^+^^St^. 

Although <ou does not possess an addition theory, the contrary is the case with 

the second logarithmic derivative — — , for which Weierstrass has employed 

again a modified letter 

= i + * + ^»' + ^7»*+-- 
where g^j g^ are the invariants of ^u before mentioned. It is especially to be 
noticed that u occurs in only one term with a negative exponent, and that the 
constant term of the series is null. The function ^u is an elliptic function of 
the second degree, and is moreover the simplest possible doubly-periodic function. 
Among the many interesting relations, we ought to notice that, the half-periods 
of ^u being o) and 6)', if we write o) -|- c«)' = w" 

jp6) = ei, jp6)"=eg, jp6)'=e?8, 
and further 

. yuf = 4 (jpw — fu){ipu — ipo''){p2i — p6)') = 4 {pu — €^){pu — e^){fu — e^) 
= ^p^u — g2pu — qs, whence e^x 62X^3=0, 2^x6^= — tJ/jj ^i^8^3 = t?3> or, if 
we write pu = Sy ^i appears as the elliptic function corresponding to the 

ds 

For the sum of two arguments, the function p (u + v) is expressible as a 
rational function of ^w, ^v, ^'w, ^'t?, for example, 

As to the derivatives of ^w, the remarkable fact deserves notice that all the 

derivatives of an even order are entire functions of fu itself. For instance 

p''u=6^^u~ \g,', p'''u= 120^hi-{12g,— lSg,)fU— 12g,. 

Another remarkable relation between the functions ^ and S is easily 

deduced, namely 

(5{U'\-v)<o{u — v) 

which Professor Schwarz is in the habit of calling the ** pocket edition" of the 
elliptic functions. The following proposition is one of great importance in the 
theory of functions. 



integral p ds 
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If ^u denotes any elliptic function of the r*^ degree with the periods 2o, 
2g)', and if <3w has the same pair of periods, then we can always determine the 
2r+ 1 quantities i^i, ?Aj, . . . u^\ Vi, v^^ . . . v^, G 

so that ^/ \ _ /; 6(^ — ^1)6 ( ^ — ^2) - ' - (S{u — Ur) . 

which proposition is capable of inversion. An analogous theorem in regard 

to pu is, if ^0 » ^ » ^ » • • • ^n 

denote n + 1 independent variables, then the function 

1 JpUo jp\ . . 

1 fpUi ^'ui . . 

1 ^1/2 9'^H * - 



4>(Wo, %, I/,, . . . u^) = 






1 V^n ip'Un 



• • • 



V 



(n-1) 



U. 



IS an elliptic function of the degree n + 1 of any one of the arguments 
t^o, 1^ . . . w^. In general ** every unique elliptic function ^{u) is expressible as 
a rational function of ^u and the first derivative ^'u with the same pair of 
periods 2a), 2d as ^{u)] and in like manner (pu and ^'u are expressible as 
rational functions of ^u and <p'u^\ 

With the function <ou are closely connected the following 

^ €-"^6^0 -\-u) e^6(io — u) 

(j II = 1 \ -1 -zz. ^^ -^ 

where a>, d are the half periods, and o + g)'= cj", — - = >; , --—j = >;', >7 -f rf-=^Yi'\ 
By inserting in the ** pocket edition" for v the values respectively o), o)", g)', we 



have 



jpU 






whereby the following relations are established for the differences of the roots. 
Remembering that ^ = 61, po" = eg , ^y = ^ . 



^^1— ^ = 



\/e3— ^1 = 



61 cc/' 



^63—63 = 



\/eo — eo = 






\/ei— eg = 



63 ^0 
61 tt/ 



where we assume e^'^e^'^e^. If now we assume R( — r) ]>0, that is, the real 
component of the complex . - >► , so that in the geometrical representation 
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the point d lies ** above" the right line joining w = and i/ = o, then 



V^g — ^2= — i*^e^ — eg; >/e^ — ^1 = — is/ei — e^] s/e^ — ei= — i^e^ — e^. 
If now we denote for convenience by ;i , /tz , i^ the indices 1,2,3, and write 

remembering that , ^ 6x u . 6^ w . 6 ^ ti 

we easily obtain 

z^ — t t ^^ — (p p\t, c zii° — c c 

du ~^»^^'^' du ~ ^ " ^•'/^*o^o»'» du ~ ^'^o^»^» 

whence (^') = ( 1 - (^. - e,) e.)( 1 - (^. - ^x) ^L) , 






( 



and the four functions 

&u 1 Q^u 1 6vW 1 (oku 

satisfy the same differential equation 

But the English reader will desire to know in what connection the system of 
Weierstrass stands to the more widely known systems of Jacobi and Legendre, 
If we define the k of Jacobi by the equation 

then the following relations are established between the sigma- quotients and 
Jacobi's functions. We give only three as specimens, replacing the Xj (i, v hy 
1, 2, 3. (5u 1 



. sn(Vei — e^.u, k) 

g= cn{^/e, — es,u, k) 

62U 



6zu 
6iii 



Not all the sigma-quotients are so nearly identical with Jacobi's functions, but 
in all cases the argument u appears multiplied with the same factor Vei — e^ 
which is the largest of the three root-differences. 

In the defining equation T^ = - — - and the corresponding one kl^ = - — - 

both of these quantities if real must be greater than zero and less than unity. 
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They will be real if the points in the plane representing Cj, e^^ ^ li© iii the same 
straight line, when mod. €2 must be intermediate between mod. ei and mod. Cj in 
magnitude. Then if we understand by K and K' the simplest values of the 
integrals /*^ dx . C^ ^ 

respectively, taking those values of the radicals whose real components are 
positive, we shall have 

and 26)i, 20)3 are the primitive pair of periods for the before mentioned |>i/, so 

that as above pt^i = ei , ^cd^ = e^ , fOz ^^^ ^s - 

It ought to be mentioned that <OiU, (S^u, S,u can also be defined in the same 

simple manner as <3w by means of infinite products. If we write 

Wi = {2(i+ 1)6)+ 2(i'q\ W2=z{2(i+ l)u + {2ii'+ 1)J 

Ws= 2(M + {2(i'+ 1)6)', 0, (i'=0, zfc 1, =b 2...=b 00] 

then in general, for X = 1 , 2 , 3 , 

Finally to show the relation in which the sigma functions stand to the 3-functions 
of Jacobi, we find 






(ou 



2co «, » 2A^ sin im — 2& ^ sin 3?;;r + 2h^ sin 5u7r — ... ^ ft_... i?o M 

— ;r "^ 2Al — 3.2.iJ +5.2&'«' _.,.— ^"^ (%(o) 

oAicos !>;r + 2^1 cos 3y;r + 2A¥ 00s bu:: + . . . ,9, (ij\ 

^""-^ 2Ai +2AJ +2iV +... - ^ >,(o) 

.- «,. ..a 1 + 2A COS 2v;r + 2i* cos 4/^;r + 2h^ cos 6w;r + . . . -i_, ^jfti) 

Kj^u — er ^_^2A 4. 2A* + 2A» +..." t?aW 

^ « » 1 — 2A COS 2!>;r + 2A* cos 4'j;r — 2i'oos6y;r + ... , , «?»(«>) 



" H 



where A=e- , i;=^r— » >?= ^ 

The functions ^oiy), 3i(i;), ^^(i;), 33(1;) as here employed coincide respect- 
ively with Jacobi's ^\{xq), \{xq), ^sC^y), ^{xq), if we write xm^=^x and h^=q^ 

But anything more than a slight account of Weierstrass' system, showing in 
particular its main points of contact with Jacobi's, would be beyond the intention 
of this paper. It is to be hoped that Weierstrass' ideas in the function-theory 
will soon find that widespread recognition which they undoubtedly merit. In a 
future paper I hope to exhibit the system in greater detail, in particular the 
formulae of transformation, showing their analogies to the formulae of Jacobi. 



On Quadruple Theta-Functions. 

By Thomas Craig, Johns Hophins University, 



Pabt II. 

In the following I employ the notation used by Schottky in his ^'Abriss 
einer Theorie der Abelschen Functionen von drei Variabeln.^^ On page 18, Schottky 
gives the fundamental theorem bearing upon his particular notation ; it is as 
follows : ^^Es ist mbgJich^ ein System primitiver Indices 

1, 2, 3 . . . 2p + l 
vnd einen ausgezeichneten e so zu wdhlen, doss sa ein grader Index ist, wenn die 
Anzahl der primitiven Indices^ at/s denen a ztisammengesetzt ist = p oder p + 1 
mod. 4 ist, dagegen ein ungrader, wenn diese Anzahl = p + 2 oder p — 1 mod, 4 ist,^^ 

For p = 4 the ** primitive indices" are nine in number, and they may in 
general be denoted by the letters 

fc, ?, m, n, p^ q, r, s, t. 
All of the characteristics of the quadruple theta-functions, with the exception 
of (0), may be represented by certain combinations of these letters, viz. by 
taking them one at a time, two at a time, three at a time and four at a time. 
We have thus : 

Number of cases. 

The index (0) 1 

The primitive indices taking one at a time 9 

** two " 36 

** '' three ** 84 

" four ** 126 

256 

The even functions, 136 in number, are given by the first, second and fifth of 
these cases, and the odd fimctions, 120 in number, by the third and fourth cases. 
That is, the even functions will have the suffixes o, k and klmn, and the odd 
functions will have the suffixes kl and klm , In the numbers of the Annates de 



184 



Craig : On Qimdruple Theta- Functions, 



Vtjcoh Normah for June, July and August, 1883, M. Brunei has investigated the 
relations similar to the Gopel and Kummer relations for the double theta- 
functions which exist in the case of the triple theta-functions. I propose in 
what follows to employ Brunei's method in working out the corresponding 
relations connecting the quadruple functions. Brunei starts out from certain 
relations given by Schottky in the Nachtrag to the above mentioned book '^Ueber 
die hyperelliptischen Functiorven dreier Variabeln,^^ and uses a method which is 
fimdamentally the same as that employed by Brioschi in his paper already 
referred to in Part I of this article,* but the manner in which he develops it is 
simpler than would be possible had he employed, without alteration, the method 
indicated by Brioschi. 

I shall use almost without change the notation employed by Brunei, only 
altering it when the greater complexity of the present case makes it desirable. 
Following Schottky, write first : 

Lt_ - 1 



Lt 



{ai — ai){a^ 



L* 



kl 



— 1 



'0 j (««—«»)(«« — «t)K — a»)(a,— a»)(ar— «»)(«,— «»)(«« — «t) 
( X (a„ — ai)(a„ — ai){ap— ai){a. — ai){ar — ai){a, — a,)(at — aj) 






— 1 



T4 

J->ttmn 

u ~ 



X (a„ — ai){ap — ai){a, — ai){ar — ai){a, — ai){at — a,) 
I X (a„ — a^){aj, — a^{a^— a^^a^— a^{a, — a^{at — a„) 

— 1 

(a- — ai){ag — a^{ar — a^{a, — a^{at — a^ 



X (ttp — a^(a^— ai){ar — a,){a, — a,){at — a,) 
X (ttp — a„){ag — a„){ar — a„){a, — a^){at — a„) 
X (ttp — a„){a, — a^){ar — a^){a, — a^){at — a„) 

Now consider the functions P defined by the equations 



1. 



A r> ^"0 ■^* p ^* 



P„ = 









a 



*klmn 



P ^khnn 



kltnn 



ft 



* Brioschi. —Xa reUuiane di 06pel per funzUmi ipereUittiche tVordine qualunque, Anns\\\ di Mate- 
matica, Serie 11', Tomo X^. 
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then, following Weierstrass and Schottky, and writing 



2, 



R {x) = (a» — x){ai — x){a^ — x){a^ — x){ap — a:)(a^ — a:)(a^ — x){a, — x){at — a;) 



^ (x) = (a; — Xi){x — X2){x — Xs){x — arj 
we have 

Po=l 1 function Pq 

P» = V(aj — a:i)(a» — ^){(^k — ^d){(^k — ^4) 9 functions P^ 

i = 4 

36 functions P^^ 






i=i 



[aj,— Xi){ai—Xi)(f'{Xi) 



< = 4 



P —DPP \^ VIi{Xi) 

^klra ^k -* i -* m / 7 77 ^7 

^_^ (at— Xi){ai — X(){a,n— 



< = 4 



Xi) (f/{Xi) 



84 functions P; 



klni 



Pklmn — P»PiPmP« 7 7 ^7— 



\/i2(a:,) 



<=i 



K — a?/)(ar— iP<)(am — ^t){an — «?<) f '(^<) 



. . . 126 functions P 



Irimn 



making in all 256 P-functions replacing the 256 ©-functions. In these equations 
the letters k^l, m and n are all different from each other. We have now to 
determine the linear relations existing between the squares of these P-functions 
and those existing between their products taken two and two. Write 

4. 2x< = a, ^XtXj=(3j ^XiXjX^=^ y, XiXiX^x^=8. 

The summations to be taken from 1 to 4 and i, j\ k all having diflFerent values. 
Further write 

{^\ — ^){^i — ^^){^\ — ^4)(a:2 — ^z){^% — ^^{^z — x^= — e , 
that is 

rg^ rg^ /y^ /y^ 

•t^l tCg Xg Uj^ 

CCJ X^ X^ X^ 

Xi x^ x^ x^ 

1111 



5. 



= -$; 



and in general write 



that is 
6. 





yr 


-1 


2/r' . • ■ yr' 




yV 

• 

yi 


-2 


2/?-* . . . yl~* 






y% ■ ■ ■ yn 




1 




1 ... 1 








XiXiXgXi = 6. 
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=\yiyf ■ -yn 
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The P-functions can now be written in the following manner, 



\ 



Pw = 



• • JLhlm 



1 



x^x,x,\sj u{x,) \^[;^^^^\ - 



+ \x^x^x^\a^ — laria^jaralV 



1 



klm 



— \x^AX^\^/ 






J^klmn — 

|a-iavjavr4| ( 



+ I X^XiX^ I V — I XyX^X.^ I s/ j- 



^83r3a:4 



In/^(^i) 



a*iP2l|a*a:,||a4X4||a^3||a^8||a^4||a^a:,||a^8||a^ar4||a„:C2||a„^^ 



— I a'8a^4a^l I V +1 ^^42^13-2 I \/ — i XiX^X^ I \/ j- 

It is of course perfectly obvious how to fill up the empty radical signs. The 
above forms for the P-functions are retained for the same reason that Brunei 
gives in the case of the triple theta-functions, that is, although the denominators 
under the radical signs are actually factors of R{xi), R{x^, R{xb) and jB(x4), 
it is more convenient in the following transformations to retain the fractional 
form. 

Linear Relations between the Squares of the P-Functions. 

Take first the case of the functions with a single index, i. e. P^, P,, etc. 
We have 

expanding this and using the notation given above, we have 

9. F\=.a\ — aaj + /3a| — ya^. + h. 

As this is linear in the quantities a, /3, y, 5, and as A; is any one of the primitive 

indices, we can, by assuming any five such relations, eliminate a, /?, y and 5; 

the result of the elimination is obviously 

i1-aj, Pf-aJ, P^.-c4, i1l-ai, F%-a\, 



10. 






a? 
a. 



a 



m 



a 



a 



m 



a 



n 
n 



a 



a 



3 



a 



m 



a 



n 



a 



p 



111 11 

or expanding this we have 



= 0, 
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Since Pq^I, this factor may be introduced solely for the sake of symmetry. 
If instead of eliminating a, (3, y and 8 between five relations of the form (9) 

we eliminate a , /3 , y , 5 and 1 between six such relations, we have obviously 

P% pi jyi TA jyst jDH 
k J^l J^m ■*^n -^p J^q 





ai 


a\ 


«m 


< 


4 


< 


12. 




a! 


< 




< 

a* 


< 
< 




«fc 


«j 


«m 


«« 


p 


a. 




1 


1 


1 


1 


1 


1 


or expanding 















= 0, 



13. 






We have thus found the linear relations existing between the squares of the 
P-functions possessing a single suflfix, or index, i. e. between the functions whose 
indices are Oklmni^qrst^ 

and it is seen that these functions form a group of ten such that any five being 
given the square of any one of the remaining five can be expressed as a linear 
function of the squares of the chosen five. Following Brunei I shall call this 
the group 0. 

Consider next the case of the P-functions with two suffixes : for the square 
of any one of them, say P^ , we have 



14. 



P?,= 



kl 



I 



2 1 Xfpc^pc^ 1 1 x^^Xi 
Jt I x^x^^ 1 1 x^x^x^ 

+ 2 I X^^Xi 1 1 QCiX^X^ 

— 2\x^XiX^\\xiXiXs 



^ 1 8 ^ / \ I ttt^2l|qitig8ll«^4l|Qf a?8l| qKg8ll<3^l^4 1 , 



ajtaJillaKril 



\/ i2 (xi) ^ (ic,) I ttfcXa 1 1 afca:4 1 1 a^ Xj 1 1 a,X4 1 
\^R{xi)R{x9)\aific^\\af;x:^\\aiX^\\aiX^ 
V jB (xi) jB (X4) I a^fcXg 1 1 a^fcXa 1 1 a^a-, 1 1 a^Xg 
\^ R{x^)B{xs)\at^i\\atpc^\\aiX^\\aiX4^ 
^^ R{x2)R{x^)\ajjXi\\a^^\\aiXi\\aiX^\ 



^^R{xs)R{x^)\(ltfil>l\\a|fic^\\a^Xl\\alXi\ |. 
It is possible to find a linear relation between four of these P-functions with 
two suffixes which is entirely rational, that is, a relation which shall not contain 
any of the quantities V R{Xi)R{xj). Take four of the functions P^^ which have 
the first suffix k in common, say P«, P»„», P^^, P^p, then in 'order that the 
radicals V R (»<) R (zj) may disappear we must find a series of multipliers A, B, 
C, Dj satisfying the equation 
16. A\afi^\\a^^\ — B\a^x^\\a^x^\^0\a^xji\a^^^^ =0. 
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Giving A, By C and D the following values, 

G=\aj,aia^\, D = \aja^a^\ 

it is easy to see that equation 15 is satisfied. Assuming then four equations of 
the same form as 14, we have 



XiPC^^^ 



17. 



Introducing the values of It (xi), R{xi)i etc., it is not difficult to see that the 
first line of this equation may be thrown into the following form. 



-\ar.a^a,\\a^x,\\a^x,\\a,x,\[ - ** *^ " " '• ^* '^ " ]f 

+ |«^aKi.lls^ill«^^K^i|[ " " " " " " " " ]® 
-!a^manl|az^il|a.^ll«n^i|[ *' '' '' '' '' '' '' " ]S 
where ^ = | XiX^x^\\aiXi\\aiX^\\aiX^ \ — \ x^4pCj\\aiXs\\aiX^\\aiXi \ 

+ I a?4a^ia-8l|aia-4ll««a:i||aiX2 1 — | Xiargarslla^Xilla^a:^!!^^^^ I 
and ^, i£f and p are obtained by changing I into m, n and p respectively. We 
have then J^z=g=zCC/ = |5 = | x^x^x^^ \ = say A. 

Write for convenience 

|a:ja;s»4ll««aill«raill«^i||««ail|a*icj|l«*«8ll«*«4| = ^i> 
then this becomes 

+ I apaflJ[\apXi\\a{Ci\\a^Xy \ — \ a,a„a„lla,Xi||a„a:i||a,a5i | } . 

The term in the { } is easily seen to be equal to |a|a„a„ap|. Equation 17 
thus takes the form, 

« 

I am«»S \Pli—\ «»«?«! I -?1m + I «p«iam | -?*» " | «ia««« I Pip = 

fefp-.-r.+r.-rj. 



XiXfjply^X^ 
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Remembering to pay attention to the signs, we may write the term in [] as SF; 
then writing 

1 9. Xaq = Jl , ^a^a^ = ^i , ^a^^a, = v , ^a^a^ajuLt = n , 
we have 

20. 2r =2 1 x^x^^ |(7t — xiv + a^/ti — a^^ + xj)(a|— (j?^{x^ + 0:3+ iCi) 

+ ajfc (iCaXg + x^x^ + X3X4) — a:2aJ3a^0 • 
Now writing as above = — | x^t^x^x^ \ 

and introducing the abbreviations a, (i, y, 8 and X, (i, v, n, it is not diflBcult to 
see that 

21. 6=1x1X^^30:41 {ai — ttfctt + aj /3 — ai^y + 6 — cii + al^ — alfi + a^v — 7r[; 

referring now to equation 9 we have 

22. = 1 X1X2X3X4 M P! — I aj/ZjJi\aj/ig\\ai^r\Wi/i,\\aiat I ^ [ • 
Expanding equation 18 it becomes 

a^f 7t2 1 X1X2X3 1 — vXxi I X2X3X4 1 + (iSa^ \ x^x^^ \ — ^x? | X2X3X4 1 +2xi | X2X3X4 1 \ 
— a\\nZ (x8+ X3+ 3^4) I X2X3X4 1 — vXxy {x^ + x^ + X4) | X2X3X4 1 + ^i^A {^%+^+^a) \ x^^X4^ \ 

— X2X?(X2 + Xg + X4) |XgX3X4| +2xt(X3 + X3 + X4) 1x3X3X4 1 \ 

+ ttfc 1 7t2 (X2X3 + X4X8 + 3^33^4) I X2X3X4 1 — r2xi (xjjXj + X4X2 + X3X4) I X2X3X4 1 

+ f/2xJ(x2X3 + X4X2 + X3X4) I X2X3X4 I — ;i2xf (X2X3 + X4X2 + X3X4) 1X2X3X4 I 
+ 2xJ(x2X3 + X^X^ + X3X4) I X2X3X4 I \ — {712X^X3X4 I X2X3X4 I 
"""' V X1X2X3X4 ^ I X2X3X4 I "T* ^ X1X2X3X4 4^X1 1 X2X3X4 I At X2X2X3X4 ^X!\ j X2X3X4 j 
"T~ X1X2X3X4 ^Xf I X^X^pC^ I J ^^ 

I «m«„«p \F\i — \ cifStpai \PL + \ a^aia^ | ^n — I «««!»«« I Pip - 
Of course in all these summations particular care must be taken to give the 
right signs to each term ; for example, 2IX2X3X4I means 

I X2X3X4 I I X3X4XX I "t" I X^pCriX^ I I XiXgX3 I . 

Using now equations 19 to 21 inclusive, we have, after simple reductions, 
for the reduced form of equation 18 , 

ja^a^a^a^l j/^— |a;kap||afcaJ|afca^llafca.,|Kae|-fo}. 
The factor Po= 1 being introduced simply for the sake of symmetry. 

Now advance all the letters after >fc, that is, change /, m, n, p, q, r, «, t into 
wi, n, 2^1 ?i ^» *) ^> i) and 23 becomes 

'a^a^apa^l \Pi—\a^t\\a^\^,\\a^t\\chfli\Pl\. 
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The coeflScients of P% in 23 and 24 are respectively 

[(a^ — a^){a^ — a^)(a^ — a^)(afc — aq){aj, — a^){aj, — a,){a^ — a^)'\ 

(ai — a^){ai — a^){ai — a^){aj, — a^) 
and [(a^ — a,){a^ — ap)( a„ — a^)(afc — a^)(afc — ar){ak — a,){aj, — a^)] 

Multiplying then 23 by the fector 

and 24 by the factor (a, — (i„i){ai — a,,){ai — ap){aic — a^) , 

and subtracting one result from the other we eliminate Pq and have 

Pki\(iman%(ig\\(itai\ 
— PlmW anapai\\a^ag\\a,,aji\apag\\akai \ + | a»a^ay||aia^i|a,a^||a,ap||a;,ap | I 

+ Pkg\ |am«n«l>lk«Jk«n||«^i,||«iSl 1 = 

Pk \ (iian.anap\\a^ag\\a^ag\\apag\\a^i \ — | a^a^a^aj|ajaj|a,a„i|a^^||afcap ] \ 
This reduces to 

25. — P|p I a^a^aj^anl l«A«p I + -Pi'z I «««m«u«pll«ik«g I = 

If we here make again the substitution 

Imnpqrst 
m n p q r 8 t I 

we get a new relation connecting the squares of P^, P^^, Pt^, P^py Pkqi Pkr' 

The coeflScient of PJ will be | a^a^UpU^^ \ : 

multiplying this equation then by the factor 

and multiplying 25 by |a^a^||a^aj|apa^l|a/fj, 

and subtracting one result from the other, we eliminate Pj, and have a linear 

relation between the squares of 

Pkli J- Jbn> PjtnJ -^ kp i -^ kgj Pkr i ^^^» 

Pki I a^a^apa^r\Wj/f.i | — P|^ ] a^a pa^r^i\\ai,a^ \ 

26. + PJ^ I apa^r(^jaj\a^a^ \ — Pj^\ a^^aia^aj[aj^p \ 

+ PJj I a^aia^a^Qp \ \ a^g \ — P^\ ap^^a^apQ^ \a^a^ \ . 

It is obvious that we might have eliminated PJ between 23 and 24, and so 
have found a linear relation connecting the squares of 

•fo* -Pw> Pjcmi ^Tmi ^kpi Pkqj 
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and by making the above substitution and eliminating P% between the two 

equations thus formed we would again arrive at 26 . It is then clear that the 

functions with the indices 

0, >fc, Id^ J^nij kn, kp^ hq, hr^ Jcs, kt, 

form a group of ten, such that any five being selected the squares of any of the 
remaining five can be expressed as a linear function of the squares of the chosen 
five. "There are of course in all nine such groups, and these may be tabulated 



as follows : 





k 


Jcl 


km 


kn 


kp 


Icq 


kr 


ks 


U 







I 


Ik 


Im 


In 


h^ 


k 


It 


h 


It 







m 


mJc 


ml 


mn 


mp 


mq 


mr 


ms 


mt 







n 


nk 


nl 


nm 


np 


nq 


nr 


ns 


nt 







P 


pk 


pi 


pm 


pn 


pq 


pr 


ps 


pt 







? 


qk 


ql 


qm 


qn 


IP 


qr 


qs 


qt 







r 


rk 


rl 


rm 


rn 


rp 


rq 


rs 


H 







s 


sk 


si 


sm 


sn 


sp 


sq 


sr 


St 







t 


th 


tl 


tm 


tn 


tp 


tq 


tr 


is 



and the groups will be called the A:-group, the 7-group, etc. 

We will now take up the case of three indices, which, as will be seen, 
divides into two sub-cases, according to the choice of the index. The two sub- 
cases give rise to two tables, the first containing 36 groups and the second 
containing 84 groups. As the method of working out these groups by Brunei's 
method has already been sufficiently indicated, I shall, in what follows, leave 
out as much as possible the purely algebraical processes of reduction, as they 
now become very long and wholly uninteresting. Squaring the function P^^i^ 
we have 

^ ' • ^klm I i« '\ ^^»^A -^ l^Ji ) I II 1. . "r T • • • 



l| \^^3Xi\^R{x^) 



— 2 1 x^x^^ I VE{xj)R{Xi) I aAa:3|[a^Jlaiir3||aiX4||a^a:3||a,^a-4 1 + ... — ... + ...} 
The radicals VR{xi)R{x^)j etc., may be eliminated between any six equations of 
the form 27, or between five equations of this form, having each a common 
index, say k, or between four equations having each two indices, say k and /, 
common. Choose multipliers A, B^ G and Z), such that the coefficient of 
Vii (xj) i2 (xj) (and in consequence the coefficients of all the other radicals) shall 
be zero in the sum AF\i^+ BP\i„+ GF\i^ + DP^. 

This coefficient is easily seen to be 
A\ajfic^\\af,x^\\aix^\\aix^\\a^x^^^ 
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Striking out the common factor 

the condition to be satisfied is 

28. M^m^^\\^r^^A + BWn^^\\<^n^A\+ C\apX^\\aj,x^\ + D = ] 
this is equivalent to A + B + G=^0, 

a^A + a^B + «p6^= 0, 

alA + alB + alG + D = i), 

These are easily seen to be satisfied by the values 

29. A = \a,,a^\, 5 = |apa^|, (7=|a^aJ, D = — \a^a^aj,\ . 
Introducing then these values of ^, -B, G and Z), we have 

I o,,aj, I F%i^ + I aj,a^ \ Pl^,, + 1 a,^a, \ P|j^ — | a„,a,fiij, \ P\j^ = 

,30. + I a^a, I L I a-^a-ao-^ | ii: [x,) .__-^|_ _^|^_^_ + . . . j 

This is to be reduced just as in the case of two indices, viz. expand 30, so 
that the first line becomes 

31. X { I ar8X3a-4 1 1 a^a-g 1 1 a,„a-3 1 1 a,„ar4 1 — | a'3ar4iri||a„^X3||a,„X4||a^ari | + . . . 

— |.riar2a:3||a^iri||a,„ir«||a^a-3| }+ . . . 
There are three more terms similar to this to be obtained by simply 
advancing certain of the subscripts. The remaining three lines in 30 are to be 
expanded in a similar manner, and then the terms which have been introduced 
will disappear by aid of equations 28 and 29. The right-hand side of 30 is now 
easily reduced by aid of the following identities : 

(a-g +Xs+ ^i)\x2X^^\— (ar3+ x^ + Xi)\x^4pCi \ 

32. + {X4+ Xi + X^)\x4pCiX2\— {Xi + X^+X2)\XiXiXs\= 0, 

(xja-g + x^^ + x^x^)\x^^^\— {x^^ + x^Xi + x^xs)\x^4pcx I 

+ (3:42-1 + XiXi + X^X^) I X4PC1X2 I — {XiX^ + X^Xs + X^i) I XiX^Xs 1=0, 
XjfiC^i I XiX^^ I — X^^pCj I X^4pCi I + X^pTiX^ I X^XiX^ \ XiX^X^ [ XiX^ | = " | X^X^X^^ \ . 
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33. 



This last equation written out in full is 

rg^ />»S /yiS /y»8 

^1 U,^ **'S •*'4 
Xi Xfl X^ Xi 

Xi x^ x^ x^ 

1111 



X2X3X4 X^^Xi X^XiXf^ XiX^QC^ 

of a| a| a^ 

Xi Xj •^ *^i 

1 



1 1 1 

which is clearly true, as each of the determinants is equal to the product of 
differences of the x's. 

Another form of expressing | xix^^i \ is obviously 

111 



34. 



a? a^ Os «4 
a\ A A A 

X\ CCg CC3 x^ 

1111 






1 


1 


1 


1 


Xi 


Xi 


x» 


«4 


1 


1 


1 


1 


^ 


A 


al 


a1 


1 


1 


1 


1 



a?! a^ a^ ^ 

For the general case of n variables Oj , x^ . . . a?^ , it is not diflScult to see that 

I Xj , scg . . . Xn i satisfies the identity 



35. 



or 



36. 



ar-\ ar?-' . . 


/>.n— 1 






«.n-2 










= (• 


/ 
1 


^1 > ^2 > . . . 


. »n 


1 1 


. 1 




i ^-\ a?-' 


• • • •*'n 




ah"-', a?-* 


/*.» — 2 


Xl X2- • 


• • • •^n 




1 1 . . 


. . . 1 





= (- 1^-^ 



X^flC^ . • • Xf^ y a^gX^ • • • S/nac^ • • • I XyX^ • • • iCii ^ \ 



Xi , 



— 3 



^ 



—2 



a? 



x?-» 



/v.n— 2 
» •*'n 



Xi, 
1 



1 



X 



n 



= (— )'*-'[«ia^...a'n]— * 



1 
1 



1 
1 






1 



• • • 



• • • 



1 
1 






... 






37. 

we have 

38. 



The following identities are also very important in the sequence, viz, writing 

^ = |a»«p««l' -S = — I «p«9«» I . C'=l«/*m««|. -D = — I a»a»«p 1 . 

.4 + 5+C+Z>=0, 

fl^iH- <4-B + a» C + o»2) = 0. 

Vol. VI. 
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A similar group of identities may easily be written down for the general case. 

Using these last identities and taking the four functions 

P2 p2 pe pe 
klm. > ^kin 1 -^klp J -^klq > 

we can, by multiplying the first by A, the second by -B, etc., and taking the sum, 

eliminate the radicals ^R{x^R{7:^), VR{xi)R{x^)y etc. Forming this sum it is 
only necessary to show that 

39. ^|a^a-3||a„^ar4| + ^|a^cc3||a^X4|+ C \apQCs\\ap7:^\+ D\a^s\W9XA\ = 0] 
and this equation of condition is at once seen to be satisfied by the values 
39'. A = \a^apag\, 5 = — |a^a^^|, C=\aga„,aJ, D= — \a^a^ap\. 
We have now 

I ««S«« I ^Hm — I S«(?«m I Pkln + | Ci^mdn \ Pllp " I Om(^n(^p [^klq = 

^;^^;^a j I <^napa, \ [_ | x,x^, \ R{x,) - ^^^^^^^^^^^—.^ + . . . j 

40. -\<^p^^m\1\x,x^,\^[^i) \a^;\\a,x,\Kx,\ + * * ' J 
+ \a^man\l\x,x^,\ U[x^) \a^^\\afc,\\a^\ "^ ' ' * J 

This may be briefly written in the form 

-la.a.<.,|[|w.rJewi^^:t^iE|f3+...]} 

Expanding this just as in the case of two indices and the case of equation 
30, we have for the first line on the right-hand side of the equation 

{ |«napaJ|ir38X3X4| [a^, a^, a^, a^, a,, aj[a'i][a^, aj[ar2, arg, a:J } 
X{ |iK2a^3^4|[«m][ar», 2:3, X4\ — \x^^Xi\[a^'][xsjX^, arj 

+ I ar^aria:^ I [a J [ar4 , Xi, x^ — \XiX^s\ [«m][a^i, «•», a^s] } 
+ three similar terms. 

The remaining three lines of 41 are to be expanded in the same manner, 
and then it will at once be seen that the extra terms which have been introduced 



XiXT^X^t 
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will vanish on account of the relations 39 and 39'. Consider now the terms 
containing the factor R{x^): they have obviously the common factor . 

and the remaining factor is 

I «uS«(? I C^n , S , «J [ai] — I S^fl^m I [S » ^(7» ^m] [^^l] 
+ |«3amaJ[a^, a^, ««] M — I «m«nS I E^m » «n, «i>] M = , 8^7 J^T. 

Expanding iTand using the identities 32 and 33, we have 

42. J^=—\<lfn(^,flp<^g\' 

The first line on the right-hand side of equations 40 or 41 contains four 
terms, the first of which contains the factor already mentioned, viz. 
43. |arjjir3a;4|[aj[a52, arj, x^] — \x^^Xi\[a^'][xs,x^, arj + | x^a-jajg | M [0:4 , arj, x^] 

the factor in eacTi of the remaining terms is derived from this by changing m into 
n, p, q respectively. The same is true for the remaining three lines on the 
right-hand side of 40 or 41. This factor is independent of a^, and the others 
not written down are equally independent of n,^, or g^; for writing 43 out in 
full it is |aiar3X4||a^a^|[a,,,a:3||a^ir4| — |ar3a:4CCi||a^cr3||a^a:4||a^a^ | 

+ \x^XiXi\\a^xM^x,\\a^x^\ — \xjXiX^\\a^x^\\a^x^\^^^ 
and this is equal to 

aiX\x^9Xi\ + alX{x^+ x^+ x^)\x^x^^\ 

+ a^l,{x^Xs + x^^+ XiX^)\xtX^^\ + Xx^fic^^\x^fc^^\. 
The first three terms of this vanish by virtue of the identities 32, and the 
fourth term by 33 becomes = — 1 0:1X2X3X4 j . 

The right-hand side of 40 and 41 thus contains the factor 

— I <^m<^n(^p<^q | • " ! aria-2X3X4 1 = | a^a^Uj^a^Wx^x^x^x^ \ . 
The right-hand member of 41 takes now the form 

'«ma«S^(?|2|x2X8X4|[a,., a,, a«][xj[a;t, aj[x2, Xg, X4]. 



The X of course refers only to the cyclic permutations of the suffixes 1, 2, 3, 4. 
We have now to determine the value of the quantity under the summation sign, 
viz. 2|x2X3X4||a^Xi||a,Xi||a^xJ|a^||a^3||a;tX4||aiX2||a,X3||aiX4| 

in order to find the relation connecting the squares of Ptimi ^wm ^kipi Pkiq^ 
For greater generality and completeness, however, it is better to go back to 
equation 30 and reduce it, i. e. find the linear relation connecting the squares of 
Pkimi Pkinj Pkipj Pju' It will then be seen that by making the substitution 

k I m n p q r 8 t 
Imnpqrsth 
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and eliminating one quantity, we arrive at what we might obtain directly by 
completing the reduction of equation 40. 

The second factor in 31 is easily seen to be 

and the same is true for the corresponding factors in the remaining three lines 
of 30. Now adding together the first factors of the four lines in 30, viz. those 
similar to the first factor in 31, we have 

+ I ^p^m II ^»3^4 I [S » ^(? • • • ^< ' ^«] [^l] M [^2 7 ^ » ^a\ [« J [^2 » ^Z » ^^ 

The fourth line need not be written down, as its second factor is zero. 
Adding these terms we have 

2 { I x^x^x^ I [a^ ,a,,a,, a J \x{\ [%.] [xg , 0:3 , xj [a J \x^, x\, aj 

X |«r„ap||a,,xi||a^ira| + Is^^'^ll^^^ill^^m^il + |«»naj|a^a:i||a^a:i| }. 
Now hn^pl + |«i>«m| + |a^a„ 1 = 0, 

K + «p) l««S I + (S +«'n)IS«n I + («m+an)kmau 1 = 0, 

and a^a^ \ a^a^ \ + a^a^ \ a^a^ \ -^-a^a,, \ a^a^ \ = | a^a^a^, \ , 

so that the above reduces to 

45. \an,a^a^\^\xiX^x^\\a.^, a^, a,, a J [arj [a J [ar^ , Xg, ar4][aj[arjj, x^, xj, 

the summation referring to the subscripts 1,2,3,4. Equation 30, or equation 

31, becomes now, by taking into acccount 44 and 45, 

I «n« p I P%iM + I Cyttm | P%u + | «««« 1 P%}p " | a»a„ap I P\i = 

46- ir:::;.^! I «»<*««? 1 2 1 ^e^x^t \ [a, , a, , o, , aj [«i] [flj [x, , X3 , xj [a,] [a^ , X3 , ojj . 

For brevity write as before 

the summations extending over the subscripts q, r, s^ t. We have now 

210-20:30:41 [a^, a,., a,, a J M [a J [a^ , iCg, ajj [«/] [2-2 » ^z^ ^^ 
=2 1 x^x^^ I (tc— Xii'+a:?;!/— x?;i+xOK«A~«l(^2+a-3+X4)+aA(a:2X3+^^ 

X (a? —a]{x^+x^+ x^ + a, (arjarg + x^x^^ + a-^iCg) — x^x^^) \ 
=2 1 ir2ir8X4 1 {n — x^v + arf/t^ — xf ;i + x^^\ala]—a\a\{aj,+ a,)(j:2 +0-3+ ^4) 

+ 4«? (2:2 + org + 0-4)* + a^i{a\ + a?)(ar2X3 + X3a:4 + 0:4X2) 
47. — a^i {(Ik + a,)(x2 + 0:3 + a:4)(x2X3 + ^3X4 + x^x^) + a^, (xsa:3 + 0:3X4 + X4XJ)* 

+ {a\ + a?)(x2 +0:3+ a:4)x2X3X4— (ajt + a,)(x2X3+ X3X4+ X4X2)x2X3X4 
— (a| + a?)x2X3X4 + x|4i^}. 
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The identities given above and a number of similar ones serve for the 

reduction of this. Paying attention to the signs we have, for a few of the 

identities, the following: 

2xi I x^x^^ I = — Q 

ZtX^XvpC^ j X2X3X4 I — "^ \j 
2iCl(X2X3 + X^^ + 2-4X2) I X^X^^ I = + 

2^1 1 x^x^^ I = — Qa 
2x1 (x, + x^ + X4) I x^x^^ I = 
2xi (a| + aH" x|) I X2X3X4 1 = 0a , etc., etc., etc. 

It is easy to write down any number of these. 

In the expansion of 47 the term containing the factor n is, on multiplying 
both sides of the equation by | aj. , (ti \ 

n\aifiLi\ \a\aJiX\x^x^^\ — a\a]{ak+ a/)2(x2 + X3+ 2:4)1x2X3X4! 

— a|a?2 (x, + X3 + X4)* I X2X3X4 1 
+ atQi (a| + a]) 2 (xjXg + X3X4 + X4X2) | X2X3X4 1 
— aifli{ai^ + a/) 2 (xg + X3 + X4)(x2X8 + X3X4 + 3^4^^) 1 3^^30:4 1 

— itifiiiX (X2X3 + X3X4 + X4X2)* I X2X3X4 1 
— («J + «l) 2 X2X3X4 (xa + X3 + X4) I X2X8X4 1 ~ (a^ + a/) 2 X2X3X4 (X2X3 + X8X4 + X4X,) 
— {a\ + a?)2x2X3X4 1 X2X3X4 1 + 2a4a^a^ | X2X3X4 1 \. 
Now we have 2 1 XjX8X4 1 = , 2 (xj + X3 + X4) | X2X8X4 1 = , 
2(x2 + X3 + 3:4)* 1 2:20^^4 i = 2 (x| + a| + a^) I avc3a?4 1 + 22(x2X8 + X3X4 + X4X2 1x^X3X4! 
it is easy to see that 2 (a| + a^ + xj) | X2X3X4 1 = , and we know that 

2^ (X2X3 "T" X3X4 ~r x^x^) I X2X3X4 1 =!= , 



X2X3X4 1 — , 

X2X3X4 j V , 

X2X3X4 I = \J , 

aV^8^4 I = Ot6 , 

X2X3X4| = — /?6, 



.•. 2(X2 + X3+X4)* 

also 2 (X2X3 + X3X4 + x^Xf)^ 

m 

2^XfPC^^ 

2 X2X3X4 (X2 + a-g + X4) 

2X2X3X4 (X2X3 + X8X4 + X4X2) 

2a^x^ I X2X3X4 1 = y6. 
We have now after easy reductions 

7te\ai-aal+^al-ya,+ b*l 
— ne\ai— aa? + fia^ — ya^ + ^ j, 

the h* being introduced simply for symmetry. In the following the terms 
marked by the asterisk are all introduced simply for symmetry, and obviously 
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cancel each other. Making reductions for the remaining terms similar to those 
just made for the term containing 7t we find 

= I XiX^XsX^ \\7t{a\— aal + /?a| — yajt + 5*) 

— n{at — aa| + /3a? — yai + S^) 

— vai{ai —aal + l^al—yal + S) 
+ vak{ai — aa? + /?a? — yaT + 5) 
+ fiaj {at — aal + (ia^— yak + h) 

— [lal (a? — aa? + (Saf— yai + b) 

— Xa?(al. — aar+ ^a| — ya^ + b) 
+ ^l{aj —aar+ Pa]—yai + h) 
+ a\{at-aa\ + ^a\-ya,+h) 

— a\{ar- aa] + ^a]-ya^ + h) \ 

or = I XiXiX^4^ \\{n — vai+ (m] — Xaf + «/)(«* — aa| + ^a\ — yaj^ + h) 

— {n — ra^H- aa|— Xai + at)(at — aa? + ^a] —yai + h)\. 

From equation 9 however we have 

a| — aai + /?a| — yat + 5 = /*, = la^aJiHap^Ha^feXalla^^l 
a| — aa? + /?a?— ya; + 5 = P?, = |a^a:i||a^a-2||a^X8||a/a:4| 
similarly we have 

n — vai + iia] — ^?+ a/ = |a^a/||a^a/||a,aj|ata/| 
n — vajt + /uol— Xa| + aj = I affaA||a^aA||a,a*||a^;t | 
and therefore finally 

Effect upon this the substitution 

m n p q r 8 t 
n p q r 8 t m 

and we arrive at a new relation 

= I ClnPp(^q I 1 k*^/ 1 ^/ + I ^r«/lk#«/ll«*«/lkm«i I ^ " I ^r«it I k,«* 1 1 «<«*!!«««* | i^? }• 

Eliminating P\i between 48 and 49 and we find a linear relation connecting 

P2 p8 p8 p2 pS pS 

it/m) -*«n> J^ldpi -^kigi ^kij -^7 

viz., after dropping out a common factor | a^a^ \ , 

= \cimOn€ipag\ I la^aJla/^jtllata^lP? — |a,.a,||a,a/||a^,|P| }. 
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If instead of eliminating Pli between 48 and 49 we had eliminated Pf, we would 

arrive at a linear relation connecting 

P2 pa p2 ps p2 a 

say 

51. APh^ + BI^^^+Gnp + DI% + ^Pii + FPl=0. 

Now effect upon 50 the substitution 



= say n , 



m n p q r 8 t 
n p q r s t m 

then we will obviously obtain a relation of the form, 

52. AP'^,, + BF%ip+ G'I% + DP^, + E^n + F'n=0. 
Eliminating P|/ between 51 and 52 and we have a linear relation connecting five 
of the P-functions possessing triple indices, and one possessing a single index, 
viz., a relation of the form 

53. A!'F%,^ + B^n,^ + G"F\,^ + D'P]u, + E^Piir + P"P|= 0. 

Or, if P\ had been eliminated, we would have a relation connecting five P- 
functions with triple indices, and one with a double index, viz. 

Effecting the substitution £i upon 54 and there results an equation of the form, 

55. ^*-nn + ^"Pl/p + C^^^n, + ^*"P|^ + E'-'PL + F'^^Pii = . 

Now finally eliminating i^ between 54 and 55 and we arrive at a linear relation 

connecting the squares of six P-functions with triple indices, viz. 

56. A-n,^ + B-Pi,^ + (7^np + D'^PU + E'Phr + F^P\i. = . 
Of course, the substitution H performed upon 56 would give 

57. A-'P]un + B^'Piip + C'^'Ph, + D-'Plr + E-'Piu + F-'P%u = . 
We arrive thus at the conclusion that the ten functions 

Pit! -P/» Pkli Pklmi Fklny Pklpi Pugy Pklri PkU^ Pklt 

form a group such that selecting any five of them the square of any one of the 
remaining five is linearly expressible in terms of the squares of the chosen five. 
There are in all 36 such groups, and they are given in the following table : 



k 


I 


kl 


klm 


kin 


kip 


klq 


Mr 


kls 


kit 


h 


m 


km 


kml 


kmn 


kmp 


Jcmq 


kmr 


kms 


kmt 


k 


n 


kn 


Icnl 


knm 


knp 


knq 


knr 


Jens 


lent 


k 


P 


kp 


kpl 


kpm 


kpn 


kpq 


kpr 


kps 


kpt 


k 


? 


kq 


kql 


kqm 


kqn 


kqp 


kqr 


Jcqs 


kqt 


k 


r 


kr 


krl 


hrm 


km 


krp 


krq 


krs 


kn 


k 


8 


ka 


kal 


ksm 


ksn 


ksp 


ksq 


ksr 


hat 
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h 


t 


u 


Ml 


ktm 


ktn 


ktp 


ktq 


ktr 


Ma 




m 


Im 


Imh 


Imn 


Imp 


Jmq 


Imr 


Ima 


Imt 




n 


In 


Ink 


Inm 


Inp 


Inq 


Inr 


Ins 


Int 




P 


ip 


Ipk 


Ipm 


Ipn 


Ipq 


Ipr 


lp8 


Ipt 




2 


k 


Iqh 


Iqm 


Iqn 


Iqp 


Iqr 


Iqa 


Iqt 




r 


Ir 


Irk 


Irm 


Im 


Irp 


Irq 


Ira 


Irt 




8 


Is 


Ish 


km 


Isn 


Up 


Isq 


Isr 


lat 




t 


It 


Uh 


Urn 


Itn 


Up 


Itq 


Itr 


Its 


m 


n 


tnn 


mnh 


mnl 


mnp 


mnq 


mnr 


mns 


mnt 


m 


P 


mp 


mpk 


mpl 


mpn 


mpq 


mpr 


mpa 


mpt 


m 


9 


mq 


mqh 


mql 


mqn 


mqp 


mqr 


mqa 


mqt 


m 


r 


mr 


mrh 


mrl 


rnvn 


mrp 


mrq 


rnra 


mrt 


m 


8 


m8 


msk 


m8l 


msn 


msp 


msq 


mar 


mat 


m 


t 


mt 


mtk 


mil 


mtn 


mtp 


mtq 


mtr 


mta 


n 


P 


np 


npk 


npl 


npm 


npq 


npr 


npa 


npt 


n 


? 


nq 


nqh 


nql 


nqm 


nqp 


nqr 


nqa 


nqt 


n 


r 


nr 


nrk 


nrl 


nrm 


nrp 


nrq 


nra 


nrt 


n 


8 


n8 


nsh 


nsl 


nam 


nsp 


nsq 


nar 


nat 


n 


t 


nt 


nth 


nil 


ntm 


ntp 


ntq 


ntr 


nta 


P 


? 


pq 


pqk 


pql 


pqm 


pqn 


pqr 


pqa 


pqt 


P 


r 


pr 


prh 


prl 


prm 


pm 


pi*q 


pra 


prt 


P 


8 


p8 


p8h 


p8l 


psm 


psn 


p8q 


par 


pat 


P 


t 


pt 


pik 


ptl 


ptm 


ptn 


ptq 


ptr 


pta 


<1 


r 


qr 


qrJc 


qrl 


qrm 


qm 


qrp 


qra 


qrt 


? 


8 


qs 


qsk 


qsl 


qsm 


qsn 


q8p 


qar 


qat 


a 


t 


qt 


qtk 


qtl 


qtm 


qtn 


qtp 


qtr 


qta. 


r 


8 


rs 


rsk 


rsl 


rsm 


rsn 


rap 


raq 


rat 


r 


t 


rt 


rtk 


rtl 


rtm 


rtn 


rip 


rtq 


rta 


8 


t 


8t 


stk 


8tl 


stm 


8tn 


8tp 


atq 


atr 



Consider now the functions with four indices and find values of A, B, C, D, 
such that the radicals VjB (xi) R (ar^) , etc. shall vanish in the sum 

The coeflBcient of V-ft(a:i)-ft(ar2) in this sum is, leaving out the common factor 
A[at,ai,a^,a^'][xs'][ajtyai,a^,a^][x^—B[^^^ 
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Taking out the common factor 

and this becomes 

^|«»a;3lk«a:4| — £|apX3||apX4| + (7|ayX3||ayir4| — 2)|a^X3||a^a:4|==0, 
giving A — \a^ a^ a,. | , 5 = | a^ a^ a„ | , 

Introducing here the values 

^(^l) = [«*» «n ^*m» «ni «!,, «(?, (-fr^ «#» «<] M , etC. 

we ought to be able to show that the squares of any six of the functions whose 
indices are M Im mk Mm Mmn Idmp Idmq Mmr Jclms kimt 

are connected by a linear relation. We would then have a table of 84 groups 
similar to the above, and such that the squares of any six functions in a given 
group are connected by a linear relation. In the case of quadruple indices there 
would also be a second table containing 126 groups, of which 

klm Imn mvk nhl Mmn i^rs qrst rstp stpq tpqr 

is the first, and the squares of any six of these functions should also be connected 
by a linear relation. 

We would thus have in all 256 groups giving linear relations between the 
squares of six P-functions. There would be 840 relations of this kind, but not 
all, of course, asyzygetic. 

These 256 groups of ten functions each might be called the 256 decads, and 
they would obviously correspond to the 16 Kummer hexads in the case of the 
double the ta- functions, viz. between the squares of any four theta-functions of a 
Kummer hexad there exists a linear relation, and between the squares of any 
six of the P-functions belonging to a given decad there exists a linear relation, 
the same kind of relation will obviously exist between the squares of the six 
corresponding quadruple theta-functions. We have thus hexads of double theta- 
ftmctions of which the squares of any four are connected by a linear relation ; 
octads of triple theta-functions of which the squares of any five are connected 
by a linear relation ; decads of quadruple theta-functions of which the squares 
of any six are connected by a linear relation, and in general 2(/?+ l)-ads of 
j>tuple theta-functions of which the squares of any jt) + 2 are connected by a 
linear relation. It seems highly probable that this generalization is true, but I 
have not as yet been able to prove it. 

Vol. VI. 
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In order to show the linear relations between the squares of the P-functions 
with quadruple indices, we will begin with the 84 groups, of which 

hi Im mh Mm hlmn klmp hlmq hlmr hlma klmt 

is the first. Take the functions 

PP P P 

klm 1 -* klmn i -* klmp i •» klmq i 



and find the values of J., jB, 67, D, so that the radicals \/ 5 (scj) i2 (x,) » ^^^m shall 
vanish in the sum APl^ + BPl„^ + GPlirnp + I^Phmg^ 
Dropping out a common factor 

[a J [a-3 , ar J [a J [xg , a^J [a^] [xg , arj 

the necessary condition is easily seen to be 

A + 5[aJ[ar3, a-J + (7[aJ[x3, xj + i>[aj[a^3» a:J = 0; 
this is equivalent to jB + 67+2)=0, 

and these are easily seen to be satisfied by the values 

j1 = — ja^a^aj, B = \aj,aq\, (7=|a,aJ, D = \a^ap\. 
Introducing these values in the above sum we have 

— \ctnapCtq\Pllm + \(^pCtq\ Pllmn + | «<?«« | ^mp + \(^n(h\^klmg 
_ 1 

{ — KapaJ[|avP«-'i?4| Vn, Qp, dg, o^ry ««, aJMMLiCa, ^Zy iP4]M[a?8, ^y a?4][Om][a?8, ^y a?4] + --] 

+ 1 <¥^q\i\^^^A\%y^qy<^ry<i»y<^tlL^\\[^^^ 

+ 1 «.«« I [|a^8^4 1 H,a„a„ a,, a,]M" " " " " " " « ] + ..] 

+ \anap\i\x^,\\ar,a.,a,,anyapjx{\'^ « « " " " " " ] + ..]} 
The right-hand side of this equation may be written in the form 



a^a?aa:8a:4 

X i I x^fc^^ I [aj[a:a, iTg, «4]— | ir»a-4iPi I [P'njFzy x^y a-i]+ 1 x^x^\ [a^[x^y arj, a;*] 

— Kavcs|[a„][a?i, a?„ arj]} + • • • 
+ (two similar terms containing [a^, an][iri], [a„, aj,][xj respectively) 

The omitted terms are easily supplied by symmetry. Now 

2|ar2a:gX4| = 0, 2 1 0^X8X4! [a J [a:,, org, X4] = |xia:8arga;4| 
The fourth line of the last equation vanishes and the first terms of the first three 
3^X80-4 1 [a^, a,, aj[a;j][aj[xg, Xg, x^\a^\x^, a^g, x^\a^\x^, Og, x^ 
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for a common factor ; similar factors exist of course for the remaining nine 
terms (taken three at a time) of the first three lines. This factor is to be multi- 
plied by 

l«i>«(?IK^ilK^i| + l«(?^nlKa:i|Ka^| + |a„ap|Ka^ =|anapSl 

We have then for the right-hand side of 58 the value 

^^- u^^^ 1 1 <^n%(iq 1 2 1 x^x^^ I [cf,., a„ a J [x{\ [a J [cr^, ccg, a; J [a J [a^, a-g, a; J [a^] \sc^,x^,x^ 

It is quite easy to show that the quantity under the sign of summation contains 
Q , i. €. \xix^7^x^\ as a factor. In fact replacing a*, a^, a^ by a, b, c respectively 
and writing ai = ar^ + a^a + 3-4 , 

P 1 -— X^ X^ "T" X^X^'T' X^ X^ , 

Y\ "— x^x^x^^ 
with similar expressions for og, ^^j 72 » ^tc-» obtained by advancing the suflSxes of 
the a's, we have for the expansion of [^^[a:^, x^, a;J[aJ[a-2, arg, a^J [a«] [o^ , a^g, aj 
the following 



1 


+ a'b'c" 


«! 


2a»bV 


a! • 


+ Sa'b'c" 


^ 


+ Sab^c" 


a? 


a»bV 


yi 


— Sb'c" 


aii^i 


— 2abV 


/3! 


+ 2ab(r' 


ai/i 


+ 2a»b» 


afi^i 


+ 2ab»c» 



+ 



^in 


2ab» 


af/i 


— 2a«b» 


ai/3! 


— 2abc» 


Pi 


+ abc 


7i 


+ 2a» 


a-iPiyi 


+ 2ab» 


Piri 


— Sab 


oiA 


— 2a» 


Pirl 


+ 2a 


y! 


— 1 



The second coliunns here are the coefficients of the quantities in the first 
columns. Form now the sum 

2|xiia?3a?4|M[a^» xg, xj[a,][a:j|, a^,, xj[a«][xg, a^,, xj. 
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2 


0:^3:3X4 


2ai 


a-g 0:3X4 


2/3i 


X2X3X4 


2a? 


^^2X3X4 


2a? 


X2X3X4 


2yi 


X2 X3 X4 


aiA 


Xj X3 X4 


2/^ 


X2X3X4 



= 

= 
= 
= 

= -0 
= — 
= — 



Neglecting the coefficients depending upon a , b , c , we have the identities 

Sa* j^x I iCjJCsSCi I = — aB 
l,^xYi\xtX3Xi\= — ^B 
2ajyi I Xj 8:3X4 1 = — ^0 

2ai/3i|XjX8X4|=/3^ 

and so on to 

2y? 1^2^3.-^4 1 = —(y'-2i55)0 
= — a0 

It is obvious then that d is a factor of the quantity under the summation sign in 

69. Beyond this point I have not, as yet, been able to go. On reducing 59, we 

ought, if the general theorem stated above be true, to find that it is equal to the 

sum of the squares of two of the functions Pyi^ Pi^, P^k, each multiplied by a 

constant coeflScient depending upon the quantities a. But from the symmetry 

of the thing we can see h priori that there is no reason why any particular pair 

of these functions should come in more than any other pair. I have made two 

or three reductions of 69, but have not as yet been able to arrive at any inter- 

pretable result. 



On certain Groups of Relations satisfied by the 

Quadruple Theta-Functions. 

By Thomas Craig, Johns Hopkins University. 



If TWi, m,, mg, W4 denote even integers, positive or negative, and if we 
write /mi + ai , wig + a,, rwg + ag, fn^+ a^\ 

= ir(aii, ai2, . . . a^mi'\' ai, . . . m4+ a4)* 
+ ^Tti [(tWi + ai)(t^i + /?i) + . . . + (^4 + ^4)^ + /?4)] 
we have for the definition of the quadruple theta-functions the equation 

V* V^ V^ V* Avr. /""ii + ai. »n»+as. »»3+as. »»4+aA 

fiti fftg 171) 1714 

or briefly ^ ( j^ )(«) = 2 exp. (^ J ^ ) . 

where the summations extend over all positive and negative even integer values 

oi mij rri^y m^ and m^ . Suppose now we write 

au=logji, «»=log?a, a33=log?3, a44=log(74, 

«i8 = log q^ , ai3 = log g'13 , ai4 = log q^^ , Oja = log q^^ , etc. 

J 1 ^\ ^'2 ^8 V4 

ana also u^ = -=^ » u^ = -^f- » ^ = -^ » ^^4 = -^ » 

i^i A2 -^8 -^i 

and replace the Wi, m,, W3, ^4 by 27ni, etc.; then the summations will extend 
over all positive and negative values of the w's, and it is easy to see that we have 



3 



(aSS?;)^"^^"^^^^= 




Imp t 

(— ) exp. I i [(2mi + ai)» log ^i + . . . + (2»i4 + a*)* log ^4 

nil vi^ m^ fit4 

4- 2 ( 2mi + ai)(2m, + a,) log g-u 
+ . . . + 2 (27^3 + a8)(2m4 + a^ log g^] 
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The true periods are obviously 



«1 

»4 


AK, 





















4^4 



The quasi-periods are easily written down, but it is not worth while to give 
them here. 
Write the exponent in the following manner : 

f (2wi, 4- aj)» log ?i + *^ (2»ii + a,) 

+ 1 T (2mg + o,)* log 5, + i (2m8 + a,)* log ^j + j (2m4 + a^)' log j^ 
+ 2(2»ni + ai)(2»ij + a,) logg-u + 2(2wii + ai)(2»ij + aj) logg^u 

+ 2 (2«ii + ai)(2m< + a4) log Jm 
+ 2(2w, 4- ag)(2m8 + 03) log ^^ + 2(2ni, + a,)(2m4 + a4) log q^ 

+ 2{ 2ms 4- as)(2m4 + a^ log 534 

+ 5(2m,4-a,)4-^(2m3 + a3)+^(2m4 + a4)}. 
Write now 

log qn — ^ log P12 , log ?is = ^ log i>i3, log qi4 = ^ log pi^ 
and 

t;, = l£?j ^^»l0gi>i8, 173 — t^3 2 l^SPl3, i?4=«^4 2^l0g2>14. 

Taking the terms which contain log q^ and v^ and combine them after making 
these substitutions and we have 



fTTt^ 



-\ . 2 (2»ii + ai)(2wj, + a,) log q^ + -^ (2m, + a,) 



vt 



= |.2(2mi+a,)(2m,+a,)^ log2)is + (2m, + a,) (^' — ^^ ^ M ogj?u) 

= ^(2wt, + o,). 

Similar results are obtained for the terms containing log ^^ and Vj , log ^14 and ^4 . 
Combining all these and the new exponent is : 

[ (2mi + a,)» log ji + ^-- (2m, + Oj) 
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+ I I (8m, + a,)» log qi + \ (2»i, + as)' log q^ + ^{2mi + a^Y log q^ 

+ 2 (2«J, + a,)(2m8 + Oj) log g„ -p 2 (2»i, + a,)(2m4 + a4) log q^ 

+ 2 (2ni3 + a3){2mi + a^) log q^t 

+ ^(2m, + a.)+^(2m, + a3) + ^(2m, + a,)|. 
The terms in { } obviously form the exponent of a triple theta-function, viz. 

^(^^^'^^;).KtC3«'.), or simply 3(^)H 
understanding that here the suflBxes are 2,3,4. We have then finally 

For brevity write this in the form 

or substituting for tr^, w^, to^ their values 



mi 



®3 (^8 + J^h:+^ \ogp^ , ^3 + ^^^' log ^13 , 1?^ H ±^ log^n) , 

the summation extending from iWi = — oo to twi = + oo . Expand this by 
giving to rrii all of its "^wilues and grouping together the terms corresponding to 
equal positive and negative values of rrii , 

4. 04(VlV2^3^4) = ?l^ ' 2 \ 2 2 2 / 

+ (-)"'?! * ]cos(2 + a,)r[03(^,+ -^-^logj>„...) 

+ j-*"'(cos 2aiT + » sin 2aiV)Bs(vi ^^' logihg . . X\ 

4- 1 sin (2 + ai)T [08 (v^ + ~~ logi)« . . .) 

— 5-*"' C08(2aiT + isin 2aiT)0s('», ^^log^^j • • )] [ 

+ {-r^q^ I cos(4+ a,)T[08(t^, + ^^Mog^i, . . .) 

+ 5- '•"■(cos 2aiT + i sin %iir)Q^(vi ^^ log^f?,, . . . j] 

+ tsin (4 + ai)T[©3(»»+ -^y^log^i, . . .) 

— g^*«''(co8 2aiT + i sin 2aiT)08(u3 ^~- \ogpa •••)][ 

+ etc. 
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where for brevity I have written Tj = -^^ • 

The single theta-function ^(^ j(^i) on being expanded takes the form 

6. ^{^j^J{vi)=q7e''^^^ + {—y^qi ' {cos(2+ai)r,[l+^r*-«(cos 2a^r^+i8m 2airO] 

+ i sin (2 + ai)Ti [1 — jf *"» (cos 2aiTi + i sin 2aiTi)] \ 

+ (— )*^* ?i * ] COS (4 + ai)Ti [1 + q"^^' (cos 2aiTi + i sin 2aiTi)] 
+ i sin (4 + ai)Ti [1 — Jf^**"' (cos 2axTi + ^ sin 2aiTi)] } 
+ etc. 

Giving r oM the values (q), (o)» (i)' vi) ^^^^ general form gives 
the four known equations 

^( )^*'^ = 1- 2^1 cos 2 ^J- + 2g} cos 4 ^ — 2g» cos 6 ^ + . . . 
^(?)(»i) = 22;cos-^ + 25fco83||- + 2<7;^cos5 2^- + . . . 
— 1 3 (^ J j (^i) = 2gJ sm 2^ — 2^J cos 3 2^ + a^i^sin 5 2^ + • • • 
For convenience write ^ ( o^ ) (vi) as simply ©i (vj) and bear in mind that 

and 03 {ViVa^i) = 3 («* fl^^*) (*^»»8"4) • 

Now by aid of 5, equation 4 may be thrown into the form 

6. (^i{vi, ?-j, t's, Vt) = 03(r,, t'3, »4)-0l(Vl) 

+ etc., 

or symbolically this may be written, 

and obviously by transforming ©3 in the same manner we have 
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2 w=4« = 4 



8. 04=e »*n = l/ = l di>«dt>,. 11 V^it 

where n 0i, = 0^ {v^) e, {v,) ©3 (v^) e, (v,) , 

1=1 

and in the double summation n and Z are always to have different values. The 

generalization of 8 for the ^-tuple theta-functions is 

2 }) —p I =p ^i I =p 

^ 1=1 

Equation 8 written out in full is 

=^.s(^,)w3(^.)w3(g)wK;;)w. 

The quantities JT^, JTg, ^3, K^ may be taken as the complete elliptic 
integrals of the first kind corresponding to moduli kuJc^, Jc^, k^] similarly Ei, E^, 
E^, E^ may be taken as the complete elliptic integrals of the second kind corres- 
ponding to the same moduli. Now writing 3 = 3 T ^ J (t?) we have (Cay ley 's 
Elliptic Functions, page 227), 

or letting i denote either 1, 2, 3, or 4, 

Now (Cayley, page 102) we have 

SO that 11 may be written in the form 

Differentiating this s times with respect to v, and we have 

dr? "drj ^ aV dk *'* dv, dcj ^ ''*''** dk, M ~ 
Now so far as xt and ^< are concerned the general term in 8 is a numerical 
multiple of v.^^t 

then 

•dvi'^ K, dk, ^* dvt~ '{ rfrj drj "^ K, dk,^' dv, \ ' 



*For what immediately follows I am indebted to Mr. Forsyth's paper on Theta Functions : PhU. 
Trans,, 1882. 

Vol. vr. 
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and 

^^- dki~ * \ dk, dr} "*" K, dk, dtl ) • . 

Hence 

and now since ©4 is the sum of the quantities ^^ we have 

or 

There are of course four equations of this type. Now from 8 we have 

de, 2 ^ ^^ tP 1 ^ 

and consequently 

There are obviously six equations of this type. The quadruple theta-functions 
therefore satisfy in all ten different equations of the second order ; written out 
in full these are 



II 



dgu jt' dvidvi 

^^dqa ■ ^ dt\dvi~ 

^^ dqit 7^ dvidi't 

de^ 2K^K^ <^ ^4 _ Q 
^524 Jr' tZi'2dt;4 

de^ 2.g,ir« <p<^4 _^ 
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These equations can be obtained at once from the general definition of ©4; 
this is 

X q^ » ... 3^34""^ ^^""^ 

The general term in ©4 is a multiple of 

5,— ^r-^^^/»-i+-*^ = , say gl,, 
the coefficient of l^l^ being independent of Vt and k^ . Now 

d^®^~ 4 ** 2^? W,^'' 

from these we derive 

We have also _,-5l 

qi=e jsi ' 

and therefore 

since KtEl-\- KIEi — KiK^zzi^. Multiply 26 by ^ and substitute from 27 
and we have Am ^ A % L ^^ „ A « 

and hence 64 which is the sum of the quantities ^t satisfies the equation 

^e, 2k,ifidK, de, ^dd,_ 



or ^ 

dtH 



^_^.(^_|)^+a,^^=„. 



212 Obaig : On certain Groups of Relations 

For the constants K, h we have of course the following relations : 

JT — Ct ^^ j^^ — d ^"P 

X- r^ "^^ K- f^ ^ 

or in the notation of hypergeometric series, 



2 
and for the constants E we have 



•^3 = V^(i' J"' ^' ''^)' -^4— "o -^(t) t» 1» ^1)» 



^1= 2"-^(— 1» T» 1» ^)i ^« = ^-^(— T» l» li ^)» 



Also for the K's 



\/^' = 1 + 2^8+ 23J+ 22» + 25J» + . . . 
^^« = 1 + 2g, + 2^1 4- 2^5 + 2gi» + . . . 

J ^( 2gt+2yt+2g¥+2gy + ... V 

1 1 + 2^3 + 27I+ 2^3+ 2r/3«+ . . . ) 
^^^j 2gt + 2gl + 2g¥+2yy + ... ]« 

We have seen that it is possible to derive a quadruple theta-function by 
operating upon the product of a single and of a triple theta-function, and generally 
that a^)-tuple theta-fiinction is derived by performing a certain operation upon 
the product of a single and of a j)-l-tuple theta-function; and finally that the 
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^-tuple function can be obtained by operating upon the product of p single 
theta-functions ; i. e. calling the operator y we have 

It seems to me that it ought to be possible to obtain a theta- function of any 
order p by performing a proper operation upon certain combinations of theta- 
functions of any lower order. For example, cannot the quadruple function 

be obtained by an operation performed upon a certain combination of the double 
theta-functions 

<M>'-"^- Ka°^>'"''' ^te>'"")- 

It is possible that some such expression may be known, but I have not seen 
it nor does it seem easy to obtain. It is, of course, perfectly simple to split up 
the right-hand members of equations 2 or 3 so that the double theta-function 
shall be brought in, but that reduction would obviously be of no value, as taking 
one further step we should arrive at an equation of the same form as 8 . The 
question seems an interesting one and one worthy of investigation. 

The theta-function under consideration may be written in the form 

/n. ff n n \ (2mi + ai)a 2(w>4 + a,)a 

X 6 * * 

The summations of course extend from — oo to +oo for all of the letters 
mi, ^2, TWg, and m^. This summation can be divided up into five parts: first, 
where all of the m^s are zero, giving one term ; second, where any three m's are 
zero while the fourth takes all values other than zero, giving four terms ; third, 
where any two of the m's are zero and the other two take any values other than 
zero, giving six terms ; fourth, where one of the m^s is zero and the other three 
are not zero, giving four terms ; and fifth, where none of the m^& are zero, giving 
one term. 
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This gives us 

tt« aj oj ttjoj .jjij ojo^ <?r^l»3^ -|-?4«i"] 



m,= + oo 









• • • 



?1. 



a4(»<»| + «|) J^(8m, + a,)l>, 



9 



.6*^1 



Wli = — 00 



+ (three similar terms) 



IW| =00 9Mf : 



:00 



x^ ^(-)""'''+"'^?i 



(2mi+tti)a 2(ma-ha,)» 



• ^1 



2 



. • . 






fill ^ — 00 m.^ — 00 



X2l4 ' .923 ' .924 ' .e*"- i^: "*■ ^. J 

+ (five similar terms) + etc. 
The remaining terms are formed in the manner indicated above, but it is not 
worth while writing them down, as the formula is too complicated to deal with 
in the general case. There is one class of cases, or rather one group of functions, 
sixteen in number, for which this formula may be very much simplified — ^these 
are the functions for which all of the indices a are zero. The five sets of terms 
in the general formula correspond to the following values of the a's. 



II 



ni 



rv 



fll 


a« 


a% 


04 














1 ■ 














1 














1 
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1 





0- 
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1 
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1 
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1 
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1 
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Combining each of these 16 groups of the values of ai . . . a4 with the corres- 
ponding 16 groups for the values of ^i . . . /?4 we have the whole 256 functions. 
The simplest way of representing each of these functions by a formula similar 
to the general one given above would be to work it out ab initio, assuming the 
particular characteristic and developing for that special case, but a table of that 
magnitude could hardly have any practical value. We may take, however, the 
case where (ai a^ a^ a^) = (0000) 

and give the /3-row all of its values — we thus have the sixteen functions referred 
to above. Substitute these values of the a's in the general formula and make 
also (/3i/?2i33/54) = (0 00 0) 

then we have r. /0000\/ ^, ., \ _ „«„ ^ /.,\ _ 

^(^qqqqJK» ^^2, ^3, ^4) = , say ^oiV = 

mi=oo m4=oo 



+ 2y\gf^ cos"^ + . . . + 2^gf^coa 



IWj = -^ 00 Big ^ ^ 00 



+ 



y y^q^iq^lc^'^^e »- ir, z, J + (five similar terms) 



fWi^-f-oo fnjr=-|-ao ms='f-oo 



+ 






+ (three similar terms) 

In this last term the values Wj, tWj, TWg, 7714= are excluded. 

The first line in the right-hand member of this equation is, in the ordinary 

notation, iQy,^^ + ^(^0^^^^ ^(^0^^)^ ^(^Oy„^)_^, 

The first term in the group of double summations is the double theta-function 

Transforming this in the same manner we have (see Forsyth's memoir, page 809) 

fiii=oD 9ng = oo 

3(22>x-^)=i+2^9r'cos'?^+2£;5ricos'^^'^ 



^2 



l>li=OD tng = ao 



+ 2£;X^sr'<?r'|??r-cos^(^+^) + <z5— cos^C^-*^)! 



mi=l m^ = l 
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or ^(oo>'^') = ^(o>^) + ^(o>*)-l 

wij =1 1713 = 1 

The remaining five terms under the double summatioii are at once obtained 
from this. 

Take now the terms under the triple summation sign. The first of these is 

•We reduce this just as we reduced the quadruple function, and we have 

y^qT'q%'q\^''^^e L jr^ "^ jt, J -f. (two similar terms) 

Wll= — 00 111^ = — 00 
1Wj=^00 fWj = — 00 f||j= — OD 

In this last term the values mi, m^, 7713=0 are excluded. 

The first five terms on the right-hand side of this equation are 

'J^he terms under the double summation sign are 



Ko2>^')=K2>)+Ko>)- 



wii =00 vn«=oo 



and two similar ones. Collecting together all our results we have now 
Here 

fWj =» fllj = oo 
fWi =1 11*3 = 1 

+ (five similar terms) 
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fni=ao f7>9 = ao 



+2^ E^2^'|<'"'"^«''C?+¥) +?»"'"' "°^ '*(¥-¥)! 



+ (eleven similar terms) 



00 00 



+ y2' y^' y^'?"'- • • ^r-?!?'"*' . . . f/u^'»'e"t^+--+T] 



1fl^z=z-—oo f7>2 = -^ao 1713=— 00 

OO OO 00 oo 



ITIl =^ — 00 Wl«| = ^oo |?|3 = — 00 m4= — OO 

The accented 2 means that the values in = are to be left out in forming 
the sum. 

We proceed now to a more complete reduction of the quantity ^. The 
terms under the double summation sign require only to be added together, no 
further reduction being necessary. The terms under each of the triple sum- 
mation signs divide up into four groups, viz., taking the first case where the sum- 
mations refer to mi, iWj and wig we have 

I. TTii, Tits, nig all positive One term. 

II. Any two of these positive and the third negative . Three terms. 

III. Any one positive and the remaining two negative . Three terms. 

IV. All three negative One term. 

In all Eight terms. 

For the quadruple summations we have similarly sixteen terms. Taking 
now the case of the triple summations and we find the following values, in 
which for convenience I have written 

I. iWi, iWj, m^ all positive. 



OO OO 00 



2 2 2 ^4 ^r '"• 9^** *"* ^ '"'• «*' ^"** ~' ■*■ '^ ''^ "*■ *"* "*^- 



111 



II. Any two positive and the third negative. 



00 00 00 



222^49i;*^»'"«9li^«'"'5lr''^.e*'^~^»'**+'^'^+"^*«^ 
1 1 1 



00 00 00 



2 2 2^4ai5*'"»'^5g*»'*«a^*^"*».e*'^"*''*'~"^'*»+"^~«^ 
1 1 1 



00 00 00 



2 2 2 ^4 55*» "^ aii*^' '^^ Om*"^ *"'. e*' ^'"» «i + »H «« - '"^ «»). 
Ill 
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III. Any two negative and the third positive. 



00 00 00 



2 2 2G4 2i?*'"'?i3*^''"'?8i*'^'"*-^*'^""'"'~*~"*''^"*''^"*^ 

111 



OO 00 00 



2 2 26495*"'* "•'^?*'"*y^*'"»'"*.e*'^"'"' ••»+'"« ~»-~*~»^ 



111 

2 2 2^495*"** '"'213*'"* '"'sir '"'•^*'^'"* **'"*"' '*'"~*~*^' 
111 



IV. All three negative. 



00 OO OO 



222C4?ir*'"'yi?*'"'^r'"'-^""*'^"'''*'"*""''^"*""^"'^- 
111 

The summations are of course for mj, m^ and Wg. 
Adding groups I and IV and we have obviously 

The first of group II added to the third of group III gives 

The second of II added to the second of III gives 

Ill \ JSi iV2 iVj / 

The third of II added to the first of III gives 

22 II g,2!r-'?r8*""-9«'^'"' cos ^ (!^ + ^^ - '^) . 

Combining all 'of these we have for the first term under the triple summa- 
tion sign 

2| 1 1 g,??r-'9!?-"3gr"- cos n (^-^ + ^^ + ^•) 

+ 2| 1 1 $,yIi«'»>'».5li*"""'^M"^'"' cos 7t (- ^ + ^ + ^) 
+ 2|||g,^Ii»-.'«.3?r-'-^"^""cosn(^-^ + ^) 

+ 2| I |(3,5!r-<?n»-'».9ii»'»"». cos n(^ + '^-'^). 

The remaining three terms are of course obtained by replacing the suffixes 
(1, 2, 3) by (2, 3, 4), (3, 4, l) and (4, 1, 2). 

Take up now the quadruple summation. As already remarked there are, 
in this case, sixteen groups of terms, these combine however into eight. The 
process of reduction is exactly the same as in the case of the triple summation, 
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so it is not necessary to go further into it. We have, in &ct, for the quadruple 
summation the following value, where for brevity I have written 

+ 2 2222 g5rs*"'"'?!?""9!r>S*^"^ii*^Vsr""* ^os rr (^» - ^ + ^* + ^*) 
+ 2 2222 ggS""^rir""'^'^9i3*"""'<"^?i?'^"'* ^^ " (^ + ^ - ^ + ¥) 
+ 22222g9Sr"^$5"""!?n*"""'9lS^'?M*"*'^9ii'"*'"' °°« ''(^ + ^ + ¥" ¥) 

+ 22222g35"'^sir""'?n*"'>ir"^?n*^'"'gSr-"*^ ^°' '*(-'¥ ~'^"^^*'^¥) 

+ 2 2222 g?ir'"^'"'«ir'-'?ii*^'s^'"*?ir^' cos ^(-^ + ^7-^+^) 

+ 2 2222g?ii»~''»'5if'-""?!r""'9ir''?,-r""'?s*'"*'"' cos 71 (-'^+ ^+'^-^0 

The limits of the summations in the last seven terms are of course the same 
as in the first terra. We have now merely to add together all of our results in 
order to obtain the value of the quantity ^. Notice that in the above given 
value of ^ of the "{eleven similar terms)" one is identical in form and value with 
the one written down, and the remaining ten terms reduce to five each of which 
is repeated once. We have then finally 

+ 422yr>?r5|2g""'cos^(^ + ^)+2-«»."Hco8^(^-!g)| 
+ (five similar terms) 

+ 22 2 2(2, 1 5!r"^j!r>'»'s^"»' cos « (^ + ^' + ^) 



+ j5««-^5!?.".?ii«"H'». COS « (^- ^ + ?g!) 
+ gS'"^?S*'--<?5*»"-cos«('^ + ^i-^) [ 



+ (three similar terms) 
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+ 



In this formula and in those preceding it is of course not strictly accurate to 
write the quadruple function in the form 

it really should be written 

but as the quantities Vi, ^2, V3, v^ appear in the right-hand members of the 
equations I have written them in the left-hand members also. The equations 
connecting the v's and the ^^'s are as above 

The remaining 255 quadruple theta-functions may be thrown into forms similar 
to the one just examined, but as the formulae are so very long and as the process 
has been already suflBciently indicated, it is not worth while to work out any 
more of them. 

It would not be difficult to extend the above processes to the case of ^-tuple 
theta-functions, but it is not the object of the present paper to do so. Still it 
may be remarked that the term in the j)-tuple theta-function corresponding to 
the term ^ just computed will consist of a group of terms involving double 
summations, another group involving triple summations, and so on until we come 
to a single term which involves a /?-tuple summation. The method of computing 
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these terras is identical with that above given for the quadruple functions. Take 
for example r<[^, then the r-tuple summations are divided up as follows.: 
suppose first r even, say r = 2p. 

NuMBBB OF Casks. 

(1)1 All the Tw's positive, .... 1 

(1)2 All the Tw's but one positive, . 2p 

(1)3 All the m's but two positive, . ^^ ^ ' 

It 

(1),+, All the Ws but p positive, . . 2/>(2/>-l)(2/>- 2)... (/> + !) 



(l)2p_i All the Tw's negative but two 



2/>(2/>-l) 



2 

(1)2^ All the Tw's negative but one . 2p 

(1)2p4.i All the Tw's negative, .... 1 

Here the first and last terms are to be combined, also the second and the last but 

one, and so on until we come to the middle term ; this term is made up of 

2/>(2/? — l)(2fl — 2). . ./> + ! 

P 
(an even number) of simple terms, and the first half of these simple terms is to 

be combined with the second half in order to obtain forms similar to those given 

in the case of the quadruple theta-functions. The case where r is odd follows at 

once from the case of r even. 



On the Absolute Classification of Quadratic Loci, and 
on their Intersections with each other and 

with Linear Loci. 

By William E. Story. 



By the absolute classification of loci I mean that classification which is not 
altered by any real linear transformation, and which is identical with the ordinary 
classification in so fisir as the latter is independent of all consideration of the 
nature of the infinite elements of the loci. Many of the results here obtained 
are well known, but I believe some of them are new, and the collection of the 
criteria in such a form that they can be applied to any real forms of the equa- 
tions of quadratic and linear loci will probably not be without a practical interest. 
The geometrical conditions are combinations of contact and real and imaginary 
intersection ; the corresponding algebraical criteria can be put into a form in 
which certain invariants or combinations of the coefficients of covariants are 
distinguished as zero or positive or negative. A part of this classification has 
been made in essence by Professor Sylvester in a communication to the Philo- 
sophical Magazine, in February, 1851, namely that part which relates to the 
contacts of two loci of the second order, but the form of the investigation is 
necessarily quite different from that here adopted, where a distinction has to be 
made between cases in which the relations as to reality as well as contact are 
different, and where the conditions are required explicitly in terms of the coeffi- 
cients of the equations of the loci. Homogeneous coordinates are employed 
throughout the paper ; it is assumed that real elements (points, lines and planes) 
have real coordinates, and that the equations of the loci have real coefficients. 
Each locus is considered as belonging to a space of the smallest number of 
dimensions in which it can exist. 

I. The equation of a pair of points on a given straight line is 

Cr= oa:* + 27/xy + 6y* = 0, 
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and the discriminant of CrisA = a6 — A* = (ab) , say ; 
if (ab) >► 0, the points are conjugate imaginary, 
if {ab) <C , the points are real and distinct, 
if {ah) = , the points are real and coincident. 
II. The equations of a conic and a straight line in a given plane are 

U=aa? + 6y* + C25* 4- 2/yz + 2grzx + 2Aajy = 0, 
P = ax + /3y4-y« = 0. 

The intersections of U and P satisfy the equation 

{a^—2gay + ca^)a^+2{h/—/ay — g(3y + ca^)xy + {b/—2/^y + c^)y'=0, 

found by eliminating z between U=z o and P= 0, the discriminant of whidb is 

a h g a 



ay^—2gay + ca^ , h/y^ — fa/y — g^y + ca^ 

h/—/ay — g(3y + ca^, bf — 2/(3y + c(i^ 



= -/* 



h bf fi 

9 / <^ r 

a ^ y 



= — y* Ap = — y* {ahc)p , say ; hence, by I, 

if {abc)p<i 0, CTand P intersect in imaginary points, 

if (a&c)p]> 0, JJand P intersect in distinct real points, 

if {ahc)p^=' 0, CTand P intersect in coincident real points. 

If y = the above discriminant vanishes identically, but eliminating xov y 
instead of z, the discriminant of the resultant equation is — a*Ap or — /3*Ap, 
and the criteria are the same as those just given. 

Ap = is in general the condition that P is tangent to CT (t. e. is the tan- 
gential equation of J7), but if U consists of two straight lines, Ap= is the 
condition that P passes through the double point of U. 

III. The nature of the conic CT, where 

U= aQ(?+bi^+C7?+ 2/i/z + 2gzx + 2hxy, 
is found by considering its intersections with a real line rotating about a fixed 
point, namely : if the intersections are imaginary for all positions of the rotating 
line, U is an imaginary true conic ; if the intersections are imaginary for all 
positions but one, U consists of a pair of conjugate imaginary straight lines 
whose intei-section lies on the rotating line in that one position ; if the intersec- 
tions are real for an infinite succession of positions, and imaginary for an infinite 
succession, f7 is a real true conic ; and if the intersections are real for all positions, 
f7is either a real true conic or consists of a pair of real or imaginary straight 
lines. 
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The case in which U consists of two straight lines meeting in the fixed point 
of the rotating line is the only case in which this method does not fully determine 
the nature of the curve, and this imcertainty as to the reality of the lines in this 
case is removed by considering the intersections with ttoo lines rotating about 
different points. Of course the pair of lines is distinguished from the true conic 
by the vanishing of the discriminant. For convenience I consider the intersec- 
tions of U with three lines rotating about the vertices of the triangle of reference. 

Let 
a h g 

, let A = (fee), B = {a/))j G = (afe), jP, G^ H be the first minors of A , 



A = 



hhf 

g f <^ 



and let z = pa; be one of the rotating lines ; then the intersections of U with this 
line for any given value of p satisfy the equation 

(a + 2flrp + cf);x?+ 2{h +/p)x2/ + fey* = 0,. 
the discriminant of which is 

Q = b{a+2gp + cp») - {h+/pY= G- 2Gp + Ap\ 
If A ^ , CT is a true conic : 

if^<0, AQ = {Ap—Gy + AG—G^={Ap—Gy+bA, and Q will be 

positive for every real value of p if feA ]> , and J. >► , and only then ; 
if -4 = 0, Q= G — 2(rp, and Q will be of the same sign for every real value 
of p if 6r = 0, but then bA = AG— G®=0, i.e. fe = 0, and hence G= 
ab — A*= —A*, i. e. (7< 0, hence Q cannot be positive for every real value 
of p. 

Hence U is an imaginary true conic if feA >► and -4 >► 0, and a real true conic 
if A§0 and either feA=0 or A^O. If feA>0 and ^ > 0, then evidently also 
aA > 0, cA > 0, 5 > 0, (7> 0; and the conditions feA> and J[> may be 
replaced by aA ;p> and (7 > . 
If A = , U consists of a pair of straight lines : 

if -4 $ , AQ = {Af> — Gf > , hence Q^O for all real values of p but one, 

and the lines of U are imaginary, if -4 > ; 
if J. = , but either 5^0 or (7^0, U will consist of imaginary lines if those 
of the quantities B , G which do not vanish are positive ; 

if A=B=G=0, i.e. fee— /* = 0, oc— /=0, afe — A* = 0; ifa^O, c=^, 
6 = — ,/»=^,/=±-^-. then A=2^(±l-1), i. e. if ^<0 and 



a '^ or a a 
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A § the upper sign must be given to /, and U= {ax + hy + gzf, i. e, U 
consists of two coincident real lines; if aJO and 7t = 0, then 6=/=:0, 
and TJ=.a^ + ^gzx + cz*, where ac — gr^ = 0, i,e. ?7 consists of two coinci- 
dent real lines; similarly if a§0 and <7 = 0; if a = 0, and either &^0 or 
C$0, thengr = 7t = 0, J7=6//+ 2/yz + cz^, where ?>c— /^ = 0, i. c. CT still 
consists of two coincident real lines ; ifa = & = c = 0, then /= r/ = A = 
and there is no conic. 
The criteria for the conic TJ are then the following : 

{ahc) > , a {ahc) >► , (a&) > , ?7 is an imaginary true conic ; 
{ahc) 5 , and either a {ahc) ^ or (aft) ^0 , ?/ is a real true conic ; 
(a6c) = 0, and either (6c) ^O or (cec)>'0 or (a6)]>0, C/' is a pair of imagi- 
nary lines; 
{ahc) = , and either (5c) < or {ojc) < or {ah) < , CT is a pair of distinct 

real lines ; 
{ahc) = 0, and (6c) = {ax^ = (ai) =0, J7is a pair of coincident real lines. 

IV. If TJ and Y are two conies, where 

TJ= oo* + 6y* + eg* + 2/^2 + 2grza; + 2Aa^. 
7=aV+ jy + c^g^^- 2/'y2 + 2(/2x + "^lixy, 

among the conies /IJ7+ /iaF=0 passing through the intersections of ?7 and Y 
are three pairs of lines for which A»:/[a is determined by the equation Ax^ = 0, 
where 

Xa + im', Xh+fih!, >^ + fig' 
U + (ih\ U + iiV, y+fif 
^ + 11^, y'+fif, 7ic + fic' 

if the intersections of J7, Y are all real, the three pairs of lines are real ; if two 
of the intersections of J7, Y are real and two imaginary, the lines of one pair 
are real and those of each of the two other pairs are non-conjugate imaginary; 
if the intersections of U, Y are all imaginary, the lines of one pair are real and 
those' of each of the other pairs are conjugate imaginary. Hence if the four 
intersections of CT, Y are all real or all imaginary the three roots of A^^ = are 
real, but if U and Y have two real and two imaginary intersections, one of the 
roots of Aa^ = is real and two are (of course conjugate) imaginary. Putting 
then* J2 = 0»0^+18AA'00'— 27A«A'» — 4A0'3 — 4^0^, 



A;^ = 



* Salmon's Conio Sections, i 872. 
voi- VI. 
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Aa^ = will have three distinct real roots if i2]>0, two imaginary roots and 
one real root if i2 <[ , and three real roots of which two at least are equal if 
i2=0. 

If i2 < , U and V have two distinct real intersections and two imaginary 
intersections. 

If J2>0, CT and F have four distinct real intersections or four distinct 
imaginary intersections, and it remains to distinguish between these two cases.* 
For then the roots of A;^^ = are all ^eal and distinct, and hence the reduction 
to the common polar triangle is real, i. e. by a real linear transformation U and 
V can be brought at once to the forms 

Now the intersections will be all imaginary if an imaginary conic whose equation 
is real can be found passing through these intersections, i. e. if XJ7+/t^y= 
represents an imaginary conic for any real values of Jl, fi] by the criteria of III 
this will happen for any values of ^, (i, if ;ia + /ua', \8 + (i^\ ky + fiy have 
the same sign, i. e. if X, (i, p, pj q, r can be determined as real quantities such 
that ;ia + /[£a' = pp\ ?l(3 + ii^' = pj*, ^y + ^/ = pr*, 

i. e. if real quantities p^ q, r can be so determined that 



a a' p* 



= (/3/-/?V)/+(ya'-/a)5* + (a/3'-a'^)r«=0, 



y y' r* 

which will be possible if (/?/ — /3'y), (ya' — /a), (a/3' — a\3) are not all of the 
same sign, and only then, i. e. U and V will have four real intersections if 

(i^/ — /^V)» (y^' — /*)» («/^'~»'/3) are all of the same sign. Now let F be the 
quadratic covariant of U and V, i, e.f 

T = {BG' + BG— 2Fr)a? + {CA' + C'A — 2GG')y^ + {AB'+ A!B—2HW)^ 
+ 2{GH'^ &H—Ar—A'F)i/z+2{Hr+H'F—B&—BG)zx 

+ 2{F& + FG — GW— G'H) xy, 
where A, B, G, F, G, H find A', B, G\ F\ G^, W are the first minors of A 
and A', the discriminants of U and V respectively. This covariant formed for 
Uq and Fq is 

Fo = aa'(i3/ + y/30a^o + /3/3' (ya' + a/) yj + //(cci^' + ^a')^,) 
the roots of A^^ = formed for CT, F, and for Uq , Fq are evidently the same, and 
if the coeflBcients a , ^ , y , a', /?', / are so taken in absolute value that the two 

* Salmon says they ^^ have not been distinguished by any simple oriterion." 
t Salmon's Conic Sections, {878. 



^'l/o'^ 
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equations A^^ = are not simply equivalent but identical, i. e. if the determinant 

of substitution is unity, then, as in Salmon's Geometry of Three Dimensions, 

§§ 215, 234, 

A = a/?y, A'=a'/?y, U=Uo, V=Vo, F = Fo, 

which gives the three equation for a:5> ^» ^> 

aa' (/?/ + y/3') a:S + /?/3' (y«' + a/) 2^0 + y/ («|3' + l^a') i^ = F , 
from which follow 

V, ^', y : etc. 

F, ^^iya'-\-ay'), y/(a/3' + ^a') 

= Wy— r^'){— a/^y V— o!^'ry+ F) : etc. 

= (^/ - y/3')(- -°r A' J7- ^ A 7 + f) : etc. 

or, introducing the roots of A;^ = 0, — = » -^= — V' ~== » ^^^ 

/ii <^ f^2 p /^8 r 

putting 

^ A'?7+ Aa7+F=X, -^A'Er+ ^AF+F=F, ^A'f7+ AaF+F = Z, 

we have a:? : lA - ^o = W — y/^') -^ : (ya' — «/) ^^^ (^i^' - /3a') Z, 

from which if is evident that (/?/ — y^'), (ya' — a/), (a/?' — ^a') have respectively 
the signs of X, Y, Z, or their opposites, i. e. the intersections of J7, 7 will be 
all four real if the three last mentioned quantities have the same signs, and only 
then. But X, Y, Z are real, since the roots of A;^^ = are real, hence they 
will have the same sign if their sum a^ and product s^ have the same sign and 

the sum of their binary products s^ is positive. 

X ) X 
Let Ox be the sum, o^ the product, a^ the sum of binary products of -^» — > — 

then we have, writing A;^=A.^^+ 0.;iV + ©'. V* + ^'•i^^ 

A.ai= —0, A.(r, = 0', A. 0^3= — A', 

sx = ^A'. J7+ ai A. 7+ 3F = — 01. U— 0.7+ 3F , 

^, = ^A^fP + 4-'^^^^^'AA'.Cr7+(r,A».7»+2^A'.?7F 

+ 2<riA.FF+3P 
= A'e.JT-* + ^(00'— 3AA0 ?77 + A0'.7*— 20'.Z7'F— 20.FF + 3P, 
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ss = —A". U' + izZ-^^ AA'». U*V+ ^^:^-'"J A»A'. UV* + a^AK V 
+ fL A'l U'Y + \ ^^:^8 AA'. UVY + a,A\ V'f + -'- A'. Ur 

+ (2A'. — eK*) A . UV^ — A«A'. 7^ + A'G. J7T + i (©e' — 3AA') . UVf 

+ A&.v'¥ — &.ur-e.vF'+?\ 

where* 

= JLa' + jBJ' + a-' + 2Ff + 2Gg'+ 2Eh', 
&=A^a+B'b+G^c+2Fy+ 2&g + 2H'h. 
If then «ifi8>0 and s^^O for all values of the variables, JJand Fhave four 
distinct real intersections, otherwise they have four distinct imaginary intersec- 
tions. It may be remarked that we cannot have ^1=: if Sj > , and ^3 = only 

for those values of the variables for which a;o=0, yo = 0, or Zo=0, i. e. for 
points on the sides of the common self-conjugate triangle. 

If i2 = , U and V have contact, L e. two of their intersections are coin- 
cident. If the other two are distinct from each other and from the double inter- 
section, this is real and the distinct intersections may be real or conjugate 
imaginary ; in the former case the three pairs of lines are real and two of them 
coincide, in the latter case the lines of one pair are real and those of the other 
pairs (which coincide) conjugate imaginary. In either case Aa^ = has three 
real roots, two of which are coincident. These cases may be distinguished by a 
method similar to that employed above for i2>0, namely, CTand V cannot be 
put into the canonical form before used, but they can be brought by a real linear 
transformation into the formsf 

The equation Aa^ = formed for CTq, Fq is 

0= , X/3 + |!^^', 

Xy + /[//, , 

%. e.xi — is the double and - the single root, -^= — — > — = — — ^ 

i"i th t^i r Ih ^ 

The pairs of straight lines through the intersections are then 

(ya'— a/)4-(/3/-y/302/S = Oand(a/?'-/?a0a^o-2(/3/-yi30^^ 
and the former is the double pair. This double pair will be real or imaginary 

* Salmon's Ck)iiic Sections, {870. t Clebsch's Vorlesungen Hber Qeometrie, I, p. 187. 



= - (X^ + it^'){^y + ^/)«, 
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according cu3 /?/ — y/3' and ya' — a/ are of like or unlike signs, i. e. the distinct 
intersections of CT, V will be real or imaginary in these cases respectively. Now 
the CO variant F formed for CTq, V^ is 

Fo=- (a^/*+ /a'/?0a:S-2/3y/3yy5-2y/(i3/ + y/?0^«^. 
and, if the determinant of substitution for passing from U, 7 to J7o, Vf^\s unity, 

a'4 + i^Vo + 2/2^X0= F, 
from which follows ^observing that here — = — j , 

hence y>0 and X=Z>0 or =0 according as (^/ — y/?') and (ya' — a/) have 
like or unlike signs, i. 6. according as the distinct intersections of U and V are 
real or imaginary ; also, using ^i, $2, ^3 as above, 

«,= (|3/-y/3')[2(ya'-a/)a^ + (/3/-y/3')3^]. 

«.= (^/-y/^')*(ya'-a/)[(ya'-a/)4+2(/?/-y^')i^]a5. 
_ «,= 03y'-yi3')*{ya'-a/)*4^«, 
t. e. fii>0, «2>0, «s>0 for all real values of the variables if the distinct intersec- 
tions of U and Y are real, and only then (^i = only for the point of contact, 
^2=0 only for a point on the double common tangent, and «3=0 only for a 
point on the double common tangent or on the common polar with respect to 
U and y of the intersection of that tangent with the common chord joining 
the distinct intersections) ; t. e. (noticing that «3>0 for all real values of the 
variables) if any set of real values of the variables exists for which either «i<;0 
or «2 <^ > the distinct intersections of U and V are imaginary. 

If U and V have, two distinct pairs of coincident intersections, i. e. if they 
have two distinct contacts, we may employ the canonical forms* 

then A=:— a*/3, A'= — a^/3', A^= — {Xa + (laff {?.^ + iifi') , i2=0, 

A = A = _^, A=_4, a^'-fia'lO, 

* Clebeoh, VorleBangen fiber Geometrie, I, p. 189. 
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and ai!U — aF=^J7+f£i7=0 represents a double straight line (the chord of 
contact), while ^U — /3F=A, J7+ j[£,F= represents the tangents at the con- 
tacts, i. e. a pair of distinct straight lines, real or imaginary according as the two 
contacts are real or imaginary. Now in this case 

and, using X=Z and Y as before, 

Z=^A'.?7+— A.F+F=aa'(i3'?7+/37) — aa'(/3'?7+/3F) = 0, 

= (a/3' - ^a'){a'U- aV) = - (a/3' - fiajy*, 
»,=2X+ T=r, 8t=X* + 2XY=0, 83=X*Y=0; 

80 that for all value's of the variables «i = F^ . The double root of 

is given by ^l — _ ^CSJ^g— y») _ _ dJJ—Se' 

fii ~ dJJ—dff ~ 2{SJff—fl^' 

so that Jf_ _ sje—e» 

[A ~3J6»'— ^ ' 
and the distinct root is given by 

fjt~ J/J — j{zje— (P) ' 

and therefore the contacts will be real or imaginary according as 

A' (SAG' — &)U—A (3A'0 — &*)V=0 

represents a pair of real or imaginary straight lines, *. e., by the criteria obtained 

in III, according as those of the three quantities 
L = J^iSJff— €FfA—JJf{ZJff— eP){3Jd— e^){bd + c6'— IJf) + J»(3J'^ — 0^A', 
if = J*{SJe'—0^*B—JJ{SJff— €P){ZJd— <^Xca'+ <^— W)+ ^(3J'^— (^fJff, 
N=:J*{SJe'— €PfC—JJ{ZJ9— e^XSJe— e^){al/+bal—2hh')+J*{SJe— ff^fC 

which do not vanish are negative or positive (namely, we have proved above 

that such of them as do not vanish are of the same sign, and evidently they 

will all vanish only when the tangents at the contacts coincide, t. e. when U and 

F have four-point contact). 

If three of the intersections of U and V coincide, i. e. if TJ and F have 

three-point contact, the three roots of A^^. = are equal, i. e. 

SJ _& _ _ s /-J _^__}^__^» 



^A — ?. — ^— V"^ — — A — 



on their Intersections with each other and with Linear Loci. 231 

(and of course R = 0), and :^iU+(iiV=0, i. e. \/~^U— >v^A7=0, where the 
real cube roots are to be taken, represents a pair of lines consisting of the 
common tangent at the triple intersection and the line joining this point with 
the isolated intersection. The equation of these lines may be written in either 
of the forms 3A'?7— 0'7=O, &U—QV=Q or 0?7— 3AF=0, but either of 
these forms becomes illusory in some case (namely, the first two if A' = , and 
the last two if A = , for then = and 0^ = 0) , but the form above used is 
always definite. In this case the canonical forms 

U=l3yl + 2yzoXo, V=p(3yi + ^pyz^x^ + ia^x^y^ 
may be employed ; then 

A=-/3/, A'=-p«/3/, A;^=-/?/(^ + i«p)', ■^=-p. 

F = / [a^a:? - 2^^^, - 4p'^yzoX, - 2p/3a'xoyo] 

1* e, s-\^ -^ \) J ^3 > ^ > ^s > " • 

If all four intersections of U and V coincide, i. e, if U and V have four- 
point contact, the three roots of A;^ = are equal, i. e. 

^_ ^_ J^_ 8/~J^_ _A— _A— ^ 

ff 6 ZJ ^ A /ii /ji, ybg 

(and of course 5 = 0), and \/A'?7 — v^AF=0 represents double the tangeut 
at the quadruple intersection, i. e. by III, 

^i/^'A — ^AA^(6c' + cV— 2/f) + ^/A»j1' = 0, 

. \^A'^B—4/A^{ca'+ ad— 2g^) + ^/~K^B=0, 

^A^a— v^AA^(a?/+ hd— 2M') + 4/A^a' = 0. 
Convenient canonical forms of £7 and Fare* 

U= a4 + /?Z^o + 2yxoyo + 2^X0 , F= poaj + o (/3^ + 2yx^y^ + 2h7^x^) ; 
then 

F = — a pi? [(p + or) oa:? + 2a/?^ + 4(t5zo«o + ^ayxoyo] 

= -a/35^(a£r+F), 
X=F=Z=a/35*(orJ7+ F) + F = 0, 

«1=0, «8 = 0, «8=0. 



* Clebeoh, Qeometrie, p. 141. 
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If U and V have a straight line in common, the conic TiU+fiV contains 
this line, whatever the values of Jl, /u; hence A;^^=0, i. e. 

A = 0, = 0, 0'=O, A'=0. 

If the second lines of U and V are distinct from each other and from the 
first line, and the double points are also distinct, we may write 

i. c. F > for all real values of the variables. 

If the second lines of U and V are distinct from each other and from the 
first line, but the double points coincident, we may write 

U= 2/?aro2/o , y= a'^o + ^?%yo , F = , 
but, since the lines of each pair are distinct and real, either j1<C0 or J?<CO or 
C< , and either A!< or J?'< or (7'< . 

If the second line of U coincides with the line common to U and F, we 
may write U= aa^ , F= 2/3'cco y© » F = , 

and then j1 = J?= C= 0, and either j1'<0 or B<0 or (7'<0. 

Finally, if ZJand Fare identical, 

a~ b ~ c ~ f ~ g ~ h 
Collecting these results, the criteria for the intersections of the two conies 
U and F are as follows : 

1. R<iO] two real and distinct and two conjugate imaginary intersections. 

2. ^^O, «s]>0, «i«s>0; four distinct real intersections. . 

3. ^^'O, but not at once, ^j^'O and «i«s>0; ^^^^ distinct imaginary inter- 
sections. 

5 = 0, but not -^r = -^ = 



4. «i> 0, 5j>0 [^3 >0] ; two coincident real and two distinct real intersections. 

5. Not at once ^i>0 and 5s>0, nor «s=0, [«8>0] > two coincident real and 
two distinct imaginary intersections. 

6. ^i<0, ^,= 0[«s=0], and either Z<CO orif<0 or N<iQ\ two distinct 
pairs of coincident real intersections. 

7. «i<0, ^,= 0[«8=0], and either Z^O orif^O or JV^O; two distinct 
conjugate pairs of coincident imaginary intersections. 

^ = 4 = 5T' butnot A = = 0'=A' = O. 

8. «i>0 [«,>0, «8>0] ; three coincident and one isolated intersections, all real. 

9. 5i=0[«,= 0, «8=0]; four coincident real intersections. 



0;. 
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A = 0=0' = A'=O, but not -=^=-=4 = - = i- 

a o c J g h 

10. F>0; straight line common, second line of each pair distinct from the 
other and from the common line, double points distinct. 

11. F = 0, either J.<0 or5<0or (7<0, either J.'< or £'< or C"<0; 
straight line common, second line of each pair distinct from the other and from 
the common line, double points coincident. 

12. F = 0, A =B = C =0, either i4'<0 or £'<0 or (7'<0; 
orF = 0, A' = B=C'=0, either j1<0 or B<0 or C< 

straight line common which is a double line of one pair and single line of the 
other pair. 

13. — = — = — =•'-=—=—; conies comcident. 
a 6 <f J 9 h 

The conditions enclosed in brackets are superfluous. 

The cases for which R=0 but not ^^r = -tt^^^ "o~7^^ ^® distinguished from 
each other also without the use of ^i , Sg , ^3 . In these cases A^^ = has a double 
root -^ and a single root -^ • For these roots we have 

/i _ 2{ZJe—e^) _ 9JJ — Off j^_ sje—ff^ 
h__ _ ^ /4 _ J^(3jy— e^) 

and XiU+^iV=^0 may be written 

(9AA' — 00')J7— 2(3A©' — 0*)F=O or 2(3A'0 — 0^)?7— (9AA' — 00')7=O, 

the nature of which is determined by the principal first minors of its determinant, 

which are, by virtue of the equation i2= 0, 

2 (3 A©' — 0^)/, 2(3A0' — &)J, 2(3A0' —e^)K 

or 2(3A'0 — 0'*)/, 2(3A'0 — 0^)c7, 2(3A'0 — 0^)jr, 

where 

/=2(3A'0 — 0^)il — (9AA' — 00O(6c' + c6' — 2^) + 2(3A0' — 0»)4', 
J= 2 (3A' - e^)B — (9 AA' - e&){ca^ + a^ — 2/f) + 2 (3A0' — &)B\ 
K=2{SA'e — e^)G—{9AA'—e&){abf + ba^—2JM) + 2{SA& — 

namely, the first form of the principal minors must be employed if A'= 0'=:O, 

the second if A = = , but otherwise either. 

The criteria for cases 4-7 may then be stated thus : 

4. Some one of the quantities /, J, K has the same sign as' SA©' — 0* or 

3A'0 — 0^. 

Vol. VI. 
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6 Some ODe of the quantities /, J, K has a different sign from 3 A©* - 
or3A'0 — ©*. 

6. /= /= K= and either i < or Jf < or N<. 0. 

7. /= J"= K= and either i > or M^ or Jf > 0. 

In all of these criteria a vanishing quantity is regarded as having no sign. 



The cases in which 



ZJ 



ff 



^ b~ e~ / ~ ~ 






ff ~ e 3J 
may also be distinguished thus : 
8. Fnot=0; 9. F = 0: 

Or again by the nature of i/ dlU — v'AF=0, i. e. whether it consists 
of two distinct or two coincident lines, i. e. if 

/' = 'i/'^A — 2 i/~EA{hd + cy— Iff) + -CAM', 
J' = V"A*S— 2-i/AA^{co' + ac'— 2^/)+v'A*S', 
K'=^'i/'A^ a— 2^AA^(aJ' + 6a'— 2AA') + ■i/'^G', 
then the criteria are : 

8. /'<0or J'<Oor-fi''<0; 

9. I' = J'=K'=Q. 

V. The nature of the intersection of a quadric surface U and a straight 
line ^ven as the intersections of two planes P and F, where 

Z7=aa:*+6^ + c^ + <^'M'*+2/yz+ 2gzx + 2Aay + 2/icw)+ 2wiyw + 2mw, 

P=<iz + ^y + yz + hi}, F=a'x + ^y + ^z + h'z, 
is determined by the nature of the roots of the quadratic obtained by eliminating 
two of the variables from the equations U -=■(}, P = 0, P■=(^, but a more 
symmetrical method may be employed. Let x^, y^, z^, w, and jc,, y^, z,, tOt 
be the coordinates of any two different points on the line P = 0, P' = 0, then 
the coordinates of any point of this line will be 

ijZi + Tx,, ayi + ty^, (TZi + TZi, (rM!,-|-T«)g, 
and for the intersections of the tine with the quadric , ^ 

<T» Oil + 2ffT J7u + T* JTw = , 
where Uii and U„ are the results of substituting in U the coordinates x^, yi, Zi , Wi 
and 2^, f/j. Z|, toi respectively, and 






'd^ 



'aij- 
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The nature of the intersections, as is evident from I., depends upon the vahie of 

^u^n — ^ > which contains the coordinates only in determinants of the second 

order ; writing for convenience 

yia» — y»zi = (yiz,) , etc., /?/ — /3'y = (^3/) , etc., 
we have* 

=: p , say, where p is a non-evanescent real quantity. Now 



t/iit^a-f^=i 



«i or +yi ^' +2i 3r + "'i kr ' «« 'sr' +y» ^ +»» V +*«» 'sir 



dxi 



9yi 

af4 



'^^a^+2'^ay;+^ 






3wi 



3x, 



9yi 



a^i 









3yi 



a(Di, t7,) 



^{U^,U,) 



diUu Di) 



=tM°^^^+(-.)^tf5^+(-^.)"^Sf^^+(-)° 



+ (yi^i) ^^ + (^t^.) 



3(yn ^^2) 



where 



3{yu h) 



dUi dUi 

dyi ' dzi 

dy% ' d^ 



yt) 



9^2 



dUj 



, etc. 



I. e. 



d{U,,U,)_ 






d{yuh) 

= {^ —r)(!/iz%) + {/g — ch){zix^) + {/h— bg){xyy^) + (An — gm){xiW^) 

+ {bn —/m){yiWi) + {fn — cm){ziW^) 

= P i{hc -P){ah^) + {fg - ch){m + (/^ - hg){rh^) + (An - gm){^y) 

+ (in -»(ya') + {fn — cm){a^')'] 
h g a o! 
hf ^ ^ 



-9 



f c y r/ 

m n h h' 



, etc. 



an 



d substituting the values of (yi2»), etc., and J -^1— — r' ®tc., we find 



UnU„- TP»= 9\{<^') 



h g a a' 




f c y y> 


- im 


m n 8 if 





a g a a' 

hf^^' 

g c Y y 
I n h h^ 
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+ (y^O 



a h a a' 

h b 13 ii' 

9 f Y y 

1 m h h' 



+ W) 



a I a a' 

h m ^ ^' 

g n y y 

I d 6 f>' 



+ (K) 



h I a (x! 

h m P P' 

f n Y y 

m d h h' 



+ («i5') 



g I a a' 

f m ^ ^' 

c n y y 

n d h h' 



J = p^App^, where App^ = {a bed) pp. = 



a h g I a a' 

h b / m 13 (3' 

g / c n y y 

I m n d h h^ 

a P y h 

a' /3' y h' 



i. e. A, the determinant of U, bordered by the coefficients of P and P] so that 
^11 f^» — ^ ^Jid App' have always the same sign when not evanescent, and vanish 
together. 

The intersections of U and the line PP are then real and distinct, real and 

coincident, or conjugate imaginary according as App.<C^j =, or >► 0. 

The condition that the line PP* touches U is then* App. = .* 

VI. The nature of the intersection of a quadric surface U with a plane P, 

defined as in V., can be determined by eliminating one variable and examining the 

nature of the conic represented by the resultant. Eliminating w the resultant is 

{ab^— 2lah + da})7?'\' {bh^ - 2m^h + dl3')fj' + {cb'— 2nyh + dy^)^ 
+ 2{/b^— myS — n^h + d^y)yz + 2{gh^— lyh — mih + day)zx 
+ 2(A5*— l^h — mah + da^)xy = 0, 

the determinant of which is 

ah^— 2lah + da\ hf?— l^h — mah + da^, 

hh^— l^h — mah+da^, bh^— 2m^h + d^, 

gh^ — lyh — ria^ + day, fh^ — myh — n^h + rf/?y , 

= -5^Ap, 

where a h g I a 

h b / m ^ I 

g f c n y 

1 m n d h 

a (3 y S 



gh^ — lyh — nah + day 
fh^ — myh — ni3h + d^y 
ch^ — 2nyh + dy 



Ap = {abcd)p = 



* Salmon's (Geometry of Three Dimensions, { 80. 
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[namely any determinant with the suJSSx P is bordered by the coefficients of P] ; 
the principal first minors are — 6^{bcd)p, — S^{acd)p, — b^{abd)p, where 



{bcd)p = 



b / m ^ 

f c n y 

m n d h 

/? y 5 



{acdl)p = 



a g I a 

g c n y 

I n d S 

a y S 



{abd)p = 



and the principal constituents are — (arf)p, — {bd) 



Pi 



(ad)p = 



a I 


a 


I d 


S 


a S 






{bd)^= 



a h I a 
h b m ^ 
I m d h 
a /? 5 
— {cd)p , where 
c n y 
n d h 
y h 



{cd)p = 



b m ^ 
m d S 
/? « 

The results of eliminating x, y, or z, instead of w, from U= and P= 
are evident from the above ; then by IIL, if we introduce also 
a h g a 



{abc)p= 



{bc)p = 



h f ^ 
fey 

^ y 



a g a 

{ac)p = g c y 

a y 



{ab)p = 



aha 
hb [i 
a (3 



h b f 13 
9 / y 
I a /?. y 
the intersection of P with U will be : 

an imaginary true conic, if {ab)p{abcd)p^ and {abc)p<^ 0; 
a real true conic, if {ab)p{abcd)p^ or {abc)py 0, but {abcd)p'^0', 
a pair of conjugate imaginary lines, if {abcd)p=^0 and either {bcd)p<iO or 

{acd)p <C or {abd)p <C or {abc)p <C ; 
a pair of distinct real lines, if {ahcd)p = and either {Jbcd)p > or (acd)p >► or 

(abd)p > or {abc)p > ; 
a pair of coincident real lines, if {abcd)p = , and {bcd)p = {acd)p = {abd)p 

= {abc)p = . 

The condition that P touches Z7is then {abcd)p=^ 0.* 

If {ab)pAp > and {abc)p <C 0, then also {ac)pAp > 0, {ad)pAp > 0, 
(6c)j,Ap>0, (&d)pAp>0, (ccZ)pAp>0, (6ccZ)p<0, (acrf)p<0, and (aid)p<0; 
and if Ap = 0, then those of the determinants {bcd)p, {acd)p, {abd)p, and {ahc)p^ 
which do not vanish have the same sign. 

VII. The nature of a quadric U is determined by a method analogous to 
that of III., L e. by considering the nature of the intersections of U with the 
planes 

a: + pt£7 = 0, y4-pt£? = 0, 2; + pt£7 = 0, y + p2 = 0, x + p2 = 0, x + py=0 
for all real values of p. Namely, in order to avoid the consequences of a special 



* Salmon ^8 (Geometry of Three Dimensions, i79. 



238 



Story : On the Ahsohite GlasaificatUm of Qucid/rcUic Lociy and 



relation of U to the tetrahedron of reference, it is necessary to consider the 

intersections of at least five of these pencils of planes. The results for all these 

pencils can be obtained from those for any one by an interchange of letters. Let 

U=a3i?+ 6^+ C2*+ d/ic^ + 2fyz + 2gzx + 2kQcy + 2locw + 2myw + 2nzw, 

a h g I 



A = {abed) = 



B = {acd) = 



a g I 
gen 
I n d 



h h f m 
g f G n 
I m n d 

C=(abd) = 



A = (bed) = 



b 


f 


m 


f 


c 


n 


m 


n 


d 



a h I 
h b m 



F= — 



a h I 

gf n 

I m d 



L = - 



h h 


f 


gf 


c 


I m 


n 





a h g 


D = {ahc) = 


h b / 




9 / c 



. l?Lv>., 



{ad) = 



a I 
I d 



,{bd) = 



b m 
m d 



'(^'^)= nd 



c n 



' ^^^~ / c I' ("^^~ 



ay 

gc 



. («*)=Uj 



The nature of the intersection of Z7 with the plane x^ pw is determined by 
the criteria of VI. We have here 
P = x + pw, {abcd)p= — {A + 2pL + p^D), {bcd)p= — p^{bc), {abc)p= — (be), 

— {a<:d)p = (cd) + 2p {gn — d) + p^(ac) , 

— {abd)p = {bd) + 2p [hm — 6?) + f>\ab) , {ab)p = —b. 

1. The intersection with every real plane x +, pw ia then an imaginary true 
conic if b{A'\' 2pL + p^D) > for every real value of p and {be) > . Then 
AD — X*=(6c)A>0, so that neither A nor D vanishes, and 6Z>>0. The 
conditions are therefore 

{abcd)^0, 6(a6c)>0, (6c)>0. 

2. The intersection is an imaginary true conic for every real plane a: + pii? 
but one, and a pair of imaginary lines for this one, if b{A+ 2pL + p*Z>)^0 for 
every real value of p and (6c) ^O. Then ^Z> — X*=(6c)A=0, but neither 
A nor D vanishes, and bDy^O. The conditions are therefore 

{abcd) = 0, 6(a6c)>0, (6c)>0. 

3. The intersection is a real true conic for every real plane x + pt^? if 
6(j1 + 2pZ + p*-D)< for every real value of p or (6c) <0, but not A + 2pX 
+ pW = for any real value of p . Then AD — L^= (be) A > , so that neither 
A nor Z? vanishes ; also, if 6(j1+ 2pX + p*Z>) = 0, then 6Z> = 0. There are two 
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possible sets of conditions : 

either {abed) > , h {aba) ^ , (be) > , 

or . {abcd)<iO, 6c <0. 

4. The intersection is a real true conic for every real plane x + pw but one, 
say Pi=x + piw , and a pair of distinct real lines for this one, if A + 2pL + pW = 
only for p = pi, and either b{A + 2pL + p^Z>) = for every real value of p and 
(be) = and either — {abd)p^ < or — {acd)p^ < , or {be) < . Then AD — D 

= (6c)A = 0. If (6c) :^ it is found that pi == —=— — =^ ^~{ ' whence* 

- {ch -fg)'{acd)p^ = {ch -fgy [(erf) + 2p,{gn - cl) + p!(ac)] = - c«A, 

- {oh -fgf{aU)p^ = {ch -fgy [{bd) + 2p,{hm — bl) + pj(a6)] = - 6*A, 
thus A>0;f also, since b{A + 2pX + p*i))<0, 6j1<0 and bD^O, but not at 
once, 4 = Z> = , since A + 2pL + p^D = only for p = pi . There are two 
possible sets of conditions : either 

{abed) > , 6 {abe) = , b {bed) < , but not at once {abe) = {bed) = , {be) = ; 
or {abed) = , {be) < , but not at once {abe) = {bed) = . 

5. The intersection is a real true conic for every real plane x + pw but one, 
say i^i = ^ + Pi^ » ^^d ^ P^ir of imaginary lines for this one, if j1 + 2pL + p^D = 
only for p= pi, and either b{A+ 2pL + p*Z?)< for every real value of p and 
(6c) = and either — {abd)p^ > or — {aed)p^ > , or (6c) > . Then AD — D 

= (6c)A=0. If (6c) = 0, we have, as in 4, pi=-r — j- ^ — {oh — fg)\(^)p, 

= — c*A, — {ch —fg)\abd)p^ = — 6*A, /. A< 0;J also, as in 4, 6^ <0 and 
bD'^O, but not at once j1 = Z> = . There are two sets of conditions : either 

(a6cd)<C0, 6(a6c)^0, 6(6cc?)<0, but not at once (a6c) = (6crf) = , (6c) = 0, 
or {abed) = 0,6 (a6c) < , 6 {bed) < , but not at once (a6c) = {bed) = , (6c) > . 



*The cases in which (6c)=0 and either o = 0, or 6 = 0, or o^O and ch — /sr = require special 
consideration, but they lead to the same conditions as the general case. 

Ifc = 0, then/=0, P» = ^, (acd)p^ = 0, - (aM)p^ = -^, . •. A>0, ^ = -6n% Dz^-hg\ 

6.4 = — 6^ nS 62)= — 6«flr*. 

If 6 = 0, we have conditions analogous to those for c = . 

If c^OandcTi— /flr=0, then 6 = -^, h = ^, Pi=«>, (ob) = '~r (oc), — (aM)p^ and — (aal)p are 
of the same sign as {ac), .'. (ac)<0, A = — ^(/n — Cf»)«>0, A=: — )- (fn — em)*, D = 0, 

t It cannot be that & = c = , for then jI = D = , which is excluded by the next line. 
tSee also the first footnote to 4. 
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6. The intersection is a real true conic for every real plane a + pt£? but one, 
say Pi = cc + ffiw , and a pair of coincident real lines for this one, if j1 + 2pZ 
+ p^Z) = only for p = pi , and h{A + 2pL + p*Z>) = for every real value of p , 

(fec)=0, {abd)p^ = {acd)^^ = 0. Then AD — P= (be) A = 0, Pi = ^Zf" ' 

— {ch — fg)\acd)p=—(?A, —{ch—fg)\ahd)p=—h^A, /. A=0;* also hA^^O 
and bD'^Oj but not at once ^ = Z> = . The conditions are 
{abed) = 0,6 {abc) < , 6 (bed) ^ , but not at once (abc) = (bed) = , (be) = . 

7. The intersection is a real true conic for every real plane x + pw but two 
if A + 2pL + p*i9 = for two real values of p, and either b{A + 2pL + pW) < 
for every real value of p or (6c) < 0. Then AD — L^= (6c) A<C 0, and hence 
(6c) § . Since A + 2pZ + p*Z> changes sign for real values of p , b{A + 2pL 
+ p*Z>) ^ only if 6 = , but then (6c) < . The conditions are therefore 

(abed) > , (6c) < . 

8. The intersection is an imaginary true conic for an infinite succession of 
real planes x + pt^?, a real true conic for an infinite succession of real planes 
x+ pw, and a pair of imaginary straight lines for each of the two real planes 
which separate these successions, if AD — X*= (6c)A<C0 and (6c) >0, i. e. if 

(a6ccZ)<0, (6c) >0. 

9. The intersection is a pair of imaginary lines for every real plane a; + pt^? 
ifi4 = X = Z> = and either (6c) > 0, or (6c) = 0, — (accZ)p> and — (a6cZ)p=0 
for every real value of p, but not at once (a6d)p = (acc?)p :^ . Hence, if 
(6c) = 0, {ac){cd) — {gn — elf = cB^O and {ab){bd) — {hm — blf = 6(7^ 0, 
(a6)>0 or {ac)y>'0 or (6dl)>0 or (cci)>0, together with such other conditions 
as shall ensure the inequality of the values of p for which {abd)p and {acd)p 
vanish, if the latter are both perfect squares, i. e. neither of them can be a finite 
(or vanishing) multiple of the other if bC = cB =i 0. Now if (6c) = and 

A = D = 0, we have, ifc<0, 6= ^, A = — — {cm—fn)\ D= — ^{ch — fg)\ 

.-. w = ^, ^=T' (^*)='J(^)' {^d) = ^{cd), hm — bP=^{gn — cl), 
(a6d)p = ^ (acd)p ; if c= 0, we have/=0, il= — bn^, D= — bg^, .\ g:=n=^0 

(since 6 = c = makes {ab) < , {ac) = , (bd) < , {cd) ^ O) , {ac) = (cd) = , 
gn — cZ= 0, {acd)p= ; in each of these cases one of the quantities {ahd)p and 
{acd)p is a finite (or vanishing) multiple of the other, therefore we cannot have at 

*See also the first footnote to 4. 
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once bG=^cB = 0, but must have either bC^O or cB^O. If either of the 
above sets of conditions are satisfied it will be found that A = 0; also, it A=^ D 
= and either A = or (be) = , then X = . The conditions for this species 
of intersection are then 

either (abed) = , (abc) = (bed) = , (6c) > ; 

or {abcd) = 0, (abc) = {bcd) = 0, b{abd)^0 or c(acc?)>0, (6c) = 0, 

(ab) > or (ac) > or {bd) > or (cd) > 0. 

10. The intersection is a pair of imaginary lines for every real plane x-^- pw 
but one, and a pair of coincident real lines for that one, if jl = i)=:Z=:0, 
(6c) = 0, — (acd)p>0 and — (a6d)p>0 for every real value of p, namely {abd)p 
= {acd)p = for one and only one real value of p . Then, as is evident from the 
treatment of the preceding case, the conditions for this species of intersection are 

(a6c(Z) = 0, (a6c) = (6ceZ) = , b{abd) = c{acd) = 0, (6c) = 0, (a6)>0or 
(ac)>0 or (6d)>0 or (crf)>0. 

11. The intersection is a pair of distinct real lines for every real plane 
x + pw, if j1 = Z)=Z = and either (6c) <0, or (6c) =0 and —{abd)p^O 
and — (a^)p<0 for every real value of p, but not at once (a6d)p = (aai)^ = . 
If (6c) = , the conditions are the same as in 9, excepting that here (ab) <C 
or (ac) <C or {bd) <C or {cd) <C , and hence 6 = c =/= is possible ; if then 
6 = c=:/=0, — {acd)p = — (n — pgr)^ — {ahd)p = — {m — pA)^ and we must 
have gm — An ^^ , but we also have A = {gm — An)*, hence A > . The con- 
ditions for this species of intersection are then 

either {abed) = , (a6c) = {bed) = , (6c) < ; 

or {abed) = 0, (a6c) = {bed) = 0,6 {abd) > or c {acd) > 0, (6c) = 0, 

(a6)<0 or (ac)< or (6(i)< or (ceZ)< ; 
or (a6cd)>0, (a6c) = (6cd) = , (6c) = 0. 

1 2. The intersection is a pair of distinct real lines for every real plane x + pw 
but one, and a pair of coincident real lines for that one, if -/1 = Z)=Z = 0, 
(6c) = 0, — (a6d)p=0 and — (acd)p=0 for every real value of p, namely {abd)p 
= {acd)p = for one and only one real value of p . The conditions are then 

{abcd) = 0, (a6c) = (6crf) = , b{abd)=:c{aed) = 0, (6c) = 0, (a6)<0or 
{ac) < or {bd) < or (cd)< . 

13. The intersection is a pair of imaginary lines for an infinite succession 
of real planes a + pto , a pair of distinct real lines for an infinite succession of 
real planes x + pw, and a pair of coincident real lines for each of the two real 

Vol. VI. 
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planes which separate these successions, if 4 = Z> = Z = , (be) = , i (7 <[ or 
c5<C0. Then, as in 9, since b and c cannot both vanish, A = 0. Hence the 
conditions are 

{abcd) = 0, {abc) = {bcd) = 0, b{ahd)<iO orc(acrf)<0, (6c) = 0. 
14. The intersection is a pair of coincident real lines for every real plane 
a; + pt^, ii A = D = L = 0, (6c) = 0, b{ahd)=c{acd)=iQ, (ab) = (ac) = (bd) 
= (cd) = . Then A = , and the conditions are 

{abcd) = 0, {abc) = {bcd) = 0, b{ahd) = c{acd) = 0, (fec) = 0, {ab)={ac) 
= {bd) = {cd) = 0. 

These results tabulated are : 



(abed) 


(6c) 


bidbc) 
blbcd) 


(abc) b (abd) 
(bed) c (acd) 


(ab), (ac) g^jies 
(bd), (cd) »P®<5ie8 


>o 


>o 


either > 








1 


either ^ 








8 

7 


<o 










= 




either ^ 
both = 






4 
11 






<o 


>o 










8 


<0 






. 




8 


= 








5 
2 


= 


>o 


either > 








either^ 


either ^ 
b6th = 






5 




9 


<o 




either S 






4 


both = 






11 


= 




either ^ 






6 


both = 


either > 


either > 


9 


either < 


11 


either < 




18 


both=:0 


either > 


10 


either < 


12 


aU = 


14 
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The interchanges of letters by which this table is made to give the conditions 
for the different species of intersections with planes through either edge of the 
tetrahedron of reference are evident. 

There are the following eight absolute classes of quadric surfaces (surfaces 
of the second order given by real equations in point-coordinates) : 

imaginary true quadrics, 

convex quadrics (real true quadrics with imaginary generators) , 

real quadric scrolls (with real generators) , 

imaginary quadric cones (with real vertices) , 

real quadric cones, 

pairs of imaginary planes (with real double edges), 

pairs of distinct real planes, 

pairs of coincident real planes. 

For an imaginary true quadric the intersections are of the species 1 for each 
edge of the. tetrahedron, and the necessary and sufficient conditions for this class 
of quadrics may be written 

(a&cd)>0, (a6)>0, a(a6c)>0. 

A convex quadric may be cut by either edge of the tetrahedron in distinct 
real points, in coincident real points (case of tangenc}^), or in imaginary points; 
the intersections by a plane rotating about the edge are of the species 3 , 5 or 8 , 
which concur only if (afec^XO, 

which is therefore the condition for this class. 

A real quadric scroll may be cut by either edge in distinct real points, in 
coincident real points (case of tangency), or in imaginary points, or it may 
contain the edge as generator ; the intersections by the rotating plane may be 
of the species 7 , 4 , 3 or 1 1 , which concur only if (ahcd) > , but the other 
conditions for 1 must not all be satisfied, i, e. the conditions for this class are 

{abed) > , and either (ab) < or a {abc) = . 

An imaginary quadric cone may be cut by either edge of the tetrahedron 
in imaginary points or in coincident real points (the edge passing through the 
vertex of the cone) , but not more than three edges can have the latter position ; 
the intersections by the revolving plane are of the species 2 or 9; and, 
conversely, if the intersections are of the species 2 for either edge, the quadric 
is evidently an imaginary cone. The conditions are therefore 

(a6crf) = 0, and either a(a6c)>0 and (aft)>0, or a(aW)>0 and (a6)>0, 
or c(aod)>0 and (cd)>0, or c(Jcd)>0 and (cd)>0. 
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A real cone is met by any edge of the tetrahedron in imaginary points, in 
distinct real points, or in coincident real points so that the edge is tangent to the 
cone or passes through the vertex, or the cone contains the edge as a generator ; 
the intersections with the revolving plane are of the species 5, 4, 6, 13, 11 or 
12, namely, of the species 12 for at most three edges meeting in one point. Now 
by a real linear transformation which does not alter the value of A, any tangent 
to the cone can be made an edge of the tetrahedron of reference, hence A=:0. 
Then the conditions are evidently 

{abcd) = 0, either (a6)<0, or a{abc)^0 and a{ahd)^0, 
and either (cd)^O, or c(acrZ)=0, and c{bcd)"^0. 

A pair of imaginary planes is met by any edge of the tetrahedron in two 
imaginary points, or in two coincident real points, or the edge lies entirely in 
the quadric (is the double line of the pair of planes), but only one edge can 
have the latter position ; the intersections with the revolving plane are of the 
species 9, 10 or 14, namely, of the species 9 for at least one edge, and of the 
species 14 for at most one edge. The conditions are therefore 

(abed) = , (bed) •= (acd) = (abd) = (abc) = , and either (ab) > 
or {ac)>0 or (arf)>0 or (6c)>0 or (6cZ)>0 or (crf)>0. 

A pair of distinct real planes is met by any edge of the tetrahedron in two 
distinct real points, or in two coincident real points, or the edge lies in one or 
both of the planes of the pair, and at least one edge must have the first position 
and at most one edge can have the last position (coincident with the double line 
of the pair of planes) ; the intersections with the revolving plane are of the 
species 11 , 12 or 14, namely, of the species 11 for at least one edge, and of the 
species 14 for at most one edge. By a real linear transformation which does not 
alter the value of A, the double line of the pair of planes can be made an edge 
of the tetrahedron, hence A = 0. The conditions are then 

{abed) = , (bed) = {a^) = (abd) = (abc) = , and either {ab) <C 
or (ac)<0 or (ad)<0 or (6c)<0 or {bd)<CO or (cc?)<0. 

A pair of coincident real planes is met by any edge of the tetrahedron in 
two coincident real points ; the intersections with the revolving plane are of the 
species 14 for every edge. The conditions are therefore 

{abed) = , {bed) == {acd) = {abd) = {abe) = , 
{ah) = {ae) = {ad) = {be) = {bd) = {ed) = 0. 

The conditions here given for the different classes are mutually exclusive 
and therefore not only necessary but sufficient. They can be put into a somewhat 
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simpler form. Any succession of principal minors of A (including A itself) of 
which each is a principal first minor of the preceding may be called a sequence 
of principal minors of A, and the minors themselves may be denoted by (4), (3), 
(2), (1) respectively, the number enclosed in parentheses denoting the order 
of the determinant constituting the minor ; thus there is a sequence in which 
{4) = (abed), (3) = (aW!), {2) = {bd), {l) = b; (4) is always {abed), and every (1) 
is a principal constituent of {abed) . The conditions for the different classes are 
then the following : 
if (4)>0 and there is a sequence in which (1)(3)>0 and (2)>0, U is an 

imaginary true quadric ; 
if (4)>0 and there is no sequence in which (1)(3)>'0 and (2)>0, CT is a 

quadric scroll ; 
if (4) <C , ?7 is a convex quadric ; 
if (4)=0 and there is a sequence in which (1)(3)>0 and (2)>0, Vis an 

imaginary cone ; 
if (4) = and there is a sequence in which either (1) (3) = or (2)^0, but not 

(3) = , ?7 is a real cone ; 
if (4) = and in every sequence (3) = 0, and in at least one sequence (2) > 0, 

Z7 is a pair of imaginary planes ; 
if (4) = and in every sequence (3) = 0, and in at least one sequence (2)<C0, 

?7 is a pair of distinct real planes ; 

if (4) = and in every sequence (3) = and (2) = 0, tT" is a pair of coincident 

real planes. 

(to be continted.) 



The Imaginary Period in Elliptic Functions. 

By W. W. Johnson, U. S. Naval Academy^ Annapolis^ Md. 



1. The object of this paper is to present a proof of the imaginary period of 
the elliptic functions, which appears more in accordance, than that usually given, 
with the manner in which the notion of a function of an imaginary variable 
naturally presents itself after the study of the function of the real argument. 
In doing this I shall employ, and to some extent develope, a notation which I 
have found useful in simplifying the processes and abridging the expression of 
results in the elementary treatment of the elliptic functions. 

2. If we put s ^ d 

n n n 

we may consider the ratios of s, c, d and n which are functions of u, without 
defining the actual values of these quantities as functions of u ;* all equations 
involving these quantities being thus homogeneous. For example, the relations 
between the squares of sn t^, cnu, and dn u are expressed by 

^ + c»=r^^ (1) 

and J^s' + d^=n^', (2) 

whence, by elimination, we have also 

J^(^ + Jif^n^=d^, (3) 

and c» + ^^ = c?, (4) 

of which (3) expresses the relation between the squares of en u and dn u. 

3. In accordance with this notation the first letter of the functional sign 
sn, en, or dn points out the numerator, and the second the denominator of the 
ratio, and accordingly we are also led to put 

8 snu n I , 

Qcu = — = » nsi^= — = > etc., 

c cau 8 snu 



* The quantities s, c, d and n of course may be taken as differing from the theta functions only by 
certain multipliers involving k, in fact they may be taken to be the actual values of the tabvlar theta 
functions Bi , O, , 6, , and B , whose logarithms will be given in the forthcoming tables of the theta 
functions. 
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a notation already employed by Mr. Glaisher, who has pointed out* the advantage 
of considering the tioelve elliptic functions, sn, en, dn, their six ratios and three 
reciprocals, instead of supplementing sn, en and dn with the functions of the 
coamplitude. In the present notation, these twelve functions are the ratios of 
the several pairs of quantities which can be formed from the four quantities 
8, c, d and ri, and equations (l)-(4) express the linear relations which exist 
between the squares of any two functions which have a common denominator, 
thus the relation between sc u and dc ii is given by (4), which may be written 
in the form 1 +Jcf^ sc^u = dc^u . 

4. The twelve functions of a special value of u are of course all given at 
once, when the ratios of «, c, c? and n are given ; for example, we have 

for u=0, 5:c:cZ:n= 0:1:1:1, 

for u = K, s:c:cZ:n=l:0:A/:l, 

for u= 2K, s:c:d:n = 0: — 1:1:1, 

and fort^=3^, 8:c:d:n=^ — l:0:A/:l;f 

and when this is done nothing prevents our taking the values of the proportional 
numbers as the actual values of the letters ; the values given above for instance 
satisfy equations (l)-(4). 

5. The quantities s, c, d, n, when considered as functions of u, must be 

regarded as containing a common undetermined multiplier; their logarithms 

therefore contain a common undetermined part, namely, the logarithm of the 

undetermined multiplier, which must be regarded as an arbitrary function of Uy 

and their logarithmic derivatives will likewise contain a common undetermined 

part. Hence, although neither the derivatives nor the logarithmic derivatives of 

the quantities «, c, rf and n have determinate values, yet the differences of the 

logarithmic derivatives have determinate values. Thus, the definition of the 

function sn gives d , 

° -r-8nu = cnu anu, 

du 

or da e,d 

du n V? 

*See Messenger of Mathematics, Vol. XI (Oct. 1881), p. 81 and p. 120. 
t In like manner we have 

forti = if, «:c:(2:n = i:l :A;:0, 

and for t4 = jr+<^', «:c:(i:n = l : — tA/iO:*; 

the four quantities vanishing for the respective values of u^^^^ K^ K + \K'^\K'\ so that for each of these 
values three of the twelve functions hecome infinite. It is hardly necessary to remark that the want of 
analogy between the relations of if to the eUiptic functions and those of K and oi K+iK' (see Cay ley ^s 
Elliptic Functions, p. 18, ^^ only it must be borne in mind that K^K+iK' have, J^, %K' have not, analogous 
relations to the eUiptic functions '^) disappears when the twelve functions are considered. 
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which, putting D for -^ > may be written in the form 

Ds Dn o.d , . 

— — (5) 

To obtain the difference between the logarithmic derivatives of c and w, we 
have, by differentiating equation (l), 

sDs -{- cDc :=- nDn ^ 
and eliminating Ds hereby from equation (5), we find 

nDn — cDc Dn e.d 





«* n 8.n 


or 


n' — «* Dn cDc c.d 




«* n «• 8.n 


whence, since w* — «* =:^ c*. 


De Dn 8.d 



(6) 

n c.n ^ ^ 

In like manner, eliminating Ds from equation (5) by means of 

Ji^sDs + dDd = nDn, 
the derivative of equation (2), we find 

Dd Dn ,« 8.0 .^. 

-^7 = — A?— -. (7) 

d n d.n ^ ' 

The other differences are now readily obtained from these by subtraction, 

they are ^ Dc^ _ dja . 

8 ».c ' ^ ' 

Ds Dd c.n . V 

~8 'd~jA' ^^ 

T- = — ^-:j- (10) 

6. Equations (5)-(10) give in fact the logarithmic derivatives of the twelve 
functions, and from them we at once have the derivatives of the functions 

themselves as follows : ^„^ ^-^ /ii\ 

-r-snt*= — r-» (11) 

du 1^ ^ ' 

d 8,d / V 

^— cnw = r» (12) 

du n* ^ ' 

4-dnu = -J^^, (13) 

-3— sd t« = -^ » (14) 

^od. = -*«^, (16) 

Aod„= »^, (16) 
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(17) 
(18) 
(19) 

(20) 
(21) 

(22) 

7. From these equations we readily derive the derivatives of the inverse 
functions, arg en x, arg so x, etc. 
Thus, put u = arg en x , 

then 



d 

-r- SCI^ = 

du 


d.n 


^ A 

du 




d 

-r-ncti = 
du 


0» ' 


d 

-— C8W = 

du 


d.n 


^ A 

du 


c.n 


d 

-r- ns w = 
du 


c.d 

8* 



x 


— 


en w = 




n 




= 


a.d 
n^ ' 





and from (12) 

expressing a and d in terms of c and n, by means of equations (1) and (3), 

or _d^ 1 

Again, if t^ = arg sc x , 

8 

X = sc t* = — > 



and from (17) dx d.n 

du (? 
Expressing d and n in terms of a and c, by means of equations (4) and (1), 

or d 1 

1^ arg sc X - ^(jfc«^+ 1.3^+1) • 

The complete set of derivatives is as follows : 

i *^« «^ =^ = v(i-^'i-ifev) ' (2^) 

i arg cna:= - -^^j-^ij^-p^^. (24) 

AargdDx=- ^^j,_^^_^^ . (26) 

VOL. VL 
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1 

1 

1 



d 

dx 


arg 


sdx 


— 


d 

dx 


arg 


cdaj 


— 


d 

dx 


arg 


ndx 


= 


d 
'dx 


arg 


scaj 


= 


d 
dx 


arg 


dccc 


— 


d 


arg 


nc X 


— 



1 

1 

V(ai*— l.a^— *')' 
1 



(26) 
(27) 
(28) 

(29) 
(30) 
(31) 



-^ arg C8 X = - -^^-pi^^^P^ . (32) 

A arg ds » = - -;^^^-pl^-^ , (33) 

^argnsx = --^,^^-l-^— ^, (34) 

in each of which the radical is positive for values of the inverse function 
between and K. 

8. These formula^ give the following expressions for the twelve inverse 
fimctions as integrals : 

arg en x = _/-^^^-^^-^ , (36) 

arg dn X = _/_^^_J-,_^ , (37) 

argsdx= X ^(i_;y$.^^+i^ ' (38) 

arg cd X = -/ ^(i_^i_;fev) • (3^) 

argndx= /-^^j_^^^_^. (40) 

arg scx= J-^^^-p^j^^. (41) 

argdcx= /-^^_^^-^. (42) 
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arg C8 « = _^^-— p^—p-, (44) 

argd8a;=-/ ^^^,_^g^_^ . (45) 

argiisx=-/^^p-^^— ^. (46) 

9. It will be noticed that the expressions under the integral sign form six 
pairs the members of which are either identical or become so when x in one of 
them is replaced by J(fx, thus we have 

arg sn X + arg cd x = ^, (47) 

OS 

arg en jc + arg sd -^ = ^, (48) 

arg dn X + arg nd -r^ = JT, (49) 

arg sc X + arg cs Jifx = -S", (50) 

arg dcx + arg ns x = ^, (51) 

arg nc X + arg ds 7<fx = K. (52) 

The six corresponding expressions for JT as a definite integral are 

10. The denominators in the six diflferent forms among the integrals (35}- 
(46) consist of all the combinations of two radicals of the forms 

V (a»— x^), V (x*— a*) and V (x*+ a») 

where the two radicals may have the same form. As formula for integration it 
seems best to retain equations (35)-(37) and (41)-(43), which is the selectioii 
analogous to the choice of the forms arc sin x , arc tan x , and arc sec x in inte- 
grating radicals of the second degree. 
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11. Equations (47)-(52) obviously give the functions of the coamplitude 
K — w, thus the first three give 

sn {K — 1^)=: cd w, 
en {K — w) = 7i/sdt*, 
dn (^ — w) = Z/ndi^, 
and the others give consistent results, all of which may be expressed thus : 

if v!:=zK — w, €f:cf:clf:n'=^c:J{fs:J{fn:d, (59) 

It is readily inferred that 

if u'=K+u, 6f:cf:d':n'=c:—Ji!s:k'n:d. (60) 

12. Let us now consider the functions of a pure imaginary quantity u=^ iv. 
Let a; = sn i^ = sn it; , since the function sn is an odd function, x will be a pure 
imaginary quantity, say x=^iij. Then, substituting in 

/*• dx 

. _ r idy 

*^ -•/oV(l +3/^.1 +iV)' 

dy 

or .if 



t/o , 



This value of v differs from arg sc y [see equation (41)] only in the respect 
that 1^ takes the place of A/* ; hence 

t; = argsc(y, //); 
that is y =: sc(t?. A/) . 

Thus sn iv = iy = i sc (v. Id) ; (61) 

also, in a similar manner or directly from the quadratic relations, we find 

en iv = nc (v , /*/) , (62) 

and dn iv = dc (v , /*/) . (63) 

13. Now, K' being defined as the same function of Id that K is of Aj, we have, 
putting u = iv, and n being an integer, 

sn {u + AniK') = sn i{v + AnK') = i sc {v + 4:nK\ Id) , 
by equation (61); but, since the functions to the modulus Id have the period 4-2^, 

sc {v + 4nJr', Id) = sc {v , Id) ; 
hence sn {u + AniK') = i sc (r , Id) = sn iv = sn t^ , 

that is, AiK' is a period of the function sn, and consequently also of the other 
elliptic functions. 



Second Note on Weierstrass^ Theory of Elliptic 

Functions. 

By a. L. Daniels, Johns Hopkins University. 



Origin of the Periodic Functions. 

Instead of beginning his investigations by any reference to the elliptic 
integrals as did Legendre, Abel and Jacobi, Weierstrass seeks the origin of the 
periodic functions in a fundamental function-theoretical problem, namely : a series 
of argument values following a given analytical law inserted successively in a single 
valued analytic function of one variable gives rise to a series of corresponding 
functional values connected by a law which depends upon the character of the 
function when that is supposed given, but when the law connecting the argument 
values and a second law connecting the corresponding functional values are given, 
then the general character of the function is thereby determined, and, retaining 
either of the given laws, any class of functions whatever can be defined by a 
suitable choice of the other law. We may choose, for example, to let the 
successive argument- values form an arithmetic series, so that, tci, u^jV^ being any 
three consecutive values, the analytical law connecting them is represented by 
2a,= t/i + t«g. If now the corresponding functional values form a geometric 
series, we arrive easily at the exponential function as the solution, and if the 
two laws be exchanged we shall have defined, as might have been expected, the 
converse function or Pdx ^ 

t/l X 

Retaining for the series of argument- values the above law 2i/,= t/j + ti^, I 
shall show that, if the functional values are connected by a law expressible as a 
rational integral function, we shall have defined the single valued doubly-periodic 
functions. In other words Weierstrass starts from the addition-theorem. 

Let ^(u) be a single valued analytic function possessing the last named 
property, it must, therefore, be developable in a series arranged according to the 
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positive and ascending powers of u — a, where a is not a singular point for ^u. 
I shall call this a "power series of (u — «)," namely, 

^u^=Aq-\-Ai{u — d)+A^{u — a)*+ ... 
Substitute for u the values successively, i^i , t^, , t^ , where 2t^, = te^ + 113 , 

^{ui) — Ao= Ai{ici— a) -\- A^iui — ay + . . . 

q>{u^) — AQ=Ai{7i^—a) + A^{it2—ay+ . . . 

^{u^) — Ao = Ai{u^ — a) + ^2(1^3—0)^+ . . . 
We can choose a so that Ai^O, and the series will converge and accurately 
represent the value of the function if only mod. {v^ — a) and mod. (u^ — a) be 
taken sufficiently small, since mod. t«2 — a will then of necessity be within the 
circle of convergence. By inverting the series we can therefore develop (u — a) 
in a power series of ^u — ^0 > which series will converge so long as mod. (^w — Aq) 
be kept within corresponding limits. We are justified therefore in writing 

Ui— a = --^{^u^— Aq) + . . . 
U2—a = — (^w,— Aq) + . . . 

t^8— a = -^ (^t^s— -^o) + . . . 
Since now u^ = 'T we have 

^ — «= j-(^^— A) + . • • ~ T" V 2 ^^ ~ ^0) + • . . 

which establishes a relation between ^Ui , ^^^2 » ^^s > 

or F{<piLi , ^u^ , 4)1^3) = . 
I shall examine that class of functions where F represents a rational 
integral function. This addition equation can be shown in another form. So 
long as w'l + ^'3= t^ + ^, then 1^,= u\ and the equation 

F{(pu\ , 4)1^2 , ^u's) = 
will also hold. Eliminating ^ti^ we obtain 

Choosing n^ and u^ so that mod. (t^ + ^^3) is within the limit of convergence, we 
can make 1/3= 0, whence t^'i = %+ 1^3 and the last equation becomes 

By differentiating first with respect to <pui and then with respect to ^n^ we 
arrive at another form still of the addition equation. Writing for convenience 
instead of 4)t^, ^t^, 4>(^ + ^); ^t y^ «> respectively, and instead of t^, t;, 
we have G^(x, y, 2) = 0, 
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dx du dz du ' 
dG dy , do dz ^ 
dy dv dz dv ' 

whence dG dx _ ^^ ^V —q. 

dx du dy dv ' 

which last equation combined with the first gives 



GtiQc, y, 



dx 



du dv J 
which does not contain a. If now we assign to t; = t^3 a constant value, the 

dx 
last equation yields an equation between x and -^ » for if Gi should vanish 

/ dx\'*' 
identically, that is if every coefficient of ^^( -r- ) should vanish, that would give 

a relation between y and -p which amoimts to the same thing. The two equa- 
tiona G{x, y, z) = 0, 

3a? du dy dv 

must have at least one common root, therefore at least one common factor which 
is a linear function of z and a rational integral function of the coefficients of z in 

(dx dv \ 
Xy y, -r-j ";7 )' ^h^* is to say, ^{u + v) 

= R{^u, 4)v, ^'Uy ^'i?), where jB is a rational function. 

If ^{u + v) be developable in a power series which converges for 

mod. tA "< — and mod. v^C.-^i then if we write w = v, the function 

^(2w) = jB(4)w, ^u) 
being a rational function is representable as the quotient of two integral 
functions, and ^ /^^ ^ ^/ ^ ^ 

where /i and grj converge for mod. « •< 2r. In like manner 

f — 
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where f^ and (/, converge for mod. u < 4r, and proceeding in this manner, the 
function ^u can be represented as the quotient of two functions /w and gu with 
infinitely large circles of convergence. But since the quotient coincides with ^u 
for all values of u such that mod. u<^r, therefore it is the analytical continuation 
of 4)u , and represents the same function. Since ^u is represented as the quotient 
of two power series which converge for all finite values of the argument, therefore 
^u has no essential singularities unless it be at infinity. These two functions, /w, 
gUf are either rational or transcendental integral functions. Whether they are 
rational or transcendental depends upon the number and kind of singular points 
which the function ^u possesses. The case where both fu and gu are rational 
does not interest us. When fu is transcendental and gu rational then ^u has one 
essential singularity at infinity and a finite number of non-essential singular- 
ities or poles. When, finally, both fu and gu are transcendental, the number of 
polar singularities is infinite, although there is still only a finite number of them 
in any finite region. When one or both of the functions /w , gu, are transcen- 
dental, then ^u is periodic, for, being transcendental, the equation 

pv — b = 

is satisfied for as many different values of v as one pleases, for example, for n + 1 
values, so that ^Vi = ^v^=^ . . . <^^^i = 6. 

Let the equation f7(4>(w + t?), 4)w, 6)=0 

be of the n*^ degree in <p{u-\'v)^ it can then be satisfied for only n different values 
of 4)(w + I?), whereby the only condition is mod. u<^r. But it is satisfied for 
n + 1 different values of v ; therefore for at least two values of v we must have 

or, writing t?x — ^^ = i>i 

and J? is a period of the function. Any multiple of p is also a period. The 
smallest period then gives rise by its successive multiples to all the others of the 
class. If there is another class of periods, then they must be founded on a unit 
which is additively independent of the imit on which the first class is founded. 
But there are only two such units or rather, perhaps, imit-pairs. An analytic 
function of one variable cannot therefore have more than two classes of periods, 
because only two unit-pairs are possible so long as the fundamental laws of asso- 
ciation and commutation hold. The Weierstrassian proof of this, which I venture 
to reproduce here, is as follows : 
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Let us suppose Cj , e, . . . e^ to be n unit-pairs which are additively independent. 

We must also assume that the products of the units themselves are expressible 

as linear functions of the units. In order then that it may always be possible 

to caVry out the operation of division, except when the divisor is zero, we should 

always be able to determine the coefficients of y in ary = z, when x and z are 

known and finite, and when 

X = XiCi + x^e^ + . . . x^e^ 

y = 2/1^1 + !/%^+ . • 'l/nen 

Z = ZiCi + 22^2 + . . . Z^^n 

where x^, x^ . . . x^, yi, y% . . . f/ny ^u ^2 • • • ^nt al^» otl^ • • • olkIH are positive or 
negative real numbers. Owing to the independence of the unit-pairs as regards 
the notion of greater and less, we shall have, to determine the coefficients 
yi9 t/% * ' ' I/n of y, the n equations 

{oLllXi + aiiX2 + . . . a;,iXn) 2/1 + . . . + {(hn^i + a^n^% + . . . + ann^^) Vn—^ 
(auari + oilXj + . . . CL^l^n) 2/l + • • • + {(t(n^\ + a2n«2 + • • • + <^^nn^n) ^n = 4 

(aS^ari + 04^0^2 + • • • ^^a^n) yi + • • - + (a&>i + al^'^x^ + . . . + aJTixJ y, = z^ 
It will now be found impossible to transform the determinant so that it will 
not vanish for any system of values of ajj, Xg . . . x^ except the one 

Xj = a:2 =...== a:„ = 
if the number of unit-pairs is greater than two. If however n = 2 the determi- 
nant (aiiXi + a\^x^){ai^Xi + ol%%^^ — (an«i + (h%^{p.\^^i + a^x^ 
must be and is expressible in the form 

where A and B are positive. Tliis determinant evidently does not vanish except 
for the single system of values ^i = ar, = . 

Except therefore when the divisor is zero, the operation of division can always 
be carried out with finite numbers based on one or on two, but not more than 
two pairs of units, retaining the associative and commutative. laws of arithmetic. 
Analytic functions of one variable therefore, which possess an addition equation 
and have an infinite number of polar singularities can be displayed as quotients 
of two power-series which converge for all finite arguments, and are periodic, with 
one and not more than two fundamental pairs of periods. 

Fixing the attention upon the circumstance that the function will possess an 
infinite number of polar singularities, or what amounts to the same thing, an 

Vol. VI. 
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infinite number of zero points, I shall proceed to determine a function by means 
of its zero points and by the fact of its convergence in general for all finite 
argument values. 

Origin op the Sigma-Function. 

If we seek a function gu such that 

(1) ^^=FXc,vr, 

(2) ^(0) = c, 

the conditions can always be satisfied when the power-series l.c^v!' converges, for 

then the series 2 ~XT^'^^ converges also, and both sides of (1) have the same 

radius of convergence. The function is easily seen to be ce^^^^ where gr(0) = 0, 
and gu means an entire function. But the following conditions will now be 
imposed in addition to the above. The function (3) shall vanish for w = a^ , 
r = ± 1 . . . =fc Qo , with the condition lim. a^ = oo , (v =: oo ) , that is, the number 
of a's is infinite, but there shall be only a finite number of them in a finite region*. 

(4) G{h)lO. i.^a., 

(5) the function shall be developable in a power-series which converges for all 

finite values of the argument. 

The last condition determines 

Gu=G^{u — af+ G^^x(u — aY-^^+ ... 
whence G'u = %C^{u — af'-'^+{'X.-\- 1) C7x+i(ti — a)'-^+ . . . 



^u-a){l + ^{u^a) + ..?) 



+ 2(ti — a) 



u — a 

where l,{u — a) means a power-series of {u — a). The first logarithmic deriva- 
tive of the function will therefore be essentially of the form 



or more generally ^ g^u 

{u — ay)gy{ay)' 
which I shall specialize somewhat and write 

G (u — dpjcC' 
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where to the series a^ a^. , .a^ can be coordinated a second series wij , fnf.,.m^ 

such that Fu will converge for all values of the argument. I shall now form a 

transcendental function with the same infinite points as Fu. Taking first a single 

term of Fu u"* 

(u — a) a** 
this can be written in the form 

' (mi ^\r««»» mi £1 A"*^ /¥•»»— 1 ' 



t* — a (ti — a)cr u — a a^ a"*^* ' * a 
If now we write ^ •. x •* -i_ i u«_^ i •.- 



fu= (l je« ^^ ««-, 



we shall have /'ti _ 1 , J^^ , J^i , ^^ _ <*"* 



and the general form of the function is discovered. In order to include all the 
terms we will denote by 

F{u, 0) the function 1 — u 

eIu,1) " " {l — u)e'' 

E{u,2) '' " (1 — w)e*+*'*' 



E{u, n) " " (1 — w)^+*-'+ ••+i-" 
whereupon the m^ term of Fu is 

and ^« = E(-SI^.= ^l°^5o^(^' '^0 = ?- 

If zero is to be a zero point for G of the order X , since we dare not include 
this value among the a's, we must write 

G = u'liE(—, w,V 

The conditions of convergence are best discovered by separating the sum 
for F{u) into two parts 

and throwing the second sum into the form 

0» OD CO j^ 
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whereupon ^ ^ „x ft ^/ii., ^ ^ _ V- V- 1 i^ . 

i^ = m + l r = l 

If now the sequence of zero-points a^ forms only a single arithmetic series, 
then the uniform convergence will be assured if we assume mj = tw, = . . . 
= m„ = l,when ^ = «* n A _ -^>i. 

If the sequence of zero values extends from — oo to + <» , then by multi- 
plying together corresponding positive and negative pairs, and when X = 1 , 

G = u TV (l — — )e-^ = u n (1 — r^y 

This last formula has indeed long been known, but the first form where the sine 
is represented as the product of ** prime-functions" is the discovery of Weierstrass. 
In case the a^'s form two additively independent series of zero points so that for 
example a^ = ii? = 7n2a) + m*2J 

7n,?n'=0±l±2...±oo, 

the formula becomes ri "^ i? /^ ^ ^ 

Cr = t* 11 1L\ — > m^ ] ) 

where m^ is so to be determined that the function shall converge uniformly for 
all finite argument values. The convergence depends on the convergence of 



OD 00 



^"^ ^"^ 1 vr^-\-r 
2L/ 2L^ fif^^ + r a:^ + r' 

To this end it is suflScient if the convergence of 

V^ mod. — mod. ( — ) 

F=:m4-1 

is assured. Since now a^ is a complex number it is no longer the case that 
2 -r converges. It can be shown however that 2 m^+i where a^ is complex does 
converge for w^ = 2 or more. It is sufficient then to take w^ = 2 and the 
function is (7 = «tlYl-^>^+T^ = (3u 

w= m2ci + m'26)' 
rriimi =0±l±2...±oo 
except w = ?n' = , 
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and the required function is displayed as the continued product of an infinite 
number of prime functions, each of which has its own polar singularity and each 
of which has one essential singularity at infinity. 

The function 6u is the simplest possible function that satisfies the condition 
named. Being produced in the same manner as the sine, the sigma function 
degrades into the sine easily at the limit, 

lim. B f — r) =00 (i2 signifies real component) when 
lim. 6u=uU'(l ^^ e»3=+T(^)" 

\ m2(o/ 

or taking the second form (see p. 178, vol. VI), 

lim. 6u = uU'(l — (^Y)^^^^' 

= — e^ v*-^ . sm -zr—1 

TT 2(0 

where the zero-points of lim. 6u all lie on the real axis, and are contained in the 
formula n.2o, n = zfc 1, db 2, db oo. 

A similar formula applies to a function with the zero-points represented by each 

of the formulas n. 2o ± 2©', n2(d ± 2. 26)' . . . 

or generally n2Q + v!2(jJ. 

Multiplying together at first those pairs which are symmetrically situated with 

respect to the origin, we arrive at an expression of the sigma-function as a 

simply infinite product 

' . TT 7t 

sin -jr--(2n(J — u) sin -^;—(2nu' + u) i r^^y 
2(o ^ ^ 2(0 ^ ' ..i«i««»'w v>«; 



^ 2(a . UTZ If-?1V„ 

Sw= — sm -=— c« v»~-'n, 



TT 2ai * • . , nJiz 

sin' 



By writing 




S^ 2a; . u;r _ / ®^^ 2(o 

6u = e^ sm -jr— . Iln 1 — 7- I • 

n 2(o \ . , na/TT I 

\ sm' ' 

The first, I believe, to discover that the elliptic functions could be got at 
by starting from the infinite product 



"0-^) 
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was Eisenstein in GreUe^s Journal, Bd. XXVII, where he has two articles on this 
subject. He remarks that the quotient of two infinite products of the form 

m 

where X = 2 , 4 , 6 . . . , X' = 1 , 3 , 6 . . . , gives rise to the elliptic functions. 
In Grelle, Bd. XXXV, he gives a long discussion also on the convergence of 
these last products. The necessity of a factor of convergence seems not to have 
occurred to him. He remarks that the easiest approach to the study of elliptic 
functions is through infinite products, they showing most plainly the periods and 
also the zero and infimte points of the function, and yet the notion of prime factors 
escaped him, and was first brought out by Weierstrass thirty years later. With 
the aid of the expression for the sine 

= a;nri J6»,n=dbl, db 2 . . . db oo 

= xn^l 5") n=:l,2...+oo 

and the identity - x — a A i ^l\(\ _ ^ \ 

6 \ 6 /\ a + 6/ ' 

we arrive at the above expressions of 6i^ as a singly infinite product of sines. 

The function (5u has therefore been determined by means of its zero-points 

and the condition that its only essential singularity is at infinity. Its zero-points 

are contained in the formula 

w = mTxd = m' 2g/ , 

m, m'=0 db 1 db 2 . . . ± oo. 

If then a be a non-singular argument value for the function 6u, the latter is 

developable in the vicinage of a and of all values congruent to a in the form 

6w=: (u — a){-4o+ ^i{u — a) + . . .}. 

If, farther, ^u be a doubly periodic function with the zero-points 

Oi , Oj , a^ , • . . a^ 
and the (polar) infinite points 

6i, 6,, bsj ... bg 

within each of its period parallelograms, we can then form the quotient 

p 6(u — ai)(S{u — a,) . . . 6{u — a,.) 

6(u — bi)(5{u — 62) .-. . 6(u — 6,) 

which has the same zero and infinite points slq ^u. If we divide <^ by P, we 
shall have a function which has no zero nor infinite points except at infinity, and 
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is therefore of the form e^^'^ where G{x) is an entire function. The function ^m 
must therefore have the form 

_ &(u — at)g(u — oa) . . . (S(u — ar) ^^^^ 
1^—(S(u — b,)6{u — b,) . ..6{u — b.) • 

It remains to be shown, however, under what conditions such a sigma- 
quotient represents a doubly periodic function; in particular, to determine the 
form of the function Gu, and the relations connecting the a's and 6's. We have 

6{u — a^ + 2o) = — 6{u— a^)e*''^~-'»^+"\ 
the proof of which I beg to omit at present, as it would extend beyond the 
intended limits of this article. Therefore 

and, in order that 2(0 may be a period of ^u, the exponent of e must be a 
multiple of ni. We may write therefore 

G{u+2o)— Gu= 2rj \Xa, — Xb, — {r — s){u + u)l + kni, 
where k being an integer must be constant in order that G may be a continuous 
function. In like manner 

G{u + 2g/) — Gu = 2yi'\Xa, — XK — {r—8){u + J)l + JifTti . 

DiflFerentiating twice, &'{u + 2cj) — &'u = 

G"{u+2o')—G"u=0. 

The function &' must therefore be a constant, or else an exponential series, but 
this last it cannot be and be doubly periodic as the equations show, G is then an 
integral function of a degree not higher than the second ; or 

Gu = au* + i^w + y , 
6?(u + 2(j) = G^ + 4acj (t^ + (j) + 2/?cj 
gIu + 26)') = Gu+ 4aG/{u + J) + 2/?a)', 
2yi{Xa^ — 2c^ — (r — s){u + o) } + Jcni = 4ao {u + u) + 2/3ai 
2V { 2a, — XK — {r — 8)lu + cj') } + *'^* = 4ao' {u + o') + a/?o', 
whence 4ao + 2rj {r — «) = , 

4cx6)'+ 2V(r — «) = 0. 

Since however / / . ^' > r. 

o>7'— w'>7 = d= -2-<0 

which is shown from 

6{u + 26)+ 26)') = — c''»^*-^"-+*~^S(u + 26)') = 6u.c'''''*+-^"*-'^ +*•'<*•♦•-'» 
and S(u + 26) + 26)') = — c*"'^- +«'+>-). 6(w + 2o) =:Se^.e«^(«+-'-l-t«)+t,(t.+.)^ 

we must have r — « = , 

whence a = 0, r = «, (7ti = |3ti + y, 
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and the exponent becomes 

2>7 {2a, — 26,}— 2/?w = 2k7ii, 
where 2k must be written instead of A;, since now r =•«, and therefore from 

in order that 26) may be a period of ^u , the exponent of e must be a multiple 
of 27ti instead of ni . Whence, writing 

Xa, — XK = D, 
we have ^D + kni = ^o , 

y/D + Itfni=pc/, 

{yhJ — rf(d) D = {JcJ — Jdo) ni 

{tm' — v'iS) /? ={T(!ri — hrf)ni 
or since , , , ?:» 

Z>=d= 2 (Ag)' — Ar'o)) 
^=±:2{hYf—1(!yi) 

and the function ^ becomes 

g(u-a,) 6(u-a,) ^ ^,_^ 
^^ ^ (5{u — bi)...6{u — ar) 

where A;, J(f are integers, and >7 = p— » >/= ^-7 . If now instead of any one of 

the values a, and 6, we take one greater or less by 2a) or 2ai', the exponential 
factor will be increased by ce^^"^ or ce^*'""*, whereby 2a, — 26, still remains a 
multiple of the periods and k or Td will be increased or diminished by one. We 
can therefore always choose such values conjugate to a, and 6, that k^ k =z 
and 2a, = 26„, and there remains as the general expression of a doubly periodic 
function by means of sigma quotients, 

where 2a, = 26, . 

As regards the degree of ^'m 6{u — a) it is at once evident that it must 
be higher than the first, for if we had 

^.. — n ^i^ — ^) 

^ 6{u — 61) 

since 2ai = 26i , that is, aj = ij , the expression would reduce to a constant. 
The simplest form possible is therefore 

^ 6(u— 6i)6(u — 6,) ' 
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which form contains those functions commonly called elliptic. This form must 
be discussed a little more fully, for from it springs perhaps the most convenient 
if not the most important formula in this system. If we write 61^63=0, and 
ttj = i; , the formula becomes 

^„— /^ g(^ + tOg(u — t?) 

where i? is a constant upon which C evidently depends. We arc at liberty to 
choose C so that p 1 

whereupon . 6{u-\-v)6{u — v) 

^"- — &;^v — 

is a doubly periodic function of either u or v, the other assuming a non-singular 
constant value. Now the definition of pu in my first note was 

vr ( \u — toy vr ) 

where the value z£? = was omitted. Differentiating, 

p'u = - 4- _ 22' (^—)\ 
vr \u — w/ 

or including the value w? = under the 2, 

P'u = - 22 ('~^)\ 

\u — wy 

which is evidently periodic, and 

ip'{u + 26)) = p'a 

and on integrating p{u+ 2o) =^^11+ G, 

p{u+2(J) = pu+C\ 
But 6(— w)=— 6'(u), 

consequently Gf{—u) &u 

6( — u) 6m 

and i?(— w) = j>w, 

whence (7 = C" = , 

and pa is periodic. We have also 



pii 



--=^jC4-J-(;^J|. 



Vol. VJ. 



266 Daniels : Second Note on Weierstrass^ TIteory of Elliptic Functions. 



The function pu becomes infinite only for u='0 and for the congruent 
values. So long then as v is not given the value zero* or any value congruent to 
zero, pu — pv regarded as a function of u will have the same infinite points as pu. 
The zero points are u = ±v, and the points congruent to these. It follows that 

^ <j(uA-v)(S(u — r) 
pu — pv= G-^ — ' - 

as a function of u alone, or 

as a function of u or v, where (7' is independent of both u and v. In order to 
determine C", develop both sides of the equation according to powers of u and v. 
As given in my former note, p. 178, 

^^ = :^ + • • • 



6u = i^ + . . . , 




so that 1 1 , 


• 


6(u + v)6{u — v) _ 1 1 


• J 


and we must have C" — — 1, or 




(5(u4-v)(d(u — v) 


1 pu 


•^^ ^"^ &U&V 


1 pv 



which is the ** pocket edition" of the elliptic functions mentioned. 

But we can go farther and express through sigma-quotients such expressions 

as I pu p'u 

1 pv p'v 
1 pio p'w 

The infinite points (poles) of pxi, and p^u are congruent to zero, pu becoming 
infinite of the second and ^a/u of the third order for t* = =fc w?. The determi- 
nant must therefore as a linear function of p and p' have also a three-fold infinite 
point at zero and the congruent points, therefore also three zero points to which 
all other vanishing points are congruent. The determinant vanishes evidently 
for n = V, 1/ = U', n = — {v -\- w)^ and can be expressed as follows : 

^ (i{u -\-V'\- w)(3{u — r)S(f — w) 

^ (d{v •■\-w -^-ujdlv — w)(S{v — u) 
Cj p= X 

^ (3(w-j- w4- t?)6(w? — w)(3(w? — v) 
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where C depends on v and w^ C^ on %o and u, C, on i^ and v. We may write 
then for the determinant 

1 fU (glil 



^,6(u + r + ir)6(w — t;)6(w — U7)6(t? — vi) 



1 ff>i; ^v 
1 f^ ^w 



where (7' now depends on w, v and w?. 

Multiplying by i^ and then making i^= 0, and remembering that 

G'—— 2, and 

1 pw j/?i 






whence, comparing with the foregoing, 

(i(u-\'V-\-v))(i{u — r) 6 (r — w) 



&U&V&W 



1 
2 



1 ff>l? ^v 

1 if^i^? f/v^ 



and in a similar manner the determinants of higher degrees would be represented 
through sigma-quotients. 

I will now deduce another relation which was merely dogmatically given 
in my first paper. Since ((/u is periodic and an odd function, we have 

Vf(;u + (j) = iffl{%L — 0)) = — if/((j — w), 
and putting w = p'w = — jp'u = , 

and likewise jjV = 0. 

If we set now in the above determinant of the third order, ?? = m and w = w', it 



becomes 




1 ^u v'u 

1 f^G) 

1 vJ 


zzi^U 


1 po 
1 pa/ 








and introducing the same changes in the left-hand side of the same equation we 


liave at once 




1 

1 |>6> 
1 IKJ' 


• 


But 


1 If'G) 


6 {io + ij) a [co — cj) 




1 


pw' 




&a)& 


UJ 


1 







whence 






that is, = 4(p?/ — p(o + d)){pu — 9(^){9u — ffJ) , 

and, writing jpo = ^i, p(ii) + 0')= e,, fpj^^ €2, this becomes 

(p'm)» = 4 (jf)M — f i)(jf>?6 — €^){pu — e^) . 
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On writing now s for pu, this gives us of course the well-known Weierstrassian 

form of the elliptic integral, 

_ r ds 

J \/4 (« — 6i)(« — «2)(« — eg) 
The function (j/m)* is thus expressed as a rational function of pu. From the 
definition (P ^ ^ 1,-,/ 1 1\ 

But developing according to powers of u, 

1 1 / u u^ \ 

-^ = — (1 + - + —-+.. .) 
u — w w \ w vr / 



1 \ U V^ 'iJ? 

= -T + 2 -^ + 3 -^ +. 4 -,- + . . , 



{u — wf U^ V? v^ vf 

pu =: — 2" + 2ii2 -J + 3i^*2 — i^ + . . . , and writing 2 — = c„ , remarking that for 

n odd the sum vanishes, we have 

jfn^ = -gf + 3C4W* + bc^u^ + . . . 
u 

(pu)* = ^(1 + 2.3.C4«* + 10c, «• + . . .) 

{fmf = \{1 + dc^u* + 15c, «• + . . .) 
u 

2 
j/t^ = h 2.3.C4W + 4.6Cf^u^+ 6.7.C8?/+ . . . 

{f/uf = — (4 — 24C4W^ — SOceW* + . . . 

whence the expression for (f/^)* takes the form 

[pfufzzi 4p^u — 60c^pu — 140^8 

= iiS^u — giP^u—g^pu — gs, 
where ^^1=^ + ^+^3 = 

g%= —.4.(6263 + 6361 + 6162) = 2*. 3. 62 -7 

a3=4.Ci.62.63=:2*.5.7.2— a • 

w 

The addition theorem for pu may be derived from the pocket edition 

* 

(3(u'4'v)(3(u — v) 

(yu6*v 
by logarithmic differentiation, which gives 

+ '^^f r — 2—; — — 



S(w + t>) (3(u — v) (ou pu — pv 
&{U'\'v) Gf{u — v) (Sv — pfv 



6(w-(-r) (S{u — v) (5v pu — pv 
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(olu 



from which, as the addition theorem for the function 



(ou 



izir "T" — ~T~ — • 

&{u±v) (Su (ov 2 pu — jpv 

It is apparent that one more differentiation gives the addition theorem for 

pUf which can then easily be brought into the form given in the first paper, 

p(u±v)= -T-\ — pu — pv. 

^ ' 4 L pu — pv J 

Weierstrass deduces the same theorem in another way which, as being character- 
istic, I reproduce. Equating to zero the above determinant 

1 pu p/u 

1 pv piv =i^w{pv — pu) -^^ pfv{pu — pw)-\-pfii{pic — jf)i;) = 0, 

1 pw p'w 

we have on squaring 

{p'w)\pu — pvf — \ p'v {pu — pw) — pfu{pv — pw) I* = , 

or substituting the value of {plwf obtained above 

{pu — pv)\Aipho — g^pw — g^ — \ ff>'v pu—p^upv — pw {p^v — p^u) (* = 

which is satisfied for w = Uf v, u + v, that is for pw = pu, pv, p{u + v) . 

Forming now the equation 

4 {pu — pvfl {s — pu){8 — pv){s — p{u + v))l=iO, 

this is likewise satisfied for s =: pu , pv , p{u + v) , 

and, since the coeflScients of the highest powers, {pwf and s^, are the same in 

each, therefore all the coeflScients of the same powers of pio and s are equal. 

Equating those of {pwf and «*, we have without any reduction 

— (p'w — j/r)*= 4{pu — pvfl — pu — pv — p{u — v) |, 

whence immediately 

p(t, + t;) = - (^^— — j - j,t^ - pt;, 

as the addition theorem for the function pu. 
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LECTURE I. 

Preliminary Conceptions and Definitions. 

Apotheosis of Algebraical QuarUity. 

A matrix of a quadrate form historically takes its rise in the notion of a 
linear substitution performed upon a system of variables or carriers ; regarded 
apart from the determinant which it may be and at one time was almost exclu- 
sively used to represent, it becomes an empty schema of operation, but in 
conformity with Hegel's principle that the Negative is the course through which 
thought arrives at another and a fuller positive, only for a moment loses the 
attribute of quantity to emerge again as quantity, if it be allowed that that term 
is properly applied to whatever is the subject of functional operation, of a higher 
and unthought of kind, and so to say, in a glorified shape, — as an organism 
composed of discrete parts, but having an essential and undivisible unity as a 
whole of its own. Naturam expellas furca, tamen itsque recurret.* The conception 
of multiple quantity thus rises upon the field of vision. 

At first undifferentiated from their content, matrices came to be regarded as 
susceptible of being multiplied together ; the word multiplication, strictly appli- 
cable at that stage of evolution to the content alone, getting transferred by a 
fortunate confusion of language to the schema, and superseding, to some extent, 
the use of the more appropriate word composition applied to the reiteration of 
substitution in the Theory of Numbers. Thus there came into view a process of 
multiplication which the mind, almost at a glance, is able to recognize must be 
subject to the associative law of ordinary multiplication, although not so to the 

* Chassez le naturel, il revient au galop, a familiar quotation which I thought was from Boileau, but 
my friend Prof. Babillon informs me is from a comedy of Destouches (bom in 1680, died 1754). 
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commutative law ; but the full significance of this fact lay hidden until the 
subject-matter of such operations had dropped its provisional mantle, ita aspect 
as a mere schema, and stood revealed as bona-fide multiple quantity subject to 
all the affections and lending itself to all the operations of ordinary numerical 
quantity. This revolution was effected by a forcible injection into the subject 
of the concept of addition, i. e, by choosing to regard matrices as susceptible of 
being added to one another; a notion, as it seems to me, quite foreign to the idea 
of substitution, the nidus in which that of multiple quantity was laid, hatched 
and reared. This step was, as far as I know, first made by Cayley in his 
Memoir on Matrices, in the Phil. Trans. 1858, wherein he may be said to have 
laid the foundation-stone of the science of multiple quantity. That memoir 
indeed (it seems to me) may with truth be affirmed to have ushered in the reign 
of Algebra the 2d ; just as Algebra the 1st, in its character, not as mere art or 
mystery, but as a science and philosophy, took its rise in Harriot's "Artis 
Analyticae Praxis," published in 1631, ten years after his death, and exactly 250 
years before I gave the first course of lectures ever delivered on Multinomial 
Quantity, in 1881, at the Johns Hopkins University. Much as I owe in the way 
of fruitful suggestion to Cayley's immortal memoir, the idea of subjecting 
matrices to the additive process and of their consequent amenability to the laws 
of functional operation was not taken from it, but occurred to me independently 
before I had seen the memoir or was acquainted with its contents ; and indeed 
forced itself upon my attention as a means of giving simplicity and generality 
to my formula for the powers or roots of matrices, published in the Comptes 
Rendus of the Institute for 1882 (Vol. 94, pp. 55, 396). My memoir onTcheby- 
cheff's method concerning the totality of prime numbers within certain limits, 
was the indirect cause of turning my attention to the subject, as (through the 
systems of difference-equations therein employed to contract Tchebycheff's 
limits) I was led to the discovery of the properties of the latent roots of matrices, 
and had made considerable progress in developing the theory of matrices con- 
sidered as quantities, when on writing to Prof. Cayley upon the subject he 
referred me to the memoir in question : all this only proves how far the discovery 
of the quantitative nature of matrices is removed from being artificial or facti- 
tious, but, on the contrary, was bound to be evolved, in the fulness of time, as a 
necessary sequel to previously acquired cognitions. 

Already in Quaternions (which, as will presently be seen, are but the simplest 
order of matrices viewed under a particular aspect) the example had been given 
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of Algebra released from the yoke of the commutative principle of multiplica- 
tion — an emancipation somewhat akin to Lobatchewsky's of Geometry from 
Euclid's noted empirical axiom ; and later on, the Peirces, father and son (but 
subsequently to 1858) had prefigured the universalization of Hamilton's theory, 
and had emitted an opinion to the effect that probably all systems of algebraical 
symbols subject to the associative law of multiplication would be eventually 
found to be identical with linear transformations of schemata susceptible of 
matricular representation. 

That such must be the case it would be rash to assert ; but it is very diflScult 
to conceive how the contrary can be true, or where to seek, outside of the con- 
cept of substitution, for matter affording pabulum to the principle of free conso- 
ciation of successive actions or operations. 

MvMiplication of Matrices, 

A matrix written in the usual form may be regarded as made up of parallels 
of latitude and of longitude, so that to every term in one matrix corresponds a 
term of the same latitude and longitude in any other of the same order. 

Every matrix possesses a principal axis, viz. the diagonal drawn from the 
intersection of the first two parallels to the intersection of the last two of latitude 
and longitude ; and by a symmetrical matrix is always to be understood one in 
which the principal diagonal is the axis of symmetry. If there were ever occasion 
to consider a symmetrical matrix in which this coincidence does not exist, it 
might be called improperly symmetrical. This designation might and probably 
ought to be extended to matrices symmetrical, not merely in regard to the second 
visible diagonal, but to all the (o — l) rational diagonals of a matrix of the order 
6), a rational diagonal being understood to mean any line straight or broken, 
drawn through o) elements, of which no two have the same latitude or longitude. 

The composition of substitutions directly leads to the following rule for the 
multiplication of matrices. If w , w , be matrices corresponding to substitutions 
in which m is the antecedent or passive, and n the consequent or active, 
their product may be denoted by mn {i. e. m multiplied by w), and then any term 
in the product of the two matrices will be equal to its parallel of latitude taken 
in the antecedent or passive and multiplied by its parallel of longitude taken in 
the consequent or active matrix. Cauchy has taught us what is to be understood 
by the product of one rectangular array or matrix by another of the same length 
and breadth, and we have only to consider the case of rectangles degenerating 
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each to a single line and column respectively, to understand what is meant by 
the product of the multiplication of the two parallels spoken of above. It may, 
however, be sometimes convenient to speak of the disjunctive product of two sets 
of the same number of elements, meaning by this the sum of the products of 
each element in the one by the corresponding element in the other. Thus {Xl)mn 
denoting the term in mn of latitude % and longitude Z, we have the equation 

(>l?) Tnn = Xm X ?7i , 
where, of course, T^m means the 7}^ parallel of latitude, and In the l^ parallel 
of longitude in m and n respectively. This notation may be extended so as to 
express the value of any minor determinant of mn ; such minor may obviously 



be denoted by \l^, \l^, 



A|«x> ^i'tj 



'Wo 



MUj 



and its value will be the product of the two rectangles (in Cauchy's sense) 
formed respectively by the >li, JI3, . . . Jl, parallels of latitude in m, and the 
'if 4> • • • ?< parallels of longitude n. 

Any other definition of multiplication of matrices, such as the rule for 
multiplying lines by lines, or columns by columns, sins against good method, as 
being incompatible with the law of consociation, and ought to be inexorably 
banished from the text-books of the future. It is almost unnecessary to add 
that by a p^^ power of a matrix m is to be understood the result of multiplying 
p m's together ; and by the g*^ root of tw , a matrix which multiplied by itself q 
times produces m : hence we can attach a clear idea to any positive integral or 
fractional power. The complete extension of the ordinary theory of surds to 
multinomial quantity will appear a little further on. But it is well at this point 
to draw attention to the fact that at all events, if M, if are positive integer 
powers of the same matrix m, the factors M, M' are convertible, i. e MM!'=-MM^ 
this commutative law being an immediate (too obvious to insist upon) conse- 
quence of the associative law of multiplication. 

On Zero and NvJUity. 

The absolute zero for matrices of any order is the matrix all of whose 
elements are zero. It possesses so far as regards multiplication (and as will 
presently be evident as regards addition also) the distinguishing property of the 

Vol.. VL 
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ordinary zero, viz. that when entering into composition with any other matrix, 
either actively or passively, the product of such composition is itself over again ; 
so that it may be said to absorb into itself any foreign matrix (of its own order) 
with which it is combined. This is the highest degree of nullity which any 
matrix can possess, and (regarded as an integer) will be called o, the order of 
the matrix. On the other hand, if the matrix has finite content, its nullity will 
be regarded as zero. Between these two limits the nullity may have any integer 
value ; thus, if its content, i. e. its determinant, vanishes without any other 
special relation existing between its elements, the nullity will be called 1 ; if all 
the first minors vanish, 2; and, in general and more precisely, if all the minors 
of order o — i + 1 vanish, but the minors of order o) — i do not all vanish, the 
nullity will be said to be i : as an example, if the elements are not all zero, but 
every minor of the second order vanishes, the nullity is o) — 1 . 

In general, a substitution impressed on a set of variables may be reversed, 
and the problem of reversal is perfectly determinate ; but when the matrix — the 
schema of the substitution — is affected with any degree of nullity, such reversal 
becomes indeterminate. Hence the use of the word indeterminate employed 
by Cayley to characterize matrices affected with any degree of nullity, in which 
he has been followed by Clifford, who goes a step further in distinguishing the 
several degrees of indeterminateness from one another. 

On Addition and Monomial Multiplication of Matrices. 

The sum of two matrices of like order, is the matrix of which each element 
is the sum of the elements of the same latitude and longitude as its own in the 
component matrices; thus, as stated by anticipation in what precedes, the addition 
of a zero matrix to any matrix of like order leaves the latter entirely unchanged. 

Addition of matrices obviously will be subject to the same two associative 
and commutative laws as the addition of monomial quantities. This seems to 
me a suflScient ground for declining to accept associaiive as the distinguishing 
name of the algebra of multinomial quantity ; for the emphasis thereby laid on 
association would seem to imply the entire absence of the commutative principle 
from the theory, whereas, although not having a place in multinomial multipli- 
cation, it flourishes in full vigor in the not less important, and, so to say, collat- 
eral process of multinomial addition. If Jc is any positive integer, the addition 
of the same matrix taken k times obviously leads to a matrix of which each 
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element is k times the corresponding element of the given one ; and if p times 

one matrix is q times another, the elements of the first are obviously — into the 

corresponding ones of the other : hence, if h is any positive monomial quantity, 
k times a given matrix, by a legitimate use of language, should and will be taken 
to mean the matrix obtained by multiplying each element in the given one by k. 
And as the negative of a given matrix ought to mean the matrix which added 
to the given one should produce the zero-matrix previously defined, the meaning 
of multiplying a matrix by Ic may be extended, with the certainty of leading to 
no contradiction, to the case of any commensurable value of k positive or 
negative, and consequently, by the usual and valid course of inference, to the 
case of k being any monomial symbol whatever, whether possessing arithmetical 
content or not. 

On the Mtdiinomial Unit and Scalar Matrix. 

On subjecting a matrix of any order u to a resolution similar to that by 
which one of the second order may be resolved into a scalar and a vector, it 
will be shown hereafter that the cj* components separate into a group of o' — 1 
terms analogous to the vector and to a single term analogous to the scalar of 
a quaternion. This outstanding single term is of an invariable form, viz. its 
principal diagonal consists of' elements having the same value, which may be 
called its parameter, and all the other elements are zeros. 

A matrix of such form I shall call a scalar. When the parameter is unity 

it may be termed a multinomial unity and denoted by T,* or in place of o) we 
may write o dots over T, or for greater simplicity when desirable write simply 
T. Any scalar, by virtue of what precedes, is a mere monomial multiplier of 
some such T . 

Let J{!T be any scalar of order o. It will readily be seen, by applying the 
laws of multiplication and addition previously laid down, that 4>{kT) = ^(A;).T, 
and that kT.mz=m.k^C = km. 

Thus a scalar possesses all the essential properties of a monomial quantity, 
and a multinomial unity of ordinary unity ; in particular, the faculty of being 
absorbed in any other coordinate matrix with which it comes in contact. A 
scalar whose parameter vanishes of course becomes a zero-matrix. 

The properties stated of a scalar kT serve to show that in all operations into 
which it enters the T may be dropped, and supplied or understood to be 

* Perhaps more adyantageously by 1». I shaU hold myself at liberty in what f oUows to use whichever 
of these two notations may appear most oonTenient in any case as it arises. 
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supplied at the end of the operations when needed to give homogeneity to an 
expression. Thus ex. gr. 

{m + hT)(m + IcT) = m»+ (7i + lc)Tm + h1<rC^= m»+ (A + h)m + hJfT] 
but this result may be obtained by the multiplication of (m + h){rn + k), and 
supplying T (or imagining it to be supplied) to the final term in order to preserve 
the homogeneity of the form. In like manner, 0« or with o points over it 
may be used to denote the absolute zero of the order o ; but it will be more 
convenient to use the ordinary 0, having only recourse to the additional notation 
when thought necessary or desirable in order to make obvious the homogeneity 
of the terms in any equation or expression. Thus ex. gr. such an expression as 
m* + 2bm + c? = , where ?n is a matrix, say of the 2d order, and b and d 

monomials, set out in full would read nr + 26m + tiT= 0, meaning m.m + 2bm 
, rfO_ 00 
■^ Od~ 00' 

On €ie Inverse and Negative Powers of a Matrix. 

The inverse of a matrix, denoted by m'^ means the matrix which multiplied 
by m on cither side produces multinomial unity. It is a matter of demonstration 
that when a matrix is non-vacuous (t. e. has a finite content or determinant 
appertaining to it), an inverse to it fulfilling this double condition can always be 
found, and that if the product of mn is unity, so also must be that of nm. 

It is a well-known fact, proved in the ordinary theory of determinants, that 
if every element in the first of two matrices is the logarithmic differential deri- 
vative, in respect to its correspondent in the second, of the content of that 
second, so conversely, every element of the second is the logarithmic derivative, 
in respect to its correspondent in the first, of the content of the first. 

But two such matrices multiplied together in either sense would not give 
for their product multinomial unity ; to obtain this product either matrix must 
be multiplied indifierently into or by the transverse of the other (meaning by the 
transverse of a matrix, the new matrix obtained by rotating the original one 
through 180° about its principal diagonal). In other words, if wi be a given 
matrix and n be obtained from it by substituting for each element the logarithmic 

derivatives of its content in respect to its opposite, then 7nn = T and nm = T, 
where o means (as will always be the case throughout these lectures) the order 
of the matrices concerned. The n which satisfies these two equations (and it 
cannot satisfy the one without satisfying the other) will be called the inverse of 
m and be denoted by m"\ 
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For brevity and suggestiveness it will be advantageous to write in general 

1 for T as we write for 0„, so that mn = 1 will imply nm = 1 =7wn and 7i= m"^. 
We may define in general (as in monomial algebra) nr* to mean the inverse 
of m*, i. e. (wi*)"\ We shall then have (m"'^)'=7n~*, for 7wn.?W7i= 1 implies 
wi.Twn.n = wi/i = 1 or 7w*n*=l. Hence 7^^=7n~^ i. e, (m""^)*=m"'*. Also 
since m^v? = 1 , wiW = mn =1 or n^ = nr^^ i. e. [m'~'^y= m"^ and so in general 
for all positive integer values off, {nf^y = m~\ And, as in monomial algebra, 
it may now be proved and taken as proved that, for all real values of i andy, 
whether positive or negative, m^m^ =^ m*'^^, and the same relation may be 
assumed to continue when i , J become general quantities. The elements in the 
inverse to any matrix m all involving the reciprocal of the determinant to m, 

if D be the content of m we may write m~^ z= — ^u, where (lis a matrix all of 

whose elements are always finite. Hence we come to the important conclusion 
that for vacuous matrices inverses only exist in idea and are incapable of being 
realized so as to have an actual existence. In the sequel it will be shown that 
the inverse is only a single instance of an infinite class of matrices which exist 
ideally as functions of actual matrices, but are incapable of realization. 

Suppose now that if, N are any two matrices such that MN=: or that 
NM= 0; multiplying each side of the equation by M"^ if such expression has 
an actual existence (i. e. if M is non-vacuous), we obtain, from the known 
properties of zero, iV=zO, but if M is vacuous no such conclusion can be drawn. 
So further if w*= {i being any positive integer), it will be seen under the 
third law of motion that m is necessarily vacuous. Hence from this equation 
it cannot be inferred that any lower power than the i*^ of m is necessarily zero. 

On the Latent Roots and Different Degrees of Vacuity of Matrices. 

If m be any matrix, the augmented matrix m — XT or m — Jl . 1« or m — X 
will be found simply by subtracting X from each element in the principal 
diagonal of m. The content of this matrix or the same multiplied by — 1 or 
any other constant, I term the latent function to m , which will be an algebraical 
function of the degree o in X (which may be termed the latent variable or 
carrier) ; and the o roots of this function {i. e. the u values of the carrier which 
annihilate the latent function) I call the latent roots of the unaugmented matrix 
m. It is obvious from this definition that if Xi be any latent root of m , the 
content of m — Xi will vanish, i. e.m — Xi will be vacuous, and conversely that if 
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m — Jli is vacuous, ^i must be one of the latent roots to m. Thus if m is vacuous, 
one of the latent roots must be zero ; if only one of them is zero I call m simply 
vacuous and say that its vacuity is 1 : thus zero vacuity and simple vacuity mean 
the same thing as zero nullity and simple nullity respectively. More generally 
if any number i, but not i + 1 , of the latent roots of m are all of them zero, m 
will be said to have the vacuity i. 

By a principal minor determinant to any matrix I mean any minor deter- 
minant whose matrix is divided by the principal diagonal into two triangles. 
It will then easily be seen that if s< means in general the sum of the principal 
t"* minors to m, and Sq means the complete determinant, the assertion of m 
having the vacuity i is exactly coextensive with the assertion that 

5^j = , ^1 = , ^2 = . . . «<_i = . 

If the nullity of m is i, every (f^ minor of m when q^C^i is zero. Hence the 
vacuity cannot fall short of the nullity, but the converse is not true. A matrix 
may have any vacuity up to o inclusive without the nullity being greater than 1 . 
It will hereafter be shown, under the 2d law of motion, that if Xi, Jlj, . . . >l„ are 
the (i) latent roots of m, then (?n — '^\){m — X^) . . . {m — Xj = or say if = 0. 
But it will be interesting even at this early stage to show that a theorem closely 
approaching this may be deduced from the distinction drawn between vacuous 
and non- vacuous matrices as regards their possession of real inverses. 

I propose to prove instantaneously by this means that at all events 
4f-~^ = 0. It is obvious from any single instance of multiplication that mn and 
nm are not in general coincident. But if n could be expressed as a linear 
function of powers of m (including m® or 1„ among such powers), mn and nm 
must be coincident. If now we take the u* matrices 1 , m, m*, . . . m"*""^, n at 
first blush one would say ought to be expressible as a linear function of these c? 
quantities determinable by means of the solution of o* linear equations, and can 
only escape being so expressible in consequence of the fact that these o* powers 
of m are linearly related. Hence we must have an identical equation of the form 

^m-'-^ + 5?n-'-* + (7m"'-3. ... +Gm + H= 0, or say Fm=o: 
If now Fm were supposed to contain any factor other than m — Xi, m — X,, . . . 
m — >l«, such factors being non- vacuous may be expelled from Fm ; consequently 
the equation in question must be of the form 

(m — Xi)-« (m — Xj)** (m — KY» = , 
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and as the coefficients of the equation in m are necessarily rational we must have 

ai=: ttj , . . . , a^= a. Hence oa = ai + a2 + . . . a„<Co*, and consequently a<C6). 

Hence, at all events (since Jf"~^""*= on multiplication by M^ gives 

if— ^=0), 

\{m — 'k^){m — 7^) . . . (w — ;i«)|«-^ = Jf"-^ = 0.— Q. E. D. 



= 0, 



LECTURE II. 

On Reduction. 

It follows from what has been already shown in Lecture I, when m is a 
matrix of the second order (cj — 1 being here unity) that (m — ^i){fn — ^2) = 0. 

Understanding by m the matrix /* ^' the latent equation to m is 

i. e. 7?— (<i + T2) X + (^1^3— hr^) = 0, 

so that m* — {ti + ^2)^2 + {t^r^ — t^r-^ =: , 

or, using the literation applied to the parametric triangle, 

m*— 26m+cZ = 0; (1) 

for since the content of x + ywi + zn is supposed to be 

Q? + 2hxy + ^cxz + dif+ 2eyz +f7?, 
that of — Jl + m will be found by making 2 = 0, a:= — X, y=l. The varia- 
tion of equation (1) obtained by taking en for the increment of m (remembering 
that the variation of 'w? is (m + Bn){m + en) — wi*, i. e. e{mn + nmy) gives rise to 

the identical equation 

mn + nm — 2hn — 2cm + 2e= 0, (2) 

and the variation of this again gives 

n^ + n*— 2cn— 2cn + 2/=0, 

or n* — 2c7i4-/=0, as of course will be obtained immediately from (1) by 

substituting n, c, / in place of m, 6, c?. 

The parameters c, /, if n represents ^^^ are the sum of the principal 

Wj 1^2 

diagonal elements and the content of w, just as 6, d are such sum and content in 
respect to m . 

The parameter e (the connective to d and /) or rather its double 2e is 
obviously the emanant of d in respect to the operator Uibt^ + ^2^*, + 1^1 ^r, + ^%K^i 
or, if we please, of / in respect to the inverse operator tiS^^ + ^s^i., + '^iK, + '^%K^ > 
i. e. is tiVf^ + tiir^ — t^Vi — tijTi. 
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With the aid of the catena of equations in m, in ?w and n, and in n, any 
combination of functions of m and n may be reduced to the standard form 

Amn + Bm + Cn + D. 
For, in the first place, 

^m = P{m^ — 2bm + d) + rw +d = rm + ^i 

and similarly '4^n=^ pn + a. 

Hence the most general combination referred to is expressible as the product of 
alternating linear functions of m and n , and may therefore be reduced to a sum 
of terms of which each is a product of alternate powers of m and of n, each 
of which powers may again be reduced to the form of linear functions, and this 
process admits of being continually repeated. 

Suppose then, at any stage of it, that the greatest number of occurrences 
of linear functions of m and n in the aggregate of terms is i ; then at the next 
stage of the process ihe new aggregate will consist of monomial multipliers of 
one or more simple successions of m and n, and of terms in which the number 
of alternating linear functions never exceeds i — 1 ; hence, eventually we must 
arrive at a stage when the aggregate will be reduced to a sum of monomial 
multipliers of simple successions of m and n, every such succession being of the 
form {mny or m~'^{mnY ^^ (m7i)^n""^ or m^^{mhyn''^. 

But {mny=^ m.nm.n^=- — m{mn — 2hn — 2cm + 2e)n 

= — rn?i}^ + 2bmn^ + 2cm*n — 2emn 

= — {2bm — d){2cn — /) + 2hm{2cn—/) + 2c{2bm — d)n— 2emn 

= — {2e — 46c) mn — df. 
Hence {mnY + 2 (c — 26c) mn + d/=0. 

Hence {mny = P \ {mnf + 2 (c — 26c) mn + c?/ } + Amn + ^ = Amn + B , where 
A and B are known functions of (c — 26c) and/; and therefore 

m""^(mn)^= An + Bm~^=z An rw H ^ • 

^ ^ da 

^^^ m-'{mnyn-' = A + B{mn)'''= — ^mn + (^A-B ^^^^^). 

And this being true {mut. mut) for all values q^ it follows that the function 
expressed by any succession of products of functions of m and n is reducible to 
the form of a linear expression in m, w, mji, in which the 4 monomial coeflBcients 
are known or determinable functions of the parameters to the corpus m, n. 
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The latent function to any such linear expression, say Amn-^-Bm + CVi + D, 
may be found in the same way the latent function to mn has been found, viz. as 
follows : 
{Amn + Bm + Cn + Df='A}{mnY + AB{mnm + mmn) + AG{mnn + nmn) 

+ 2ADmn + B^m^ + BG{mn + nm) + 67 V + 2BDm + "iCDn + 2)* 

= il*(— 2e + 4&c) 77171 — A^df+ ABm {2bn + 2cm — 2e) 

+ AC{2lm + 2cm — 2e)n + 2ADmn + B^m^ + BC{2hn + 2cm — 2e) + C^n^ 

+ 2BDm + 2GDn + D". 
Let {Amn + Bm+ Cn^- Df— 2P{Am7i + Bm+ Cn + D)+ Q = 
be the identical equation to Amn + Bm -i- Cn + D. . 

The coefficient of 7W7i in the development of the first term being 

(46c — 2e) A^ + 21) AB + 2cAC'V 2 AD, 
and 171*, n? being reducible to linear functions of 771 , r^ respectively, it follows 
that P = A{2hc — e) + 56 + Cc + D. 

To find Q it is only needful to fasten the attention upon the constant terms 
in the before named development reduced to the standard form. These will be 

— AHf— 2ABcd — 2AGhf— E'd — 2BGe —G^f + Z>«, say K, 
and the constant part in — 2P{Amn + -B771 + Cn + D) being — 2Z>P, it follows 
that Q = 2AD{2hc — e) + 2BDh + 2GDc + D^—K 

= A^d/+ 2ABcd+2AGb/+ 2AD{2bc — e) 
+ B'd+ 2BGe + (7y+ 2BDb + 2GDc, 
and consequently the latent function A* — 2PA+ Q, of which the algebraical 
roots are the latent roots of Amn + Bm + (771 + 2) is completely determined. 
Thus ex. gr.f if the latent function of m+n is required, making J. = Z)=0, 
B=G = 1, its value will be seen to be A*— 2(6 + c)A + c«+ 2e+/=0, so 
that the roots will be 6 + c±\/(6 + c)*— (d + 2e +/)". 

On Involvtion. 
In general, if 771 and n be two given binary matrices, and ^> any third 
matrix, say tw-'i^, n — '^i'^», «-^^^», 

p may be expressed as a linear function of T, tti, n, mn or of T, i7i, ti, titti. For 
in order that p may be expressible under the form A + Bm + (7n + X>, observing 
that tiTi + toTi LTi + Lti 

and that T = ^ - , it is only necessary to write 

Vot*. VI. 
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A + Bt,+ Gr^ + D{t,r^ + tsr,)= 71, 
Bt^ + Cr, + D{t^r, + t,r,) = T,, 
Bts+ Crs + D{t,rs + tsr,)=Ts, 
D + Bt,+ Cr, + D{t^rs + t,r,) = T,, 
and then A, B, G, D may be found by the solution of these four linear 
equations : and this solution must always be capable of being effected xmless 
the determinant 

1, <i, Tj, ^iTi4-^3'^2 
0, ^2, T2, ^2Ti4-^4T2 

vanishes. 

When this is the case the matrices 7n , n , in the order in which they are 
written, will be said to be in sinistral involution. In like manner, if 1 , n, m, nm 
are linearly related, m , n may be said to be in dextral involution. But it is very 
easy to see from the identical equation (2) that in this case these two involutions 
are really identical, for, since A + Bm + (7n + Dmn = 0, by subtraction 

A + Bm + Cn — Dnm + 2Dcm + 2Dhn—2De=0, 
i.e. {A—2eD)+ {B'\'2cD)m + {G + 2bD)n — l>nm = 0. 

The above determinant then will be called the involutant to m, n orn, m^ 
indifferently, for it will be seen, and indeed may be shown, h priori, that its value 
remains absolutely unaltered (not merely to a numerical factor jyrhs, but in sign 
and in arithmetical magnitude as well) when the Latin and Greek letters, or 
which is the same thing, when the matrices m and n are interchanged. 

On the lAnearform or Summaiory Representation of Matrices, and the MultipUeation 

Table to which it gives rise. 

This method by which a matrix is robbed as it were of its areal dimensions 
and represented as a linear sum, first came under my notice incidentally in a 
communication made some time in the course of the last two years to the Math- 
ematical Society of the Johns Hopkins University, by Mr. C. S. Peirce, who, I 
presume, had been long familiar with its use. Each element of a matrix in this 
method is regarded as composed of an ordinary quantity and a symbol denoting 
its place, just as 1883 may be read Id + S7i + 8< + 3t/, where 0, A, t, u, mean 
thousands, hundreds, tens, units, or, rather, the places occupied by thousands, 
hundreds, tens, units, respectively. 
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Take as an example matrices of the second order, as 

ah a/? 
cd Y h. 

These may be denoted respectively by 

a/l + 6^ + ci' + c?7t, a^ + /?f£ + yj' + ^Tt ; 
their product by 

(aa + c^)a + (6a + dP)li + {ay + ch)v + {by + d^)n, 

which therefore must be capable of being made identical with 

oaX* + a^Xfi + ayXv + ahXn 

+ baiik + bpii^ + by^v + bhiin 

+ cfocTt^l + d^Ttfi + dynv + ci^Tt*, 
when a proper system of relations is established between tlie quadric combi- 
nations and the simple powers of %. 

The arguments of like coeflBcients in the two sums being equated together, 
there result the equations 

v(i = X, rn=^v, 7t(i=^[i, 7t*=7t, 
and again, the arguments to the 8 coefficients in the second sum which are not 
included among the coefficients of the first, being equated to zero, there result 
the equations 

;i^ = o, ;i7t = o, f/^=o, fin = o, 

These 16 equalities may be brought under a single coiq^ d^oeil by the following 
multiplication table : 



?. V [I n 



V 



?w r 
?w 1- 



[jl \ (I n 

71 [jL 7t 



a b c 
In like manner it will be found that any matrix of the 3d order, aa d e /, 

g h k 
regarded as a quantity, may be expressed linearformly by the sum 

aX + 6|U + w + ^Tt -H ^p +fa + gr + hv + h^^ 
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where the topical symbols are subject to the multiplication table below written : 





^ 


n 


T 


/* 


p 


V 


V 


a ^ 


X 


A 


Tt 


T 

















n 











X 


7t 


T 








r 




















•K 


7t T 


^ 


^ 


9 


i; 

















P 











V- 


9 


V 








V 




















/* 


p '^ 


V 


V 


(T 


«? 

















a 











V 


(T 


«?> 








«?> 




















V 


a ^ 



And, in like manner, matrices of any order o may be expressed linearformly as 
the sum of g)* terms, each consisting of a monomial multiplier of a topical 
symbol, the entire o* symbols being subject to a multiplication table containing 
G)* places, of which u^ will be occupied by the cJ simple symbols, each appearing 
G) times, and the remaining o* — u^ places by the ordinary zero. 

This conception applied to quadratic matrices might have served to establish 
the connection between them and Hamilton's quaternions, regarded as homo- 
geneous functions of 1, i,y, k, themselves linear functions of the topical symbols 
^, f/, J/, 7t; but the same result may be arrived at somewhat more simply by a 
method given in a subseqtient lecture. 



On the Corpus formed by two Independent Matrices of the same order, and the 

Simple Parameters of siLch Corpus. 

By the latent function of a corpus {m , n) we may understand the content or 
any numerical multiplier of the content of (i. e. the determinant to) the matrix 
sc + ym + zw, where x^ y^ z are monomial carriers.. This function will be a 
quantic of the order u in x, y, z, and in the standard form the coefficient of aT 



may be supposed to be unity, so that it will contain 
may be termed the parameters of the corpus. 



iO 



4-3a> 



coefficients, which 



i 
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To fix the ideas, suppose cj = 3 and let the latent function to 

a h c a P y 

d V d a! /3' / 

a" h" d\ a'' ^" f 
be called F^ where 

F—^^-ZWy + Zc^z + 3cZx?/*+ ^exyz + 3/a-2* + ^y»+ 3/1/2+ ZUy^^-W. 
Let m become ?n + e/i, where e is a monomial infinitesimal. Then the 
function to the corpus becomes the content of 

a; + y(m + ew) + zn, i. e. x + ym + (z + 6y)w, 
and consequently the variation of the function to (w , n) is ByhJ?. If then the 
rate of variation of any of the parameters, when n is the rate of variation of m, 
be denoted by prefixing to such parameter the symbol E^ we shall find 

Eb = C) Ed=2e, Ee=f] Eg = 37i; Eh= 2k] Ek=l] 
and similarly, if ST , preceding a parameter, be used to indicate its rate of vari- 
ation corresponding to 74's rate of variation being m , then 

Sc = h] 3/= 26; Se=d) Sl=i^h', Sk=2h] Sh = g] 
and the variations of c, /, Z, as regards E^ and of 6, d, S^,as regards ST, are of 
course zero. 

By forming the triangle of parameters 

1 

h c 

def 

g h 1c I 

p q r s t 

the law of variations of the parameters of the function to (w , n) (expressed in 
the ordinary manner by a ternary quantic affected with the proper numerical 
multipliers) becomes evident, whatever may be the order of the corpus {i. e. of 
the matrices m and n, of which it is constituted): thus ex. gr. when (o= 4, in 
addition to the previous expressions we shall find 

Ep = 4q, Eq=3r, Er=z2s, Es^it, Et = 0, 
3:t=4s, 3:sz=Sr, 3:r=2q, 3[q=p^ 3p=Q. 
By means of the above relations, any identical equation, into which entera one 
or more matrices, admits of being varied, so as to give rise to an identical 
equation connecting one additional number of the same. 

Scholium. — In what precedes it will have been observed that the matter 
under consideration has always regard to matrices, or, as we may say, quantities 
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of a fixed order o, combined exclusively with one another and with ordinary 
monomial quantities. Every such combination forms as it were a clausum or 
world of its own, lying completely outside and having no relations with any 
other. It is, however, possible, and even probable, that as the theory is further 
evolved, this barrier may be found to give way and the worlds of all the various 
orders of quantity be brought into relation and intercommunion with one 
another. 

LECTURE III. 

On Quantity of the Second Order. 

The theory of matrices of the second order seems to me to deserve a special 
preliminary investigation on various grounds. First, as affording a facile and 
natural introduction to the general theory (as the study of Conic Sections is 
usually made to precede that of universal Greometry) ; secondly, because it 
presents certain very special features distinguishing it from all other kinds of 
quantity, such as the coincidence of the two involutants (reminding one of the 
single image in the case of ordinary refraction as contrasted with the double 
image seen through Iceland spar), or, again, the rational relation between the 
products of matrices of the second order, in whatever order the factors are 
introduced in the performance of the multiplication ; and thirdly, because the 
theory of this kind of quantity has already been extensively studied and 
developed under the name or aspect of Quaternions. Hence it may not be out 
of place to make the remark that, as it surely would not be logical to seek for 
the origin of the conception included in the symbol V— 1 in geometrical consider- 
ations, however important its application to geometrical exegesis, so now that 
an independent algebraical foundation has been discovered for the introduction 
and use of the symbols employed in Hamilton's theory, it would (it seems to me) 
be exceedingly illogical and contrary to good method to build the pure theory 
of the same upon space conceptions ; the more so, as it will hereafter be shown 
that quantities of every order admit of being represented in a mode strictly 
analogous to that in which quantity of the second order is represented by quater- 
nions, viz., if the order is o, by o*-ions, or as I shall in future say, by lonsy of 
which the geometrical interpretation, although there is little doubt that it exists, 
is not yet discovered, and it must, it is certain, draw upon the resources of incon- 
ceivable space before it can be efiected. 

(to be continued.) 



yote on the Development of an Algebraic Fraction. 

By Capt. p. a. MacMahon, R A. 



In the American Journal of Mathematics^ Vol. V, No. 3, M. Paa de Bruno 
has considered the development, in ascending powers of x, of the algebraic 
fraction , . 1 

and has obtained the coeflBcient of x^ in the form of a determinant. 
His result may be simply obtained as follows. 
For convenience I take the fraction to be 



Let 



•^^^^ ~ 1 — q^x + a^a?— . . . + (— r««^ ' 
F{y)=y^-a,y--' + a,y--'- . . .+{-Ya„ 

= (y — a)(y — /3)(y — y) . .. 
so that a, ^, y . . . are the roots of the equation F{y) = 0; 

1 



then 



and 



y 



1 a <x^ 
— = — + -— + — 



-Hi 



+ ... 



m 



— -—4- ' 4- » _L -|_ » I 



F{y) y" ■ y"+^ ' y"+* y"+^ 



wherein Hp represents the sum of the homogeneous symmetric functions, of 
weighty, of the roots of the equation 

Write now y = — and divide both sides of the resulting equation by «", thus 
obtaining 



1 — Oiic + ajic* — . . . +( — ya^ixf^ 
It is well known that 



fip= 



ttl 


a, Oi . . 




Op 


1 


dl Of . . 




«p-l 





1 ai . . 




S-» 





1 . 




Op^Z 





0., 


. . 1 


Ol 



which is equivalent to M. Fai de Bruno's result. 
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Now 



J3p=z=2(— )!>+-«+-+-+ 



(ai + a, + a>+...)! 



*t/»*t 



Ci! a,! Oj' 



or«r«3 



• • • • 



the summation extending to all integer, including zero, solutions of the 
equation ai + 2(Zj + Za^ + . . . = ^^ ; 

consequently we have the result 



p-O 



1 OiX + a^2? . . . + ( rO^nX^ 



=T.Ta-) 



P + k 



k\ 






Oi! a«! a^\ 



«r«?«3' 



where 



= 00 



«! + ^2 + Ctg + . . . h, 

tti 4" 2a2 + 3a3 + . . . = ^> . 



Royal Military Academy, Woolwich, October 2, 1883. 



a:^ 



Note by Dr. Franklin. 

The general coefficient in the expansion of 

1 



is obviously given immediately in the form of a determinant by comparison of 
coefficients. If the required series is 

we have 

{a^ + a^x + a^+ . . . + an«'')(*o + M + *«^+ . . . + M") = 1 » 
whence ao^o =1 

01*0 + «o*i z= 

whence, solving for the 6's, 

«i «o 

Oj «! tto 

GTg Oj Oi Oo 



^=(-)'a) 



1 N^'^^ 



a, 



«p S-i 

The above is so obvious that I have been in the habit of regarding it as the 
natural method of obtaining the value of J^, whereas, in the preceding note. 
Captain MacMahon has reversed the process. 



Symmetric Functions of the 13^. 

By Captain P. A. MacMahon, R. A. 



The following table represents the symmetric functions of the roots of an 
equation of the 13th degree, arranged according to Mr. Durfee's plan. 

In addition to Professor Cay ley's law of symmetry, the following method 
was carried out in order to ensure the correctness of the numbers : viz. the 
equation being a* — aix^^^+ a^x^"^ — . . . + ( — ran=0, 
and any product of coeflScients 



,1 ^m ^n 



Ci\(jlff^ dy • • . 



if the (r + l)-agonal weight of the term be defined to be 

Wr^i=l{r+l)j,_r^i+m{r+l)^^r^i+n{r + l\^r+i+ • . • , 

wherein (r+l)< denotes the <*^ of the (r + l)-agonal numbers, then I have 
elsewhere shown {vide Proc. Lond. Math. Soc.) that denoting the sum of all those 
symmetric functions of weight w{w^n), which contain r parts in their partitions, 

o^ — -5,^ ) llmlrl ^^a^a. ..., 

where «? = ZX + ^(i + nv + . . . j 

fc= I + m + n + . . . . 

From this we can, by the law of symmetry, immediately write down the 
value of any symmetric function of the equation 

of — cx"""'^ + caj*-* — ex*"' + . . . + (— )*c = ; 

thus, turning to the partition notation, 

r = K 

w^, Wr^i and k referring to the symmetric function. 

Vol. VI. 
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In the annexed table, the coeflScients were supposed to be each c, and the 
results compared with those obtained from the above formula. 

As a further check, advantage was taken of the fact that every symmetric 
function (except those whose partitions are composed wholly of units) of the 

equation a;»-i af'"'^ of""* . 1 

l.t ^ 2! 3! ^" • ^^ ^ n! "' 



x"" 



vanishes; the weight of course being ^n. 

Consequently we must obtain zero, on substituting for each coeflBcient the 
reciprocal of the factorial of its suflBx. 

ROTAL Mhjtart Academy. February Ist, 1884. 
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0—6 — 8—5+8 


(7.8.2.1) 


—83 + 5 + 74 +26 + 1-12 +12 +65 —11 —12 +18 + 4 — 82 + 7 


0- 7 — 6 + 2 — 15 + 12 


(7.2M 


—10 + 2+10 +10 — 1 + 2 +10 — 2 —10 — 5 — 10 + 2 


— 10 + 10 


(6.5.1*) 


+ 2 +17 0—1 +11 + 8 + 7 — 1 — 2 — 7 + 2+ 1 


0+2 0-7+8—1 


(6.4.2.1) 


+29 + 6+ 2 — 6 + 2+ 2 +14 — 8 — 4 — 6 — 2+8 


0—16 + 6 — 2+ 8— 8 


(6.3M) 


+12 + 2 + 21 —12 — 5 — 15 + 7 — 4 — 7 — 6+4 


0+8 0+5—1 


(6.8.22) 


+26 — 2 — 14-6+1+ 4 + 7 — 7 + 3 + 2 + 5+ 2 


0+6 — 1—2 


(5^2.1) 


-3 + 1—8 + 8 + 8 — 10 0-4 — 2 


+ 11 — 3 

• 
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(12.1) 


-18- 


76 +19 


— 1 +13 —42 —60 —120 -62 +* 58 + 58 +246 +63 —9 —160 —140 +19 + 98 — 


20 + 1 


(11.2) 


—84 — 


19 +14 


- 2 +18 —67 —12 — 90 +14 + 53 + 97 + 98 —23 —17 —148 + 4 +86 + 81 — 


16 + 2 


(10.8) 


18 


45 +21 


- 8 —17 —38 -48 + 64 -22 + 75 


+ 80 +86 —24 — 60 — 70 +21 + 68 — 


24 + 8 


(9.4) 


—24 — 


60 +28 


-4 + 1 +66 +48 + 24 +20 - 50 - 


50 — 60 —25 + 6 + 60 + 40-8 — 24 + 
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(8.5) 


+10 + 25 — 6 


+18 +22 —18 — 36 —12 — 10 — 


10 + 80 +15 + 5 + 10 — 20 — 5+ 5 
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+ 6- 
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— 8 —36 + 6+12 + 4+ 4+25— 9 — 5 + 3 — 12+ 6 
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+18 + 20 — 8 . 


+ 1 —13 +42 +27 + 87 +19 — 36 — 


58 -114 — 9 + 9 + 95 + 80 —19 — 27 + 
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— 1 


(10.2.1) 


+22 + 64 —28 + 3 + 4 +64 +62 + 20 + 8 — 96 — 


35 _ 99 —20 +26 +108 + 76 —26 — 74 + 26 • 


- 8 


(9.8.1) 


+27 + 75 —31 + 4 +16 -42 —18 — 60 + 2 + 20 + 41 + 39 + 2 8 83— 9+6+ 6 — 


1 





(9.22) 


+16 + 28 —14 + 2 — 7 — 5 —88 —14 + 19 — 


7 + 42 +14 — 1—14 — 28 + 14 — 
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— 6 — 
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6 — 30 — 7 + 1 + 18+14—1— 7 + 


1 




(8.8.12) 


+ 8 + 


6 — 1 


— 3 +20 — 1 + 13 — 5- 8 — 


11— 6 + 6 + 2 + 10— 5 — 2+ 1 






(8.22.1) 


+ 2 + 18-8 


+ 8—11 — 6 — 12 — 2+ 6 + 


6+9 0—1—6 0+1 






(7.4.12) 


+ 2- 


1 


+ 6 + 9 + 9—18 + 8 — 12 + 


8+ 9 — 8 + 3— 3+ 1 
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— 1 — 8 0+1 
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+18 +26 180 —130 13 +65 +390 +195 273 —465 +52 +364 —117 +13 +13 —91 +182 —156 +65 —18 + 1 


- 10 —26 + 82 +106 +18 —25 —210 —135 + 93 +215 —10 —112 +21 — 1 —11 +56 — 77 + 44 —11 + 1 


—13 — 4 + 75— 2 — 9-43 —104 + 36+97+15 —19 — 45 + 18 — 2 + 9 —30 + 27 — 9 + 1 


+17 +19 — 80 85 + 7 +20 +105 42 35 + 8 + 21 3 — 7 +14 —7+1 


— 1 —20 +10 + 40 5 +10 30 15 6 + 20 + 2—4 + 6 6+1 


—13 +14 + 30 — 30 + 3 — 5 — 10 + 15+6—6 — 8 + 1 


+ 8 — 5 — 17 + 11 — 1-2+9-6 + 1 


+10 +15 — 60 — 40 — 2 +26 +100 + 25 — 60 — 50+10 + 35 -10 + 1 


— 7 —15 + 33 + 31 + 2 — 7 — 46 — 16 + 15 + 20—1— 8+ 1 


—10 + 1 + 28— 8 — 2 —13 — 12+9+12 6 2+1 


+ 7 + 7 — 21-7 + 7 + 14 0-7 0+1 


+11 + 6 — 24- 2 + 2 + 3 + 12— 4- 3+ 1 


— 4 — 7+9+5 — 1—6 0+1 
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— 7 + 8+6—8 — 2+1 


+4+2—4 0+1 
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— 78+54 + 78 +18 —30 —42 +86 -64 — 72 -i- 9 —24 +64 +24 — 5-6 + 8 —24 + 6 —18 — 8 

— 39 + 39 — 6 +39 —15 — 1 — 3 —17 — 34 — 24 +14 +16 + 6 + 4 + 6 —18 + 8 —12 +18 + 1 

— 89+39+17 -21 +39 —41 +18 —28 +4 — 18 —17 + 2 +86 +28 -86 —18 +15 + 8 — 4 

— 18 + 9+13 +13 —28 — 7 +13 — 9 — 22 + 14 + 5 +18 — 6 — 2 +10 —18 —11 — 6 +10 + 7 
+ 18— 1— 2 — 3 — 4 —13 —18 +1+ 3+ 4 + 2 + 5 + 5 +14 + 6 + 8 + 7 +16 + 7 + 8 
+ 52 — 16 — 8 —12 —16 —12 -52 + 6 + 14 + 19 + 8 +24 +20 +28 +24 +12 +84 +20 +28 — 8 
+ 52 — 16 — 30 —12 —16 —12 —10 +16 + 16 + 19 +12 +24 +26 +21 +32 +12 — 8 —14 — 8 
+ 78 — 42 — 1 —18 —24 —38 —15 + 9+23+33 +10 +42 +27 +52 +32 +18 — 8 —24 —21 + 8 
+ 52 — 16 — 30 -42 —16 -12 +32 +16 + 46 + 22 +12 +24 +32 —21 -10 —14 -12 — 2+7 
+156 — 84 — 68 — 6 —48 —76 +54 +51 +42 + 63 +32 +84 +66 —15 —38 -86 —18 +24 —12 + 1 
+ 52 — 40+14 —22 —16 —12 + 4+7 + 16+26 + 4 +82 +16 — 4 —26 —6 + 2 + 2 +18 — 8 
+ 26 — 8 — 15 —21 —26 +14 +16 +8 + 23 + 29 +16 - 6 — 4 -18 — 1 — 7 —11 + 6 — 4 
+156 — 84 — 68 —96 —12 +44 +12 +51 +182 + 68 +14 -40 —36 —28 — 4 +12 —12 + 6 +12 + 1 

— 13+ 1+ 2 + 8 + 4 + 6 +13 — 1— 3— 4 — 2 — 6 — 5 — 6 — 6 — 8 — 7 — 7 — 7 

— 66+17 + 10 +16 +20 +25 +23 — 6 — 17 - 23 —10 —29 -25 -35 —30 —16 +1 + 7 + 7 

— 65+17+32 +16 +20 +25 —19 —17 — 19 — 23 —14 —29 —31 +7 + 4 + 6 + 7 — 8 + 7 
+ 13—1—2 — 3 — 4 — 5 — 6+1+8+4 + 2 + 5+5 + 6 + 6 + 8 
+ 78 — 42 — 67 +12 — 6 +22 —15 +42 + 19 + 12 +81 -20 —21 — 8 +10 —12 +16 — 8 + 8 + 8 

— 89+39+17 + 9 —33 +19 — 8 -28 — 26 + 24 +19 +14 —30 -16 + 2 +12 + 8+6 — 6 — 4 
—130 +58+9 +30 +40 +50 —17 —14 — 87 — 52 —18 —66 -47 + 4 +28 +12 — 1 - 2 — 7 
+ 78 — 18 — 12 —18 —24 —30 + 6 + 7 + 20 + 27 +12 +34 +30 — 1 — 6 — 8 

— 13+1+2 + 8 + 4+5 — 1—3—4 — 2 — 5 — 5 
+156 —120 — 24 - 6 —84 +84 —80 +54 + 34 + 81 +24 —20 -66 —20 +88 + 6 +12 — 6 — 9 
+ 13 — 13 + 9 —13 + 6 — 3 + 1 + 2+4+8 — 2 — 6 + 2 + 6 — 1 — 6 + 8 

— 65 + 17 + .32 +45 +20 —15 —19 —17 — 49 — 26 —14 +11 + 3 +12 + 4—8 + 7 + 7 — 6 
—260 +116 +106 +30 +80 —60 + 8 —72 — 72 —101 —52 +28 +48 +21 —18 +12 — 8 — 4 — 2 : 
—180 + 82—13 +40 +40 —80 +11 —16 — 39 — 59 —14 + 6 +37 — 3 — 6 —12 + 1 + 2 + 8 
+ 78—18 — 34 —18 —24 +10 + 6 +18 + 22 + 27 +16 — 6 — 4 — 6 + 2 — 8 
+195 - 75 — 19 —45 —60 +25 — 6 +20 + 54 + 75 +28 — 5 —28 + 1 + 2 + 8 

— 91 + 19 + 14 +21 +28 — 5 — 8—23—81 —14 +1 + 5 
+ 13—1—2 — 8—4 0+1+3+4+2 

— 13+13+13 -17 + 1 +13 — 8 —13 + 4 + 16—7 -14 + 4 — 5 + 7 — 4 + 8 — 6+1 + 2 
+ 78 — 42 — 67 -33 +66 +22 —36 +42 + 64—42 — 5 —44 +12 +13 —18 +12 +18 + 8 — 8 — 7 
+ 78 — 60 — 12 —48 +48 —18 + 6 +27 + 62 — 18 -33 — 8 +24 — 6 — 8 + 6 + 8 + 6 —12 + S 
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— 4 



— 8 —17 -10 +10 +17 + 2 +18 -6 + 8 -10 -10 + 
—20 —18 +24 0+1 —12 — 2 +11 —10 + 
—19 +5—1 +10 — 1 +17 — 8 —10 —11 + 3 + 2 + 
+ 6 — 9 +14 — 6 +11 — 6 — 1 + 1 — 5 — 2 + 5 — 

— 6 — 6 —12 — 2 —15 —14 — 7 — 7 —16 —16 — 8 — 
—22 —29 —53 — 8-83 —62 —31 —28 + 9 + 9 + 8 + 
—28 —88 —61 —12 + 5 +12 +11 + 4 + 4 +16 — 4 + 
—88 —51 —83 -10 + 2 +29 +12 +26 — 3 — 9 — 2 — 
—84 + 9+6 + 2 +17 +6+2 — 2+1 + 1 + 8 — 
—82 +12 +74 +10 + 2 +21 —14 - 8 -10 — 4 + 
—20 + 8 +26 +10 — 1 — 6 —12 — 6+8 + 4 + 2 

+ 2 + 6 + 1 — 1 +11 + 2 — 6 + 1+8 — 8 — 4 + 
+22 +24 —12 + 8 + 2 -16 + 4 —10 +10 — 
+ 6 + 6 +12 +2 + 7 +14 + 7 + 7 
+27 +86 +65 +10 — 1 — 8 — 4 — 7 0' 
+88 — 8 —11 — 2 — 4 — 7 + 8 

— 6 — 6 —12 — 20000000 
+10 + 6 +18 -10 — 7 — 6 + 2 — 4 + 4 — 
+11 + 4 — 6 + 2 — 2 — 6 + 6 — 2 + 8 — 1- 
+56 - 4 —82 —10 + 1 + 3 + 4 + 2 
—82 + 1 + 7 + 2 

+ 50000000000 
+46 — 6 — 7 —10 + 2 —16 + 3 + 6 +11 — 1 - 2 
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+ 19 — 1 — 5+9-12 + 6 — 8 + 2 + 6 — 8-1 — 2+1 
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On the Besolution of Equations of the Fifth Degree. 

By Emory McClintock. 



Two papers published by Mr. George Paxton Young in the American 
Jourruil of Mathemaiics (vol. VI, pp. 65-114) contain discoveries of high import- 
ance in the theory of equations. It is a necessary consequence of such 
publications that others should be attracted to the same field, and I will say at 
once that what I have now to present is merely in continuation of the work 
done by Mr. Young. 

To relieve the reader from referring repeatedly to Mr. Young's paper on 
the resolution of equations of the fifth degree, I will first give a brief summary 
of its main features. The roots (ri, r,, rj, r^, r^ of the general equation 
^ + p%^ + Pz^ + P\X + pi'=' being, in accordance with Lagrange's theory, of 
the form ri=:i^H-t^H-i^H-i^4, and so on, where ^^ , wj » ^ i ^^5 » ^i^e given fractions 
of the roots of a biquadratic equation, Mr. Young shows, first, that the latter 
have, in the most general case, this form, 

t^5=: bH-bVz — V*, i^ = B — b'/s/z— V^li ) ^^ 

where 2=1+6*, s^^hz + h^z, s^^^hz — h^/z^ and e, A, b, and b' are rational; 
that 'i^W4 = grH-a Vz, v^ti^zzig — aVz, (2) 

where g = — ^jpg, and a is rational ; and that 

l^V^ = Jc + C \/z + {d + ^ ^z) \/8f 

ulu^=^Jc + c\/z — {0 + ^ ^z) ss/s^ 
?i|i^=: h — c^/z + (0 — <^ Vz) V^ii 

vJ^U^ZZlh — C \/z — (0 — ^ ^Z) a/8i , 

where k= — i^j, and c, 0, and q> are rational. Prom these and others he 
derives the six equations following : 



(3) 
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Piig^ — «*2) = (y*— a*2)(5fl^ + 15a*z) — 20g (A* — c^z) — 2Qahez (0* - q?z), 

/>* = — 4b + 40ac2 , 

B"=l, 

Ji"= , 

hz (0» + ^h + 2ft^) = A? + c«2 — gr (/ — a»z) , 

A(0*H-<^z+20<^)=2fc — a(gr* — a*2). 

Besides these, a seventh formula is needed, giving b' in terms of the other 
quantities. The values of b, b', b", and b"' are indicated, but not expressed. 
They are, in fact, complicated functions of the other quantities, and would each 
contain, if written at length, from twenty to thirty terms. Mr. Young now calls 
attention to the general fact that it is always possible to eliminate five of the 
unknown quantities from his six equations, leaving a single equation of some 
degree (presumably of a very high degree, except in cases solvable algebraically), 
from which the numerical value of the remaining unknown quantity can be 
ascertained. He has therefore succeeded in showing the correct form of the roots 
of the general quintic, and in proving that it is not impossible to determine and 
exhibit the roots in that form. He has not, however, reduced the method to a 
manageable process, except for a single special case of unusual simplicity (a = 0). 
To supply this deficiency, ana to show in detail how the roots may be determined 
in their normal form, without transformation, by the aid of a resolvent sextic, 
is the first object of the present paper. In doing this it will be shown that 
Mr. Young^s original equations may be simplified, and two of the four unwieldy 
formulae dispensed with. For each of the trinomials 

there will be afforded a choice between two sextics, one a special case of what I 
call the first resolvent, the other of the second. After discussing these resolvents, 
I shall close by making some observations on certain classes of solvable quintics. 

On the General Qunmo. 

**By the resolution of a quintic, I mean the expression of its roots in terms 
of those of its resolvent sextic." * Tried by this standard, Mr. Young's work 
needs to be continued and completed. He has shown the normal form of the 
roots fully and satisfactorily, and has proved the possibility of exhibiting them 
without any other than a linear transformation of the original equation. But 

* Cockle, ^^ Resolution of Quintics," Qwxrieriy Journal^ IV, 5. 
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though he has shown that such exhibition is possible, by means of the numerical 
solution of the six equations quoted, it remains a mere theoretical possibility. 
The elimination of five of the six unknown quantities, if attempted by what 
might be called main force, would in most cases involve very great labor. 

The methods of resolution devised by Lagrange and Vandermonde were too 
intricate to be practicable. A method of resolving the trinomial cc^^H- 1 Qh:x? + ^ = 
was given in 1860 by Mr. (now Sir James) Cockle, in the paper from which a 
sentence was quoted in the foregoing paragraph ; but it did not give the full 
form of the root, nor did it apply to the general quintic. Another process was 
gradually evolved by the labors of Messrs. Cockle and Harley, during a period of 
perhaps fifteen years, in numerous papers appearing in various journals. This 
process reached its culmination in a memoir presented by Professor Cayley to 
the Royal Society on Feb. 20, 1861. Mr. Cockle showed that any quintic for 
which the "resolvent product" is evanescent is solvable by radicals, and that the 
general quintic can, by two successive transformations, aided by his resolvent 
sextic, be brought into that solvable form. The resolvent product (0) would be 
represented in Mr. Young's notation by %2buiU^u^u^, Mr. Cockle's sextic 
determined the numerical value of for the trinomial x^+ 105x*H- ^=0, and 
enabled him to transform any equation from this form to a solvable form, the 
trinomial itself being first obtained by a Tschirnhausen transformation. That 
the second transformation was not essential was shown by Mr. Harley, who 
employed a modification of Mr. Cockle's sextic (previously made by the latter) 
in which the unknown quantity is t (say ba^z)\ and proved that the roots of 
the trinomial are rational functions oit. Merely for the trinomial, t is not more 
simple than 6; for the general quintic, however, it is much more simple, being, 
in Mr. Young's notation, SaVz against 625 (gr* — a^z). Recognizing this great 
difference, Mr. Cayley calculated for the general quintic the sextic in ^, or rather 
in \0^/ba^ZJ showing that its roots are rational functions of those of the 
quintic, and vice versa.* In his own words, **The roots of the given quintic are 
each of them rational functions of the roots of the auxiliary equation, so that 
the theory of the solution of an equation of the fifth order appears to have 
been carried to its extreme limit." The sextic so discovered by him is said, 
according to Mr. Harley, **to take an extremely simple form ; it may, in fact, be 
regarded as canonical in the theory of equations of the fifth degree." 

*I gather this from the brief abstract in the Prooeedinga^ not having as yet seen the memoir. See 
Cockle, ^^ Researches in the Higher Algebra," MoBOchester Memoirs^ XV, 181 ; Harley, ^^On the Theory 
of Qointics," (Quarterly Journal^ HI, 848. 
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On the one hand, therefore, we have the auxiliary sextic thus evolved, whose 
roots are known to be functions of those of the given quintic. On the other 
hand Mr. Young now shows the form of the roots of the general quintic, with 
six simultaneous equations from which to extract their values. It only remains 
to connect these two theories. The steps which I shall indicate are not neces- 
sarily the best for this purpose, and I shall be glad if any one improves upon 
them ; but they have at least this merit, that at no point is it necessary to solve 
an equation of any degree above the first. They therefore make it possible, if 
any one will take the trouble, to express the roots directly and visibly in terms 
of those of a resolvent sextic. 

As regards notation, I shall follow that of Mr. Young, except where departure 
seems clearly warranted by the nature of the results. In lieu of his expression 
for the general equation, a^ — lOgac^ — 20&c* + p^x +2)5= 0, useful to him as 
somewhat simplifying his formulae, I shall employ the normal form 

x^ + lOya? + 105a* + 5kc + ^ = . 

The reader will kindly notice the respective values of the symbols employed for 
the coefiScients. As thus changed, formulae (2) become 

ti^U^ziz — y + azif fi^v^zz: — y — azi. (4) 

Observing these and (l), and putting v=:a^z, we see that 

v^ul = z^a{x^+ lOvy^ + 5y*) — (5yt;*H- lOy^v + /) 
= 2jiFH-G, suppose, 
= [b + B'zi + {hz + A2i)i] [b + B'zi —{hz + hzi)i'] 

= 2i(2BB'— A) + B» + B^Z — hz. 

Everything being rational except zi , we have 

p=2bb'— A, (5) 

g=b*+b'»z — Az. (6) 

Prom these , _ , /bV — F2 + g\ i 

^-^■*"V -z J^ y (7) 




h= 2bb' — P. 

This determines h and b' when v, a, and b are known, since z = va~^, and these 
three quantities are all we need to seek in order to assign the elements of the 
root as in (1). We thus avoid the long and complex expressions for b' and b", 
and shall see that we have also obviated the necessity of determining the values 
of the quantities 6 and ^ . 
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Five of Mr. Young's six equations will still be useful to us. These are, after 

making the changes of notation already indicated, and putting c=:-\at, and 
(merely for shortness) y* — t? = v, y* + v = V, 

Vf = v/ + 3vi; + y5« — yvfi — Aheva-^ (^ — q>h) , (8) 

^ =20t?<— 4b, (9) 

B'" = 0, (10) 

4hz{6^ + ^'^z+ 2e^) = S^ + vfi+4vy, (11) 

ha-^ie^ + ^^z+ 2e^z) = — \6t — y . (12) 

Calculating b and b'" as indicated by him, but shortening the work by employing 
the letters v and v' as above stated, and also by putting q = y v' {vfi + 5*) + ^y^t 
+ 2y Vi? + y W, and R = yt?^ + v'5< + 2yV + vv' + y5* , we have 

v»b = heoa" ^ (0* — ^h){Vt + 2y5) — | Sq + } vtR, (1 3) 

evV'=:0 = e[y(i;^ — 5^)a6 + Q + aR]— <^[|v'(i;<*— 5*)e — Q — m-^R]. (14) 
What we have to do is to extract in some way from these equations the values 
of B, v, and a, in terms of the known quantities y, 5, f , and ^; and as B is given 
by (9) when v and t are known, we may say that the values desired are those of 
V, t, and a. 

Let P = vy* + 3vt? + y5* — ve — yvfi. Then, from (8) , * 

4Aet?a-'(0»— ^^z) = P. (15) 

Eliminating b from (9) and (13), 

4heva-^{0^—ip'^z){Y't + 2y8) — 20v«v< — v*^ + 25q — 2i?<R. (16) 

Dividing (16) by (15), and clearing the result of fractions, we have this 
equation in v and t: 

Y'tF + 2y5p = 20v*i;< — v^^+ 25q— 2y^R. (17) 

Another such equation is needed. Put u = b^ + v^ + 4vy , and n = — 2^vt — 4vi? . 

We take the following from (11) and (12) respectively : 

Aheva-^ (6* + q>^z + 20<^) = uea, (18) 

iheva-^le^ + ^^z + 2%) = Ne. (19) 

Adding (16) respectively to (18) and (19), and dividing the first result by the 

second, d + (p _ Mea + p , . 

+ <fz Ne + p' ^ ' 

subtracting instead of adding, 

+ ipz _ Mea — p ,2jx 

0z + <pz life — P ^ ^ 

Multiplying these equations together, 

2"^(nV — P*)= M*c*a* — P*; 

Vol. VI. 
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whence, since z = 1 + e*, and a^z=-v, 

N«=M*i; — p^ (22) 

or {2hvt + 4vr)* == (5* + 1?<* + 4y v)« t? — P*, (23) 

a second equation in v and t. 

We have now, in (17) and (23), two equations in v and t. In any case not 
critical we can, by division or some other usual process, depress these so as to 
have an equation of the first degree in v or t, for use in case one of theih is 
known ; and we can eliminate either v or t, thus obtaining a resolvent sextic, as 
will be seen further on. With numerical coeflBcients, no diflBculty will occur, 
nor is it necessary to frame a formula for t in terms of v . The problem may be 
considered solved, therefore, as regards v and t, and it only remains to deter- 
mine a. For this we need an equation of the first degree, not containing 
6, 4^, hf z, or e. 

From (14), (20), and (21), the following equations are readily obtained, 
remembering that v=^a^z and z =r l -f e* : 

T« — Q — Bva"^ uvar^-^-pe — n . v 

Na + Foe — Mt? ^ ^ 

Here t = 4-v'(i;<*— 5*), and w — y{vfi—h^). When (24) and (25) are cleared of 
fractions, respectively, and var^ — a is replaced by ae*, wherever that combination 
is observed, we obtain from them these : 

aep = am — n , 

aeq = an — mv. 

Here ?w = nw — pr — mt, n = mwi; + pq — nt, ^ = mq + nr + pw, and q = urv 
+ NQ + PT . Eliminating ac , finally, 

jm — qm ^ ' 

For determining the roots of the general quintic, therefore, the following 
steps are to be pursued : 

First, ascertain v or < by eliminating t ox v from (17) and (23), or by 
employing one of the resolvent sextics known to be producible by such elimi- 
nation, and then obtain the other of these two quantities by means of the same 
equations ; 

Secondly, determine a by (26) and 2 by a*2; = i; ; 



wo — Nt?a~ ^ 
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Finally, ascertain b, A, and b' by (9) and (7), thus obtaining all that is 
necessary to fill out the root-forms (1). We have still to discuss the possible 
resolvent sextics. 

On the Trinomial ic*^ + 5£a? + C = 0. 

When y = S = 0, our formulae become much simplified. Here v'= — v = i;, 
Q=z-\z^f^ R= — t;*, p = t;f — 3^?^ and from (17) and (23), after striking out 
common factors, and putting w== 25^?, we have 

tu — t€ — ^=0, (27) 

u*— ut^— 6eu+25e^ = 0, (28) 

Eliminating u, we have this simple sextic in t: 

Bf^+X^— 20€»<* + ^B^t — ^ = 0. (29) 

Eliminating t , on the other hand, we have this simple sextic in u : 

{u — eY {u^ — Qeu + 256«) — u^^=0. (30) 

When by either of these we ascertain the value of u or t, the value of the other 
is given by (27), and that of vhy u=^ 25i?. To illustrate these sextics, we may 

ft OK 

take the equation x^+ -7-^ + 3750 = 0, whose elements are given in detail by 

126 
Mr. Young. Here e= -- » and ^=3750. Then by (29) ^=6, or by (30) 

u = — j~; and these values satisfy (27). The following are other forms of (30): 

{u^—5€U^ + 166^ u + 5e7= w (^* + 256e'^), (31) 

u^— 106^5+556*1^*— 1406^t^^+ 1756*w*—(^*+10665)<^ + 256^ = 0. (32) 
If we put u=z€i/, equation (30) takes this form : 

(y-i)'(y-6y+25) = 7/6-'^?^ (33) 

In this compact equation we have the unknown quantity expressed directly as a 
function of the parameter 6™'^*. Were tables for such purposes worth calcu- 
lating, a table of single entry might be constructed with great ease, showing a 
value of the parameter for each value of y, and therefore the converse, which 
would supply all that is needed to exhibit the roots of the trinomial in their 
normal form. 

These various results are doubtless new, except that (31) may be readily 
derived from Mr. Cayley's sextic. If we take the square roots of both sides of 
(31), the result is 

w^— 56U» + 156* w 3F V (?* + 2566*) Vt^ + 56^ = , (34) 

twin sextics for finding db \^u. If in Mr. Cayley's sextic (I have not seen it, but 
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the fact cannot be otherwise) we were to put a=l, |3 = y = 3 = 0, we should 
reproduce (34), except that the unknown quantity {\^u) would be replaced by 
another equal to \^u X 2V5. Equation (31) is, in fact, a special case of a 
general resolvent in u which, as we shall see hereafter, may be immediately 
derived from Mr. Cayley's sextic. Similarly, equation (29) is a special case of a 
resolvent in t. 

For determining a by means of (26), we find that, when y = 5 = 0, M = r^, 
N = 4^;^ T = ^t;^^*, and w = 0; so that, omitting the factor v^ m=:e — 3t? — f f*, 
n = -J ef — 2 ^'^^ > i> = T ^ — 4i; , and q = { ^^* — 2 '^*^' l^or determining h and b' 
by means of (7), we have F = at^, G = 0. 

On the Trinomial .ir*+ 10r>ar+C = 0. 

Wheny = f=0, we have v'= — v = v, ci=^ jv^fi+ Ivh^, r = v5< — i;*, 
p = — Si^, and putting u= 2dv as before, we readily obtain from (17) and (23) 
the following : 256^— ^w^ = v^ — uH, (35) 

(255*— nfy = u^— leSuH. (36) 

Squaring (35), multiplying (36) by 6*, and comparing the two results, we find that 



u 



3 



e— 2^ut—6^u+16bH + ^ = 0. (37) 

We have in (35) and (37) two quadratic equations in t, and also in u. If we 
wish to eliminate x from the two equations ax^ + bx + c=^0, da? + €x+/=Oj 
we find that b {hi — (ie){cd — of) — a{cd — a/)* — c {bd — ney = . Eliminating 
u and t respectively in this manner from (35) and (37), we have at once these 
two sextics : 

166^^^+^^— 506*^^^+406^^+155^^+595^^^ — ^+2555=0, (38) 
u^— 20b^u'— 1605%^+ 1005*^t^*— (18565^^ + ^^)w + 64005« = 0. (39) 

Here (38) is a special case of the second resolvent, that in t before spoken of, 
and is new ; (39) is a special case of the first resolvent (that in w), iinmediately 
to be discussed, and is not new, being the well-known sextic of Sir James Cockle. 
This equation has had an interesting history. For years the focus of acute 
researches, when this trinomial was considered as affording the best path to the 
solution of the quintic, it was at length set aside, and its place was taken by Mr. 
Cayley's sextic, or rather by that special case of the latter which belongs to this 
trinomial. It now appears again as one of the most direct aids in the resolution 
of the equation to which it refers. As announced by Mr. Cockle, our u was 
represented by — ^$, 5 by — j-Q, and ^ by e. He also exhibited it in another 
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form, to which this corresponds : 

{u'— lOS^u — 80 SJ= (346665^ + ^')u. (40) 

By taking the square roots of both sides of this equation, he produced another 
which had as its imknown quantity what corresponded to 5>v/te, and which was 
afterwards in substance generalized by Mr. Cayley as already stated. 

On the First Kesolvent. 

I have repeatedly referred to two resolvent sextics, the numerical solution 
of one of which gives the value of u^ leading directly, under Mr. Young's theory 
as herein extended, to the determination of all the roots of the general quintic 
in their normal and complete form. This first resolvent, in what seems to be its 
most convenient shape, is as follows : 

26 [4-w»— (3/ + €)t^« + (15/— 2y^€ + Syh^— 23^ + 36^)u—25y^+ 35yU 

— 40y'b^— 2y'h^— 11/e* + y^+ 2Syh'6— 2^— 165*+ e^]^ 

= 8w[432/^— 1440/K + 800y'e'+ 640/^5^'^ — AOOy^^ ^ — ISOy^ e^ 
+ 330/6^^+ d60/be^^—S20f6^— 1260yP6^ + 720y6V— 16yh^ 
+ 20ye'^+432h'^— 2706V + 456* €^— SOb^^ + 32^ + \^^']. (41) 

From this equation, when y = S = 0, we have (31) as a special case, and when 
y=€= 0,(40). 

That such a sextic may exist, as a result of eliminating t from (17) and (23), 
is evident upon observing the special cases just mentioned. The literal part of 
the coeflBcients might be written out with ease, having regard to the necessary 
weight of each, but the determination from those equations of the numerical 
part, by elimination or otherwise, would be a work of much labor. It is unneces- 
sary, as we have seen, since the unknown quantity {(p) in Mr. Cayley's sextic is 
equal to 2 V (5t^). To obtain our first resolvent, therefore, we have only to 
substitute the latter value in that sextic in lieu of 4), to put, with Mr. Young, 
a= 1 and /? = 0, these being the coeflScients of a^ and x*, and, bringing the 
irrational terms to one side of the equation, to square both sides. We are, in 
fact, reversing for the general equation the step taken for the trinomial when 
Mr. Cockle's d was replaced by a multiple of its square root, though in a direction 
somewhat different. While 6 differs, as regards the trinomial, from u only by 
a numerical factor, it is otherwise for the general equation; since t* = 25a*2, 
while = 625(y* — a*z), the two differing only by a factor when y=0, as 
happens in the trinomial. 
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Mr. Cayley's sextic involves a cyclic function of the roots, namely, 

<?> = n^2 + ^2^3 + ^'3^4 + ^4^6 + ^6^ " ^'b ^4 " ^4^ " ^^3 " ^^3^ " ^6^3- 

To demonstrate our first resolvent more directly than by employing that sextic 
would require the building up of a sextic having for its roots ^^^ and the five 
similar cyclic functions of the roots of the quintic. There is no reason for this 
being done, unless it should happen, what is hardly probable, that the coeflScients 
of u could be determined more easily than those of ^. This question naturally 
arises : should we not dispense with the symbol u, and with the modified resolvent 
(41), and rely wholly on ^ and Mr. Cayley's sextic? Several reasons appear 
conclusive against this course. 

1. Mr. Young's whole theory is based on the employment of symbols having 
rational values only. Now u is rational, and ^ is not ; w= 25a^z, 4)= 10 \/5a>v/z. 

2. The connection of the resolvent with, and its derivation from, the two 
equations in v and t would be obscured by the introduction of the symbol 4), 
and the same might be said of the whole theory. 

3. As u= -^ 4)*, the use of ^ would add needless numerical complication to 
all the processes. 

4. Since the value of ^ is only needed in the form of 4)*, it would be a 
roundabout proceeding to determine first the irrational quantity ^ by the 
original sextic, and then to square it, when u can be found directly by our 
resolvent (41). 

5. One of the coeflBcients in the original sextic is irrational ; those of (41) 
are all rational. 

6. The coeflBcient of 4) in the original sextic is, as Mr. Cayley states, the 
square root of the discriminant of the quintic, multiplied by a numerical factor 
(irrational) ; the coefficient of u in (41) is that discriminant itself, unchanged. 

The values of the coefficients in (41) were taken by me, with the necessary 
changes, from a translation in the Analyst (1877) of a pamphlet published in 
1861 by Mr. Adolf von der Schulenburg,* which contained a sextic for J 4), which 
I presume to be identical with that given early in the same year by Mr. Cayley. 
The coefficient of u has been verified by Dr. Salmon's expression for the dis- 
criminant. 

*AuJl68ung der Gleichungen Fdnften Qradea^ translated by Professor A. B. Nelson. The formula 
giTen for the roots are erroneous. 
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On the Second Resolvent. 

Wheny=0, the resolvent in ^, otherwise complex and as yet uninvesti- 
gated, appears as a sextic of remarkable properties, and decidedly preferable in 
all respects to that in u. In this case, when we eliminate v from (17) and (23), 
we find that t?A = — c, where a is the quintic in — t^ and c its canonizant, 
namely, a= — ^ + 10^^— 5rf + ^, 2.nAc = hH^ — hf + {^ — h^)t — h\ This 
simple relation gives the value of v when that of t has been obtained by means 
of the second resolvent ; the terms of which, ascertained by the same process of 
elimination, are 5V + (^ + rf + hf) ac + 2bt(? = , (42 ) 

or, in full, 

(165* + 2K— ^) ^ + (S^- 445^6 - 6*0 ^ + (75SV - bOh%) ^ 
+ (406^- 405eH 305^0^+ (15^'^— 555*6 - 30^6^^ + 20^*)^ 
+ (3S6^ — 205¥ + 595*^ - 46^0 1 + 255« - Qhh^ - 5^ + 6*^ = . 

From this, when S = and 6=0 respectively, we have (29) and (38) as special 
cases. 

It is obvious that these two resolvents do not comprise all that are possible. 
If any one of the unknown quantities becomes known, or any relation between 
them, the quintic becomes solvable, as Mr. Young has pointed out. Hence any 
auxiliary equation which determines for us any one of the unknown quantities, 
or any known function of more than one, will serve as a resolvent. 

Mr. Young's theory might have been stated differently by him ; as, for 
example, by making his elements i^, t^j* etc. five times as large. This would 
make changes necessary throughout, but would not necessarily cause any change 
in the coefficients of the resolvents. 

It wiU be seen, by reference to (17) and (23), that a resolvent might be 
found in which the unknown quantity would have the value oivt. Judging from 
the trinomials, its expression must be complex. 

On Certain Solvable Quintios. 

Mr. Young has given a method for determining the roots in the critical case 
a = 0; that is to say, in the case w = 0, since w= 25a* z. He has not, I think, 
indicated any criterion by which such quintics can be recognized when met with. 
We have in the first resolvent the needed criterion : when the terms unaffected 
by u vanish, t6 = . Quoting those terms, we have t^ = when 
25/— 35/6 + 40)^6*+ 2y»5^+llyV — y^—28y5*6— 236^+163* — 6^ = 0. (43) 
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For examples of this important class of solvable quintics, it is sufficient to refel 
the reader to Mr. Young's paper. 

Sir James Cockle is the discoverer of a criterion covering another larg6 
class of solvable quintics, that namely in which his d(or 25j^ — u) vanishes. Th6 
criterion so discovered was afterwards recalculated and verified by Mr. Harley, 
and may be found in his paper on Symmetric Products, in vol. XV of the 
Manchester Memoirs. We can now reproduce its equivalent by putting u = 26/' 
in the first resolvent, with this result {d— discriminant); 

[1600/— 640/£+ 160/6»— 62/^;:+ 64fE'-\-y^ 

+ 28 j/^' e — 2K — 165* + e^* = / D . (44) 

The form of this criterion is very different from that given by Mr. Cockle, but 
the two must be identical. When s = 4/, and 5 = 0, the criterion is satisfied, 
the quintic in question being well-known as the solvable form of De Moivre ; 
when y^O, (44) gives — 26e^ — 165*+e^=0, equally well known as the 
solvable form of Euler. The latter, by the way, is also a special case of (43). 
In the class of cases now under consideration, one or more of the elements 
**!. ^f i^si "4. is non-existent. We have here, as in the case u^ 0, a critical 
value of u, and our equations need to be replaced in some points by others. 
The methods of solution given by Mr Harley in the paper referred to seem well 
adapted to this class of cases. 

The condition of equal roots is the vanishing of the discriminant, and it has 
long been known that the solution by radicals of such quintics is possible. 
Perhaps we have here as simple a method of solving them as any that has been 
perfected. The second member of the resolvent (41) is nu. When d vanishes, 
the quintic has equal roots, and we may obtain the value of «, and therefore, 
by the method now presented, the values of the roots, from the cubic equation 
to which (41) is reduced, namely, 
i«' — (3/ + e)MH(16/— 2/s + 8y5'— 25^+3e^)«— 25/ + 35/C— 40/5* 

-2/5?— l]/e»+>'^+28/5»e— 2H-165*+f'=0. (45) 

No doubt an important class of solvable quintics will be found to appear 
when t=:0, for which the absolute term of the second resolvent will, when 
placed equal to zero, afford the necessary criterion. If, for example, we have a 
trinomial x^+ 105*4-if — 0, where i^ = 255', we know that it is a solvable form. 

Other criteria for solvable quintics might be derived, if they were worth 
having, in numbers without limit, by assigning to u and t, in the two resolvents, 
different values in terms of the coeflBcients. 
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It is conceivably questionable whether the use in any way of knowledge 
derived from a resolvent sextic does not vitiate the strictly algebraic solution, or 
"solution by radicals" of a quintic. If, as I have no doubt, it is permissible, it 
becomes something of a question in casuistry how far we should go in multi- 
plying solvable cases. An infinitely large accumulation of solvable quintics 
would leave none of the other sort, by which to illustrate the fact that the quintic 
cannot be solved algebraically ; yet it would not change the fact. 

pEtOOEDUBE IM CalTIOAL CaBES. 

For two of the classes of solvable quintics just considered, the general 
course of procedure sketched in this paper requires modification, owing to the 
appearance of vanishing fractions or vanishing equations. 

When « = 0, we know that a = 0, since » = a'z = a'(l + e*), where e is 
rational; also, since at:=2c, vt^O, and p/*=4c'z. Equation (23) shows at 
once that P = 0, whence 4c*z = 3^+ 5* — ye. (46) 

To get the value of z, we need to learn that of c. For this purpose we may 
modify (26) as follows. Let m = |m', n = <~V, p = (-'?', Q = y*Q', R — y*^ca-\ 
t = /t', so that, in this case, m'= 2S»+ Sc'z-I- 8/, n'= — sSc^z, p'=5^+ Z^y" 
— 5'»^+4Sc»z, Q'=2c'2 + |i»+/, r'=25, and T'=2<^a— J5^ Then (24) 
and (25) take this shape : 

d ife — Q* — Bfcz _^ M'cz-f-p'e — n' , > 

7 q'+k'c ~ N-— m'o ^ ' 

t^cz — ^z 



When (47) and (48) are cleared of fractions, respectively, and z — 1 is replaced 
by e*, we have ctf^j' = cm' — n' 

ccj'=: en' — m'f^z, 
where m'= — p'b'— mY, n'= f'q'— nV, p'= m'q' + n'b', and 5'= m'e'c^z + n'q' + pV; 

and eliminating ce, p'm'o'z — i/n' . . 

j/n' — y'm' ^ ' 

Hence, when r = a^O> we must first determine t*z by (46), then c and z by 
(49), then b by (9), which gives b = — -Ji^, and b' and A by (7), where in this 
case F = and g = — y', so that 

^=. + (^^£=l)\ (50) 

A=2bb'. ■ (51) 

In the special case o = a=:c=:0, itis readily shown that Vz = -^ — n • 



314 McClintock : On the Besolvtion of Equations of the Fifth Degree. 

When v = y*, it would no doubt be possible to perfect a method of 
procedure to take the place of that given by Mr. Harley, but, so far as I can 
now see, it would not be advantageous. In any given case of this sort, when 
desired, the roots can be shown in Mr. Young's form. Thus, for example, if 
e^l, t^O, and a = — y, we have DeMoivre's case already cited. Here 
B= — |(f, by (9); and we readily find by (7), since F2 = G^ — 16y*, and c^O, 
that b'=:b, and/i = 4i^+ 16/. 
MiLWAiJKBE, March 7, 1884. 



Postscript, March 24. — A different form for the roofs, probably new,* may 
be obtained very readily. Let ?i=:«iWj, and ?»=i/sTt3; also let m|+ %= w^wj, 
TTii — ni^u\itf, mj+ n,= w*Wi, and m^ — «,= u|w^. Then m\ — n i ^ Wf ^^^ 
m^ — 7i| = /|/,,and since «J= (!(Jw3)*(w|wi)(m2«3)~*, and similarly for z4 aud the 
rest, we have at once 

«! - ("'1+ «!)'("',+ «,)Zr*, "1= ("', + «,)*("',- n,)?r'. I ,52^ 

Here, following our notation, it will be seen that 7i= — y + s/v, ?i = — y — \/», 
2mi ^ — h + t i/v , 2»7ia = — 5 — t ^v , and, on determining the proper signs for 
the radicals by reference to a special case, that ni = — t/{m\ — ^Vt)' ^^^ 
nj = ^(mj — ?|?i). Thus when v and t are ascertained, we have the roots of the 
general equation expressible in terms of these quantities, or of one of them ; 
in this way fully satisfying Sir James Cockle's definition, already quoted, of the 
problem of the Resolution of the Quintic. 

I have hitherto left the fundamental equations (17) and (23) unespanded, 
believing them in that form better adapted for use in numerical calculations. 
1 find, however, that they both contain the factor v — y*, and that when this 
factor is expelled they may be written in full as follows, each being given in two 
forms, arranged respectively according to the powers of v and (: 

25ti^—{y^+he+et+ lOft + Qv + ynt + K — O, ) , 

yvt^ + M— (25i>'— lOyH — eo + yu)t + ^u — K = ; ) ^ "' 

* The Oernian writer Schuleuburg, already referred to, vould hare reached this form in subat&sce 
had he not made an error in one of his equationB, which was perpetuated in thoee which followed. 
Anj critic may have noticed this, and so found the true form. But his whole view of the subject was 
different from the present, nor did he even attempt to show how to determine the quantities corres- 
pondiDg to our t. 
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(23J 



25tr» — {t^— lAyf + 16^^ + 35y*+ 66)^;* + (2h^+ 2yi? 

+ 4/6+ ll/+€*)i; — H*=0, 
v*^*— (14yt?*+ 2h?;)^+ \Qhi^t—2bv^+ 35/i?*+ &bv^ 

— 2y5*^? — 4y*e?; — llyS — 6*t? + H* = 0. 

Here h = j^— ye + 5*, and k = y*^— 2y36 + 61 By subtracting (23^) X t from 
(17„) X t?, there results this second quadratic in v : 
(<^— 15y^+ 15^^+ 2d/t + bet — ^)v^ 

— (2h^3 + yi*^ + 5y*rf + lOyH + eV — k)v + n«f = 0. (53) 

If we represent (17„) by a'l^+bv + c = 0, and (53) by clv^ + ev +/= 0, we find 

on depressing them that v = j^ = -=i r » whence 

^ ° 06 — 6a ca — af 

{cd — aff + {M — ae){hf— ce) = . (64) 

Dividing this, after expansion, by — y^^— y*5<^+ (16y*+y5*— 2y*e)^+(5^— 2y56)<, 

we obtain at once the second resolvent, represented by (42) when y = 0. This 

important sextic proves to be of the simplest possible nature, being in short 

5V— AL = 0, (66) 

where a is the quintic in — <, namely, — f — 10y^+ 105<* — 6rf + ^, L its 

simplest linear co variant, and c its canonizant. That is to say, l = ?o+ Zi<, and 

c = Co+Ci<+c,^+c,<^, where Zo= 9y*^— 20y856 + 10y*5^+ 8/ff — IZySe* 

— 2y5*f+6536 + 5^— 6*^, Zi=15y*f— 10y3 6*+2y«6^— 14y«€*+22y5«6 — y^ 

— %h'+2hs^-i, Co=2y88-f^-h\ c,= y6'-yh-S^ + ^, c,= -y'8+y^-8s, 
andc3=y^ — ye + i^ After these quantities are calculated, the resolvent (55) 
may be used in this expanded form, 

{h + 254)f + {l^+ 50ciC8)^+5(2y/i+ 5c|+ lOc^)*' + 10(y/o— 5^+ 6c^3 + &c^(H)^ 
+ 5(— 25?o+a?i + 5c!+10coC,)^ + (56^ — ^/i+50coCi)^— C/o+25c5=0. (56) 
I have followed Mr. Young in treating the quintic without its second term, but 
it will be seen that neither of the resolvents is thus limited in its nature. 

Note.— On page 814 of the present volume of this Journal I gave formulae (No. 52) for the elements 
of the roots of the general equation of the fifth degree. In practice, these formulae give the roots of two 
conjugate equations, according to the sign taken for Vv. A change in the sign causes an interchange 
between h and U . mi and ms , rii and tit . If the formulae fail at first to give the root of any given equa- 
tion, it is only necessary to make these interchanges, or (the same thing in final effect) to change the 
sign of ni or of Hs . 

ViThen V and t have been determined for any quintic, we can at once construct the conjugate quintic. 
Equation (2Sa) is a quadratic in e, one value being the given value of e , the other being that of f in the 
conjugate quintic. From the latter value, that of C may be obtained by (17.). For example, if the given 

quintic be aj»+?|^aj + 8750 = 0, the conjugate is ic* + ?^ a? +8125 = 0, and a root of the latter is given 

by (52) after making the interchanges referred to, or after changing the sign of Ui or of fit . 

April 5, 1884. 



Some Papers on the Theory of Numbers 

By Arthur S. Hathaway, Johns Hopkins University. 



The principles upon which the following papers are founded were developed 
while attending the Lectures of Professor Sylvester on the Theory of Numbers, 
in 1879-80; and were presented before the Mathematical Seminary in May, 
1880, Jan., Feb., March, 1881. The death of my wife, who had shared with me 
in the work, and the professional duties of a stenographer, left neither oppor- 
tunity nor inclination to make a more extended publication of them. Feeling 
confident, however, that the principles were of value in simplifying the Theory 
of Numbers, I returned to the subject in the beginning of the present year 
(1884). It is due to Professor Sylvester to state that the beginnings of my 
knowledge in the Theory of Numbers were obtained entirely from short-hand 
notes of his lectures ; and that it was his suggestive presentation of the Theory 
of Congruences that led to the development of these principles. 

The first paper, while it is introductory to, is intended to form a part of the 
second paper. The latter paper is founded upon an extension of the idea of 
division, which permits the consideration of any dividend whatever. Subjects 
which are ordinarily considered only in the general theory of Ideal Primes can 
thus be treated much more simply ; and so naturally is one led to the necessary 
treatment, that I arrived at the solutions of the principal problems of these 
subjects without any knowledge of the theory of Ideal Primes. An example is 
the resolution of cyclotomic functions with respect to a prime modulus not only, 
which lies at the foundation of Kummer's theory of Ideal Primes, but with 
respect to a power of a prime. 

I. — On Integer Classes. 

There is a marked similarity between the ideas of Divisibility and Evan- 
escence, which is exemplified in the three fundamental principles of division, viz.: 
1st. If two terms are separately divisible, so is their sum and difference. 



Hathaway : Some Papers on the Theory of Numbers, 317 

2d. If a term is divisible, so is a multiple of it. 

3d. If a product is divisible and one factor is neither divisible nor partially 
divisible {i. e, relatively prime to the divisor), then the remaining factor is divisible. 

The last principle is of the same utility in the Theory of Congruences as is 
the corresponding one in the Theory of Equations ; and what happens in the 
former theory would have its analogue in the latter if it dealt with partial zeros. 

The combination of the second and third principles leads to a fundamental 
proposition connecting different divisors, viz. that if a term is divisible by several 
relatively prime divisors, it is divisible by their product ; while the combination 
of the first and second leads to another fundamental proposition which furnishes 
the basis of a method for utilizing the similarity above noticed, viz., any combi- 
nation of sums and products of terms retains its remainder with respect to a 
given divisor, no matter how the several terms of the combination be replaced 
by others having the same remainders. That is to say (grouping together as a 
cla^s all terms which have the same remainder), the results of any combination 
of sums and products of classes constitute members of one and the same class. 
Here we mean, for example, by the product of two classes, the assemblage of all 
possible products between the terms of the two. We are thus led to consider a 
class as a molecular body, as it were, any portion of which identifies the whole. 

What corresponds to division among the classes is the theory of the linear 
congruence, in the ordinary sense, or as it will be here termed, of the linear 
modular equation AX=iB. The problem for solution is a special one, limiting 
us to the question whether any of the given classes satisfy this modular equation, 

which is not answered by the symbolic solution -j- • The performance of the 

division here indicated might be presumed, in general, not to give rise to integers; 
although if, and only if there are integers resulting, is there a solution in the 
restricted sense which confines us to the consideration of integers only. The 
application of the third principle to the determination of the maximum number 
of solutions (by the substitution of two solutions, precisely as in the Theory of 
Equations) naturally excludes from general consideration the case where -4 is a 
divisible or partially divisible class (or, as it might legitimately be called, a zero, 
or partially zero class). With this exclusion, linear modular equations are shown 
to have but one solution. That the solution is not merely symbolic, but actually 
one of the given classes, is due to the distinctive feature that the number of 
classes is finite, and not infinite, so that AX, A multiplying successively all the 
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classes X, and giving rise each time to different classes B, must repeat all the 
classes over again. There are several important consequences of this feature. 
First, is the linear relation among any relatively prime integers, Ar^, h^, . . . , 
that the equation 

is soluble in integers. Second, is the property that successive involutions of a 
class must finally bring it into some class whose powers repeat itseUl These, 
which have been called repe tents,* are zero, unity, and, for composite moduli, 
various partial zeros. Third, is the existence of cycles of classes, defined by the 
property that the members of a cycle are repeated over again in some order 
when severally multiplied by any one member of the cycle. An important 
example is the cycle composed of all classes which are relatively prime to the 
modulus. 

It is worthy of note that this definition secures the property within the 
cycle, that quotients are one valued without reference to the restriction of the 
third principle ; and it would be perfectly proper to treat cycles upon this 
supposition. The properties of cycles may be developed, however, from the 
definition alone, ah initio, whatever the nature of the terms with which we deaL 
The following are a few of the immediate deductions from the definition, the 
more general properties being reserved for a future paper : 

A cycle contains all the powers of its members, and, therefore, some 
repetents. If the multiplication of each member of a cycle by a given term 
leave one member unaltered, it will leave all unaltered ; for we may first exhibit 
(by multiplication) the unaltered member as a factor of all, and then perform 
the multiplication. If the multiplier is a member it does not alter itself, and is 
therefore a repetent. Any member raised to the power represented by the 
number of members is a repetent ; for it leaves the product of all the members 
(which is a member) unaltered. All the repetents of a cycle are equal, since 
either of two is the same as their product. Every member is repeated as many 
times as is the repetent, and conversely ; for, multipljdng the terms of a cycle by 
a member exhibits it wherever there is a repetent ; and multiplying by a power 
of the member which is one less than the number of members, exhibits the 
repetent wherever the member occurs. 

* By Mr. Mitchell, in his article on Binomial Congruences, in Vol. in of this Journal. 
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A fourth consequence of this feature is a form into which a class may be 
thrown, which exhibits its relations to the classes which it determines with 
respect to the relatively prime factors of the modulus. It is well known that 
any class F(mod. Icik^.. .) can be thrown, in one way, and one way only, into the 

form ' Xi 4- i Xg . . . , where A^ , fej , . . . are relatively prime factors 

ki k^ 

of the modmus ; viz. -Z< is the class (mod. k^) which is the solution of — r--— 
X<= F(mod: k^). Denoting by Fj the class determined by 7 (mod. k^), and 

writing A< == ' ' ' > the symbolic solution for X^ is -r^] the use of which in the 

above form is legitimate, if we consider it in the restricted sense of denoting 
only the integral terms which occur in performing the indicated division. We 

may thus write : Y=h,^ + h,^+ . . .{H)* 

The value of this form consists in the fact that any combination of classes 
( Y) , (mod. A^i Ai . . .) is obtained by forming the same combination of corresponding, 
arguments ( Yi) (mod. A:<) ; as is evident on considering the way in which the 
arguments are derived from the class which the form represents. For the zero 
class the arguments are zeros ; for the partial zeros, corresponding partial zeros ; 
for the unit class the arguments are units ; for repetents, the arguments are 
repetents ; and if fcj /^g . . . each involves a single prime only, the arguments of 
the repetents are confined to zero and unity. Corresponding arguments of cycles 
are cycles. 

The least power (index) for which ^ becomes a repetent is the least common 
multiple of its indices with respect to the relatively prime factors of the modulus 
which is great enough to permit the partial zero arguments to become zero. In 
general, the form (H) renders visible, so to speak, the properties of a class in 
terms of its simultaneous, properties with respect to the relatively prime factors 
of the modulus ; and we see that it may be stated as a general principle that the 
number of classes which possess a property whose negation among the arguments 

* Writing hij-^z R^^ we obtain a form which is given by Mr. MitcheU, 22^^ being his notation for the 

common solution of a; = 0, mod. Ti^, a; = 1 , mod. hi. This common solution satisfies the definition of a 
repetent, x* = x (mod. Afi A^s . . .) and also jR^ 12jr = (mod. Afi Afa . . .) ; whence the property of the form 
■R^, Fi + Rf^ Yt + , , . In the product of two such forms, for example, the cross products drop out, 
leaving only the products of corresponding arguments multiplied by the squares of the corresponding 
coefficients, which are repetents. It appears that a form possessing the same property is obtained by 
merely writing the symbolic solution for the variables JTi in a well-known form, which at once discloses 
the repetents and their properties. 
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involves its negation in the class, is the product of the number of classes possessing 
that property with respect to each of the relatively prime factors of the modulus. 
As examples are : the property of being relatively prime to the modulus ; of 
containing the factors common to the modulus and a given number ; of being 
vP^ power residues of the modulus ; of satisfying a given congruence with respect 
to the modulus. 

What corresponds to evolution among the classes is the resolution of the 
Binomial congruence X'*= A. The n^^ root of a class A gives rise in general ^ 
only to surds; and if, and only if exact n^^ powers occur in the class A, will 
there be a solution. Having found one solution, there is the same dependence 
upon the solutions of X** = 1 for the others as in the Theory of Equations. The 
determination of the solvable equations of this sort constitutes the theory of n'^ 
power residues; and for this, special methods have been invented, having no 
analogy to methods in the Theory of Equations ; for example, the Theorems of 
Reciprocity. 

So far as the theory of the general equation of the n*^ degree is concerned, 
the substitution of n + 1 solutions and elimination of coeflScients, leads, precisely 
as in the Theory of Equations, to the conclusion that the product of the 
difiFerences of n + 1 solutions multiplied into each coeflBcient is a divisible 
quantity, so that for a prime modulus, the number of solutions cannot exceed 
the degree unless the modular equation is identical through the divisibility of 
each of its coeflScients. The reciprocal of a solution cannot contain any factor 
of the modulus if the coeflBcient of JT" does not ; so that modular equations 
which have no impossible or indeterminate solutions can be reduced to the 
standard form X'* + J.iX**""^+ . . . J.« = 0. In the further theory, we catch 
glimpses, for the most part as the result of special and disconnected methods, of 
similarity to the Theory of Equations. Equal roots {X — J.)*, for example, 
render the discriminant divisible, and common roots, the resultant. In the case 
of a prime modulus, Galois' Theorem furnishes a basis for what are called 
imaginary solutions, giving to a modular equation its complement of solutions. 
Investigators, however, have kept constantly before them the restriction that 
they were dealing with integers ; a self-imposed restriction which is in nowise 
indicated by the fundamental principles of division, which only require that the 
divisor shall be an integer. This restriction is so vital that were it not for the 
accident of the theory that the number of integer classes is finite, even a 
linear equation would not have, in general, a solution. We may illustrate 
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this by reference to algebraic division, the theory of modular equations in 
which has not been developed. The residues of an integer algebraic function, 
though less than it in degree, are infinite in number. 

In division and evolution, the fractions and surds were neglected, because 
there was no place for them. A true notion of division will give the fractions 
and integers which result from the division of one class by another a place 
together. The n surd rP^ roots, and in general, the n roots of an algebraical 
equation of the n^^ degree will have a place in n classes, connected by the same 
relations as the roots themselves. Some will fall in the integer classes ; others 
will form new classes which contain no integers. 

11. — General Theory of Division. 

Having given a system of integers consisting of primes, their powers and 
products,* the idea of division confines us, in the first instance, to the system. But 
by confining our divisors to that system, the fundamental principles of division 
will permit the consideration of any terms whatever (roots of equations in the 
system) as dividends — the quotients being restricted, of course, not to involve 
the reciprocals of any divisors of the divisor.f The factors of a divisor are the 
partial zeros of its modular system. The reciprocals of these factors are the 
partial infinites ; and unless they be excluded from general consideration, any 
quantity whatever can be made to contain the divisor. 

On grouping together as a class all terms which have the same remainder, 
the integral system will fall either into an infinite or a finite number of classes ; 
and there is a marked difference between the theory of division in these two 
cases. For example, if the number of classes is infinite, the results of division 

* It is necessary for the existence of the first principle that the integers of the system should repeat 
themselves by addition and subtraction ; and for the existence of the third principle that the resolution 
of an integer into products of powers of primes should be possible in only one way. 

t While this notion of division is sufficiently definite so long as the dividend is an integer or a 
fraction, when we introduce irrational dividends., division by a prime say, is not exactly defined without 
regarding a root of the prime as a factor of it. The actuid exhibition of an integer as a factor of an 
irrational quantity may be practically difficult. Thus, a root of x* — 8a?+ C( is divisible by 6, a prime of 
the ordinary system, whose only factors are roots of 6 ; but we can substantiate this only theoretically, 
viz., the product contains 6, and since the square of the difference is relatively prime to 6, one root 
cannot contain /^/^ <^d the other ^^^6 . This conception of division which renders it no more difficult, 
theoretically, to consider irrational than rational quantities in the Theory of Numbers, was forced upon 
me, in developing the analogy between equations and congruences. I had defined /~~^ (a) as a solution 
of f(x)^a mod. k , and shown that its ordinary combinations also held (mod. k) ; also that/— ^ (a+ ^) 
was a solution, and gave all the integral solutions. Then defining/— ^ (a) as imaginary (mod. Jb), if 
variations of a by ^ gave no integers^ I was led to define k times an imaginary quantity as = mod. h. 

Vol. VI. 
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between two classes will not, in general, involve integers, the quotients being 
entirely fractional. Only if there exist among relatively prime factors of the 
modulus the relation that A<a + ^<y = 1 is soluble in integers, may every class 
be thrown into the form {H) . As in this case, there exist repetents other than 
zero or unity, the modulus must be a divisor of one or more terms of the form 
a? — Xj where x is its residue. There is no modular equation of finite degree 
which is satisfied for every integral class and only for such, by means of which 
we may satisfy ourselves whether a root of a given equation determines an 
integral class or not ; but if a modular equation be written in the standard form, 
and the solution is integral, the coefficients must be integral, and the solution 
a divisor of the constant term. 

There is yet an unsettled question in the extension of the notion of division 
to any dividend whatever, viz., what is the relation as to divisibility between 
the modulus and any of its roots. In other words, what are the roots of the 
zero class ? If we assume them to be the zero class itself, we make no distinction 
between division by an integer and any of its powers or roots. We practically 
grou^ the powers and roots of a prime together, and the assertion that a given 
dividend contains k, merely asserts that it contains some one out of the products 
of the groups which the prime factors of k determine. We are only sure, for 
example, if the dividend is integral, that it contains some integral powers of 
these primes. Observe that we have arranged the system of divisors consisting 
of primes, their powers and roots into a system consisting of group primes [/)] 
and their products, the powers and roots of any one of which repeat itself. With 
such a system of divisors it is evident that roots of the zero class are zero ; and 
when the modulus is a prime group, the correspondence with the Theory of 
Equations is exact. The more general supposition is that roots of the zero class 
are zeros or partial zeros, so that the modular equation X* = does not have all 
of its roots equal. We thus have the peculiarity of an infinite number of 
partial zeros for a modulus p*g^, arranged, however, in a finite number of 
relatively prime groups, [^] , [g'] . . . 

The determination of the arbitrary variable of a function 

/{x) = x'' + aix"""^ + . . . Cfn, 

so that /{x) shall be divisible by a given modulus k is one and the same thing 
with seeking the solutions of the infinite number of equations embraced in the 
modular equation X'' + AiX''^^+ ... -4^= 0, where Ai, . . . A^ are the classes 
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with respect to the modulus k which arc determined by Oj , . . . a^ . For, since 
these equations differ only by algebraic terms which identically contain k, a 
root of any one when substituted in any other, /(x), for example, renders it 
divisible by k; and if j3 be a quantity which substituted in /(x) renders it 
divisible by k, then j3 is a root of one of these equations, viz. /(«) — /{P) = 0. 

We now seek the number of classes which satisfy a modular equation of the 
n^ degree, not by the substitution of n + 1 solutions, the result of which has 
been already pointed out, but by a more direct method. The roots of /{x) = 
determine n classes, Xi=^ai + Xik, Xn=^ a^ + ^n^- On the other hand these 
classes determine a modular equation {X — Xi) . . . {X — X^) = 0, which includes 
/(«) = 0, and an infinite number of equations which differ from it by identical 
multiples of k . They are therefore contained in X"" + Ai X** '~^ + ...A^ = 0', but 
conversely, ^ being a root of one of these latter equations, it simply renders 
/{(3) divisible by A, which may be through distribution of the factors of A; among 
the terms of the product (j3 — Oj) . . . (/? — a«) so that not a single factor shall 
contain k. The quantity /? will not then be found among the classes X^... X^ 
and the first modular equation will not contain all the equations of the latter. 
We may state the matter in this way : among the equations f{x) + A4> (x) = 0, 
certain forms of ^ {x) correspond to the equations determined by the roots of 
one, /(x) = 0; and the different sets of such forms correspond to different ways 
of separating the modular equation into linear modular factors. 

As to the possibility of a multiplicity of ways, it depends upon the possibility 
of finding a quantity ^ which shall be common to two classes ai + hiX^ , a, + k^T^ , 
where h^ , k^ are relatively prime factors of k ; that is to say, upon the possibility 
of the solution of Ai^li — A^Xj = a, — ai ; ^, X, not involving the reciprocals of 
factors in A^ , Aj. This is possible \ihix — Ajjy = 1 is soluble in integers ; and the 
form {H) then gives the common terms ^ + TJi^ki from the arguments consisting 
of any two solutions of the modular equation with respect to Ai , A^i as moduli. 
In case, therefore, the system of integers is such that the number of classes 
with respect to any modulus is finite, the solution of modular equations is made 
to depend upon their solution with respect to the relatively prime factors of the 
modulus. 

The number of solutions, as has already been pointed out, is then the 
product of the number of solutions with respect to each relatively prime factor 
of the modulus. The like may be shown with respect to the resolution of a 
function into modular factors, by an extension of the form (ff). Thus, if /|(X) 
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f (X) 
denote the modular function determined by /(x) mod. kij then /(X) = Ih . ^ 

f (X) 
+ h% , + . . . mod. kik^. . . As an example, if/i{X)^=A.Bmod.kij /%{^) 

= C mod. *. .-./(X) = (», ^ + *. ^)()l, I- + *. I) 

= (a, |- + *, -iX*. -^ + ». -^) mod i, V 

Confining our attention now to powers of primes as moduli, the factors of 
the modulus are its roots ; and if these can be distributed among two or more 
factors P — «!, /3 — a, of/(j3), which is, as we have seen, the necessary and suflB- 
cient condition that /{X) shall be resoluble into linear modular factors in more 
than one way, then the differences, a, — ai of these factors will also contain a root 
of the modulus. Therefore the product of all differences, or the discriminant of 
/{x) will contain some root of the modulus. The discriminants of all the equa- 
tions of a modular equation belong of course to the same class, since they are 
rational functions of the coeflBcients. Therefore, if the discriminant of a modular 
equation is relatively prime to the modulus, it cannot be resolved in more than 
one way into linear factors. On the contrary, if the discriminant contain a factor 
of the modulus, the modular equation is resolvable into linear factors in an 
infinite number of ways. Suppose, for example, that ai — a, = (ifP^^t . . . 
tti — ar=f/ri^', where y,, y,. are quantities greater than zero, arranged, we will 
suppose, in ascending order of magnitude. Then if /3 = Gti + Xj>*s /(^) = Xp*> 
(Xp** + Ihlf*) • • • (%>** + l^P^") Q' I^ order that p^ may be a divisor of /(^), 
it is evident that i^ cannot be less than — > since in making up i, we must take 

T 

the least exponent ii, y, in each of the above factors. The suppositions ti=y, are 
included in /? = a,+ Xp**. If — fall between y, and y^+i, the least value of ^ 

is the first of the series — 'jTn '*'>*» which falls between y,. and y^^+i, and the 

same for % . Notice that ii = — if — < y, . The values of ^ which render /(j3) 

divisible by p^ are therefore of the forms ai + Xp*» + /u/>*, . . . a^ + ;ip*" + ffp* ; 
and we call attention to the fact that when the discriminant contains a factor of 
the modulus, n values of ^ whose differences are relatively prime to the modulus 
cannot be found. If we make no distinction between division by the modulus 
and any power or root of it, these forms (which consist of groups of classes 
corresponding to variations of the parameter X) reduce to members of the classes 
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determined by ai , . . . a^ , of which those determined by the cognate roots ctj . . . a^ , 
for example, are equal. The modular equation is then resolvable into linear 
factors in only one way, and involves equal factors. 

This notion of division, which it is useful to introduce when considering 
a function with respect to those exceptional divisors of it which are divisors of 
its discriminant, does not determine the actual divisor to be p*^ but, as already 
pointed out, only locates it among the group [^], consisting of the powers and 
roots of ^*. Such an hypothetical division leads, however, to certain definite 
results with regard to actual division by p. Namely: (1) in the determination 
of the integer classes which render f{x) divisible by some ^^ we are sure that 
the integers of those classes render it divisible by p ; (2) in establishing that one 
algebraic function divides another for some p* as modulus, we are sure that a 
will be at least = 1 , for, we may proceed by actual division with respect to 
the modulus p until we get a residue of the divisor, which must identically 
contain some 2>*» and therefore p, since the coefficients are integral. 

The general method for determining whether or not the class pertaining to 
a given quantity is integral, is to substitute it in the one or more modular equa- 
tions whose solutions are known to be integral, and which include among their 
solutions every integral class. 

The number of integer residues of a prime modulus p being n , we have 

such a modular equation in 

X'— X= (mod. p) . (P) 

For, excluding the zero class, the remaining classes satisfy X'"*= 1, since they 
form a cycle ; and the differences of all the classes being relatively prime to^^i 
so is the discriminant of (P) . The integral classes are therefore the complete 
solutions of (P) . 

With respect to p^ as modulus, we have a set of such modular equations, 

X^' — X—Rp (mod. y ) {R) 

where R is an integral class (mod. p*""^). For, by (P), every integer satisfies an 
equation of the form x" — x=^rp^ and therefore every integral class {mod.p*) 
satisfies one or other of the modular equations (R) determined by these equa- 
tions. Also, each modular equation (R) has only n solutions, since its discrimi- 
nant is relatively prime to p ; and the whole number of such modular equations 
is 7t*""^= the number of ways of filling ^p*''*+ . . . X<_^ with residues of p. 
The n* integral classes are therefore the complete solutions of (R) . 
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Since the integers, if any, which render f{x) divisible by p^ are obtained, 
if the discriminant is relatively prime to 2?, by adding multiples oi p* to the roots 
of f{x) = , the substitution of these roots in the modular equations {R) deter- 
mines whether this is possible. If, however, the discriminant contains j>, such 
integers may be obtained by adding to some of the roots multiples of less powers 
of p ; for example, by adding to one of the cognate roots oi , . . . a^ multiples of 

p^\ where ii has a least value less than i and > — • This renders it necessary to 

consider the possibility of a quantity ai becoming an integer by the addition of 
(restrictedly) a multiple of a fractional power of p. 

This is possible only when ai is one of a set of cognate roots of an irre- 
ducible integral equation whose discriminant contains p. For, if an integer 
/? z= oi 4- ;tp*, then /(/?) = ^^•(^^• + tti — a,) . . . (Xp* + otj — a^) ; and contains 
restrictedly ^^ if X , Oi — a, , . . . ai — a^ are each relatively prime to p ; while, 
since f{^) is rational, this must be an integral power oi p. By application of 
the same principle that f{x) is a (permissible mod. p) rational function of a, 
various restrictions upon the possible values of a may be obtained upon the 
supposition that ai ... a,, is a set of cognate roots. 

A striking restriction is that a frdctional value of a is its maximum limit. 
For, if ai+|Wi?*= integer (a'>-a= fraction), then the diCFerence (ip^^ — Xp* = 
integer, which is therefore divisible by some power of p between a' and a ; but 
this is impossible, since ^ is relatively prime to p. Thus, for example, if the 
roots of f{x) = become integers by additions of fractional powers of a divisor, 
jp, of its discriminant, /(x) will not be rationally divisible by unlimited powers 
of p ; for we have simply to take i great enough so that I'l , . . . in are greater 
than these fractional powers, in order to determine a power p* which is not such 
a divisor. 

It is not necessary, however, that a should take a fractional value in order 
to have a maximum ; for, a being an integer, the variations of Jl by integer 
additions give all integers of the form ^ + np*] and if we can determine the 
integer n so that ;i + n = if [2>] and so increase a, Jl pertains to an integral class 
mod. [p]. Therefore we can form from an integer /?, and a non-integral quan- 
tity A,, mod. [p], quantities ai = /? — ;i;>*» such that the integer rii is a maximum 
value of a. 

The quantities Xp"" which added to the roots of /(») = give an integer ^ are 
given by the integral equation /(/? — ;ip») = . On removing from this the 
factors p , the coeflBcients of powers of X greater than the r*^ must contain p , 
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since the n — r solutions of ^ corresponding to the roots outside the cognate set 
must be partial infinites (mod. ^>) . Also similarly, as many of the coefficients 
of powers of k which are ^r will contain^ as there are roots in the cognate set 
whose maximum powers of p for additions of which they become = ^ are <^a. 
The remaining values of X (mod. [^]) are obtained from the equation which 
results from dropping such coefficients ; and according as a solution is or is not 
integral mod. [p] can a be increased or not for a corresponding root of the 
cognate set. A particular case is r = 1 ; when the resulting equation is linear, 
and has always integral solutions. In other words, if /{x) is rationally divisible 
by ^, corresponding to a root of /{x) = which has no cognates, mod. [^)] , it is 
rationally divisible by unlimited powers of p , corresponding to that root. 

In order that a quantity may become an integer by additions of some 
power of jp, it is necessary and sufficient that it should satisfy (P) =0 mod. [p"]. 
This modular equation may be replaced by an infinite series with respect to the 
modulus^, viz.: X** — X'^'^^ mod.^ . . . (P<). 

Since we can fill the form for the residues of p* in 7i*'"^(7t — 1) ways so as to be 
relatively prime to jp, this is the modular equation which is satisfied (mod. p*) by 
every integral class ;* but ite discriminant, therefore, contains/?. In fact, from 
the distributive property of the power n over a sum or difference (mod. p)f 

Pi=Pl'' (mod. jp). All solutions of (P<) are therefore of the form /? + Xp^^ 
where /? is an integer; which includes, primitively, all quantities which can 

become integers by additions of p% a l3dng between --jzr^ and-^::::,. The solu- 
tions of (Pi) include the cases a>l. 

We may illustrate the preceding theory by the determination of the divisors 
of the cyclotomic functions. Take, for example, /(sc) = cc* — x^ — a* — 2a; + 4, 
whose roots are 4)(p) = p + p*+ p^*, p being a primitive 21st root of unity. The 
powers of p for which ^ (p) remains unchanged, which necessarily form a cycle 
mod. 21 , are 1,4,16. If a prime p is a divisor, ^(p) must satisfy a;^=a; mod. jp; 
or since the power p is distributive mod. p , and the coefficients of ^ integral, 

^{p^) = q>{p)mod.p. (1) 

The first member becomes identically the second if ^= 1 , 4,16, mod. 21 ; which 
determines forms of primes which are divisors of cb* — a? — a? — 2a; + 4, for 

*The form of this modular equation (mod. p*) shows that any set of incongruous classes (mod. p) , 
raised to the ^r*-^ power, are the solutions of (P) =0 (mod. p*)* U in the latter so resolved into linear 

factors, we substitute X^" for 2r, we obtain a resolution of (P,) mod. p* into its non-cognate modular 
factors. 
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integral or (permissible) fractional values of cc. For a prime p which is relatively 
prime to 21, and not one of these forms (= 1, 4, 16, mod. 21), the first member 
of (1) is some root of the cyclotomic diCFerent from the second member; and if 
the congruence subsists, ^ is a divisor of the discriminant of /(a;). Conversely, 
for a divisor p of the discriminant of /(sc), this congruence subsists mod. [p], 
but not necessarily mod. p . To obtain the primes, fractional powers of which 
<C 1 are added to the roots to make them integers, we seek the primitive 
solutions of x*\ — «*'*"* = mod. jp. The solutions can only be primitive 

when jp is a divisor of the index 21. The value of t — 1 is the power of p 

(21 \*^ 
-jzTi ) root of unity = pi . 

Thus if 4)(pf) = ^(pi) mod. jp is satisfied, ^ is a divisor of /(x). Whence either 

21 
p= 1, 4, 16, mod. -^3Y, or jp is a divisor of the discriminant of the cyclotomic 

Jtr 

corresponding to ^ (pi) . We have evidently 4) (p) = ^ (pi) mod. p , so that the 
cyclotomic corresponding to the first member is a power = /i of the cyclotomic 
corresponding to the second ; and its roots are made integral by additions of a 
multiple of j9*, where a is some quantity conditioned by the inequality. Thus 

no power of p greater than A* -ir < ^ "^ "«^ ' ^^^ ^^ * divisor of f{x) . For 
example, /(sc) is divisible by 7, but not by 7*. 

The problem of the determination of the divisors of a function may be 
generalized, if instead of seeking the moduli for which a given function has a 
rational linear factor, we seek the orders of the rational modular divisors of a 
function with respect to a given modulus p*. This more general problem we 
shall consider hereafter. 

An important property of the 7^ power is that it is distributive (mod. p) 
over a sum or difference. For, A and X being integral classes, so is ^ + X, so 
that {A + Xy = A + X=A'+ X'i therefore, the modular equation of (7t-l)"* 
degree, {A + Xy=:^A' + X' is identical, since it has n solutions (the integral 
classes) whose differences are relatively prime to the modulus. 

This result leads to the conclusion that any system of integers such that the 
residues of a finite integer are finite in number consists of a factoring of ordinary 
integers ;* for any prime p of such a system is contained in the ordinary binomial 

coefficients n, — ^ 1 . . . , and it readily follows that any integer is contained 

in the ordinary integer which represents the number of its residues. The number 

* Ordinary integers are included in any system in the sense of representing repetitions of the unit 
of the system. 
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of residues of an integer may be called its norm ; from which definition follows 
the property that the norm of a product is the product of the norms of the fectors. 
We shall call the leaM ordinary integer which contains a given integer, its siibnorm; 
from which definition follow the properties: The subnorm of a prime is an 
ordinary prime; of a power of a prime, an ordinary prime or a power of it; 
of a product, the least common multiple of the subnorms of the relatively prime 
factors. An ordinary prime is the subnorm of any of its factors. Those residues 
of a modulus which can be expressed as ordinary integers are precisely the 
ordinary residues of its subnorm. If a power n is distributive with respect to a 

modulus, the binomial coefficients n, , . . . must contain the subnorm of 

the modulus. Hence, if we assume it as a property of these binomial coefficients, 
that they can have no ordinary common factor except a prime when n is a power 
of that prime, then, if, and only if the modulus is a factor of an ordinary prime 
will there exist distributive powers with respect to it, viz., the ordinary prime 
and its powers only. This theorem may be otherwise obtained as follows : 

Firstly, n being a distributive power, it contains the modulus. The imme- 
diate consequence is that the discriminant {n — 1)"~^ of X* — X is relatively 
prime to the modulus. Secondly, n being a distributive power, the solutions of 
X^'—X— repeat themselves by addition— e. g., (J. + 5)'*= -«1'*+ jB~= ^+jB. 
These conditions are sufficient, since we then have, with respect to each relatively 
prime factor {p^) of the modulus as modulus, the identity (1 +^)'*= 1 +X", 
i. e., it is satisfied by the n solutions of X* — JT = whose differences are 
relatively prime to the modulus. Now, any ordinary residue of the subnorm of 
p^ is a solution (mod. p^) , viz., 1 + 1 + . . . = A, ; whence the subnorm must be 
an ordinary prime v, since otherwise differences of the residues of v would contain 
the prime factor of v, and therefore the prime p. Again, each solution (mod.^*) 
excepting zero, is relatively prime to ^*, and therefore its repetition gives rise to 
as many different solutions as there are ordinary integer residues of the subnorm 
V ; and if 1 , X, , ... X, be a complete set of linearly independent solutions, any 
solution may be thrown in only one way into the form ^i + XjJT, + . . . X,-Z,, 
where A,i, . . . X, are ordinary residues of v. The whole number of solutions is 
therefore v' = n ; an equality which can only be possible for each relatively prime 
factor of the modulus when all have the same subnorm v . Finally, if the subnorm 
of the modulus is an ordinary prime v , then v itself satisfies the two conditions of 
a distributive power; and as a consequence i^' is a distributive power. 

Vot*. VI. 
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As we have seen, the norm of a prime modulus is a distributive power, and 
it is therefore a power of the subnorm. The preceding demonstration also shows, 
if i;'^=7t, that/ represents the number of linearly independent residues of ^. 
We shall use the term degree, in general, to signify the number of linearly 
independent residues. Depending upon the distributive property of the subnorm 
V , is the proposition that if the degree of /> is >► 1 there exist no primitive 
integral solutions of X'* — X'*"*= mod. ^*. For, a being an integer, we have 
successively, a'= a +-3/p, a"'= a^ + if^*, . . . a"^''*= a'^"* + J^*, so that every 
integral class satisfies a modular equation ^'^"' — X'^~*=0 (mod. i?*) of less 
degree than that of the first modular equation, if n'^v. Primitive solutions of 
this latter equation always exist in the special case i= 2, viz., a + ^^, ^ being 
relatively prime to p and a a primitive solution (including zero) for i = 1 . If v 
does not contain a power of p , primitive solutions always exist, namely, those 
for J?. If, however, the multiplicity oi p in v is > 1 , every integral class satisfies 
(t>2) a modular equation of this same form, of degree nv^, s^i — 1, for 
which primitive solutions exist. In the case 7t^= v, p being contained but once 
in V , the residues of p* are ordinary integers, and the primitive solutions are 
identical with those for v*. The number of primitive solutions is in the several 
cases 7t*""*(7t — 1)1*^(71 — 1) + !}. The symbol r coincides with the "totient of" 
except for n = 2^, when there are no primitive solutions which are relatively 
prime to p unless the degree of the corresponding modular equation be still 
further reduced. 

[to be continued.] 



Proof of a Theorem in Partitions. 

By Morgan Jenkins, London. 



In the American Jawnwl of Mathematics^ Vol. V, No. 3, p. 257, Professor 
Sylvester states that the following theorem, although confirmed by a multitude 
of instances, remains to be proved. 

If a square matrix, M^j of the y*^ order be formed in which the elements 
of a diagonal (say of the diagonal which descends from left to right) are all 
i + 1 , the elements below the diagonal all unity, and those above the diagonal 
all zeros ; and if all possible sets of q rows of this matrix be added together, 
and the series so formed be added to all possible regularized partitions of content 
less than n so as to produce a partition, not necessarily regularized, of content n ; 
then the number of times such partition of content n will appear, variously 
arranged, in P^ , that is in the table formed as above by the addition of the sums 

of q rows, will be ^(7^ or ^^~ '^^~ l/"^^~^'^ ways, where ^ is the 

number of diflferent elements 'in the given partition of content n which are 
greater than i. The proof here offered depends on the consideration of the 
nature of the series formed from the matrix J^, and on reversing the order of 
construction the series obtained from M^ are of the form 

qqq^>\i'\-q)q — 1| q — 1.. .(i + g— l)...(i + A;+l), h, h^ .. .{i-^-Jc) . . .{i+\)0, 0. 
The elements i + q^ i + q — 1 ,...»+ 1 must be in descending order of mag- 
nitude ; but there is nothing to prevent q being greater than i ; the number of 
elements in, or the extent of the series is j ; the elements, if any, between 
t + Aj + 1 and i + Aj must be = A; ; but there may be none such : so the 
elements, if any, to the left oi i + q must be q , and the zeros, if any, must be 
to the right of i + 1 . 

Now take a given partition of content n and extent j ; if we select q 
elements greater than t, but containing repetitions, no regularized partition cor- 
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responding to these q elements can be obtained, because on subtracting the 
sequence i + q, i + q — 1 , . . . i + 1 from these q elements the remainder would 
not be regularized ; but if the given partition contain (i different elements greater 
than i , and we select any q of these and ask what must be the mode or modes 
of arranging the elements of the given partition in order that, after subtracting 
from it a g-series, derived as above (the elements i + q, i + q — 1, . . . i + 1 
being subtracted from the selected q elements) the remainder may be a regular- 
ized partition of content less than n, the answer is there is one and only one 
mode of so arranging the given partition : also there is only one possible subtra- 
hend and one regularized partition of content less than n corresponding to these 
q elements. 

An example will show the mode of arrangement and will lead to the proof. 
Let 16, 14, 13, 12, 11, 11, 9, 8, 8, 6, 6, 5, 4, 3, 3, 2, 0, be the given partition, 
n being = 130 , y = 18 ; let i = 3 , then /u = 10 ; let g = 5 , and the five selected 
elements be 12, 11, 9, 8, 5; then the elements i+ q, i + q — 1, . . . t + 1 are 
8, 7, 6, 5, 4; and they must be arranged in descending order; for otherwise the 
remainders would be unregularized, that is, not in descending order of magnitude. 

Again write in descending order the remaining elements of the minuend, 
viz. 16, 14, 13, 11, 1 8, 1 6, 1 5, 1 4, 3, 3, 2, 1 0, 0; and it will be found that they must 
be divided as marked : the 0, must be placed to the right of the 5 in the whole 
minuend, the 4, 3, 3, 2 between the 8 and the 5 ; and so on, as indicated below 

4t 4( # # 4( 

16, 14, 13, 11, 12, 8, 11, 6, 9, 5, 8, 4, 3, 3, 2, 5, 0, 
5, 6, 5, 5, 8, 4, 7, 3, 6, 2, 9, 1, 1, 1, 1, 4, 0, 

11, 9, 8, 6, 4, 4, 4, 3, 3, 3, 3, 3, 2, 2, 1, 1, 0, 

« « « « « 

The 5 selected elements in the minuend and the corresponding remainders 

are marked with a star : the 2 in the minuend cannot be placed to the right of 

the 5 ; for then on subtracting from 2 the remainder 2 would come to the right 

« 
of 1, producing an irregularity : 4 in the minuend must come to the right of 8 ; 

« 
for if it came to the left 2 or more from 4 would leave 2 or less coming to the 

left of 3, producing an irregularity : thus it may be shown that 4, 3, 3, 2 must 

« « « 

come between 8 and 5, and, if so, then in descending order, because, when equal 

I's are subtracted, the remainders are to be regularized; and so on for the 

remaining sets. 
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Similarly in other cases after subtracting i + q^ i + q — !,...»+ 1, respect- 
ively, from the q selected elements arranged in descending order, we must arrange 
the remaining J — q elements in descending order, then divide them into q-\- 1 
sets (some sets possibly containing no elements) -and place the q + 1^^ set in 
descending order to the right of i + 1 , the q^^ set between i + 2 and » + 1 , and 
so on ; the 1st set from the left being to the left of i + q. 

If Qk+i and Qh are the elements from which i + Aj + 1 and i + k respect- 
ively, are subtracted, then any other element m of the j — q elements will be 
placed between §^+1 and Qi, if m < §^+1 — {i + 1) and > §» — (i + k), that is 
if m is between C*+i — * — 1 and Q,, — % or equal to either of them: any 
element which is <iQi — i going to the right of Qi and any element which is 
y> Qq — i — 1 going to the left of Qg. 

The desired result now follows ; for to every selection of q diflferent elements 
there is one and only one arrangement of the partition of content n appearing 
in the table Pg : also there is no arrangement of the given partition corresponding 
to a selection of q elements containing repetitions, that is, in which i + qf 
i + q — 1 , . . . t + 1 are subtracted from those elements. Hence the given par- 
' tition will appear ^Og times in the table Pg. 



Further List of Corrections suggested by M. Jenkins to 
Prof. Sylvester^s Constructive Theory of Partitions. 

American Journal op Mathematics, Vol. V, Nos. 3 and 4. 



Vol. V, No. 3, p. 266, 8 lines from end, 2n — (i + 3) should be n — {i + 3). 
Page 266, between 2d and 3d rows of sinister table insert 13.2.0 

7th and 8th " " " " li:2.2 

" " in 6th row of dexter table, for 8 . 4 . 3 (2) write 8.4.3(1). 
" 261, line 11 from the end, interchange protraction and contraction so as to 
read ^^contraction could not now be applied to JL' and B' nor protraction ' 
to C7'." 
** 263, line 21. If /{x) = (1 — a;)(l — a^)(l — a^)(l — a^)(l — a?) , for the 
second a? read a^. 
" line 25, for 'latter' read 'former'. 
265, line 29, for l^ read l\ 
270, line 11, for 1 + 2 read i+2. 
" line 12, for 1 + 2 read i + 2. 

272, line 7, for J^x > read Xjx » . 
" line 14, for 'the minimum negative residue of » — 1 ' read i + I . 

274, line 6 from end, for -:; r- read -:; • 

1 — ar 1 — of 

276, line 9, for 'to the 5th now' read 'to the 5th row now.' 

276, line 21, for 16 , 7, 3 read 13, 11, 3. 

" line 22, for (1 + aa;)(l — aaj»)(l — aa^) . . . read (1 + ax)(l + aa?) . . . 

(l+oa^^-i). 

" line 24, for a read .a. 

1 X 1 — x^ 

" line 25, for 'angle whose nodes contain i nodes' read whose aides. 
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Page 277, line 9, for 'withy — i or fewer parts' ready — 1 . 
" " line 14, for 1 + ^_^ af + i_a..i_a^ *^^ etc. 

readar+ V'\V +^ + ^~'^"!'i~'^"V +*+ etc. 

1 — or 1 — ar.l — a?* 



If in the expression in line 1 1, viz. in 



1 — a:».l — a^. .. 1— a?^-> 



^-i^+« ^e puty=3 we obtain 



1 — a^.l — a^ ^ ~ l_a^.l_a^ -^ - l—a?.l—af "^ ' 

since o = 2t — 1 , and similarly for other terms when we put j= 2 and y = 1 . 

The correction which I offer seems to me to be right, and the expression in 
the paper to give a wrong result in the case when n happens to be equal to o) + 2 : 
for then the number of parts being supposed to be exactly t, the first bend 
contains 2i — 1 or o nodes, and there is then no way of placing the remaining 
2 nodes so as to make the partition a conjugate partition — supposing I have not 
misunderstood the article. 

Page 278, line 13, for 19, 7,6,6 read 10, 7, 6, 6. 
" 279, figure, either insert a node at junction of 5th column and 7th row or 

remove a node from junction of 7th column and 5th row. 
** " lines 6 and 7, if we remove a node from the figure no change is 
required in these two lines ; but if we insert a node in the figure 
then 11 11 11 7 3 3 should be 11 11 11 7 5 3 and 5 5 6 3 1 1 
should be 5 6 5 3 2 1 . 

280, line 5 from end, after :; :; -= :; -r insert *or of afa^.^ 

1 — orr.i — cur* . • 1 — car 

283, line 3, for a^ read a*. 

" line 4, for {x'-^aa^')] read {x'+a?"). 

28«, lio. ,, for iS=L:» md h=iM=Il. 

** line 6 from end omitting notes, for af* read x^. 
*' line 7, for a?<+i read «»*+». 
288, a< — % is, I believe, the right final term ; but it appears as if it were 

the first of a pair instead of the last of a pair, a^ — v being a quantity 

which may vanish. 



a 

a 
a 
(I 
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If the pair of expressions which in the text precede a, — t, if definitely 
expressed and not left to be understood, should be 

[a<_i + a<_i — {2i — 3)] . [a,^, + a<«, — (2f — 2)] . 
and not as in the text [a<_i -|- a|_i — (2i — 1)] , [a<_x + a< — 2%] , 
the factor which should precede a< — i is [a< + a^ — {2i — 1)] . 

I do not quite follow the first 5 lines of p. 289 (in No. 4), possibly from the 
oversight in the subscripts I do not see what is intended. But in seems to me 
the following proof would be right : 

The expressions of the same form succeeding aj -|- ai — 1 and Oi + oj — 2 
must be continued so long as they are positive, and must be rejected when they 
become negative. 

Now from the fact of i being the content of the side of the square belonging 
to the transverse graph a| = or >• i, a< = or >► i, therefore a< -|- a< — (2i — 1) is 
positive and is therefore one of the terms of the series. Also a<^.i= or<C» 
and a<^i= or -<*', therefore ai + 1 + a< 4.1 — (2i + 1) is negative and must conse- 
quently be rejected. 

The intermediate expression is a< + a<4.i — 2i; and for this we may in all 
cases put a< — t as the last term of the series for the following reason : 

If the extreme inside bend have more than one node in the row, then a<+i 
= i and a< -|- ai^i — 2i is = a< — i, which is not negative since a<:= or >i. If 
the extreme inside bend degenerate, so that it consists only of a vertical line 
or of a single point, then a< = i ; and since a| 4. x <C t in this case, therefore 
cti + oLi^i — 2i is negative and inadmissible as a term in the series; but since 
a< — t = there is no harm in putting it as the final term in the series. 



Vol. V, No. 2, On Siibinvariants, i. e. Semi-Invariants to Binary Quantics 

OF AN Unlimited Order. 

Page 114, last line, for 3100 read 3110. 



On Theta-Functions with Complex Characteristics. 

By Thomas Craig, Johns Hophins University. 



Prym in his memoir " Untersuchungen fiber die Rieraann'sche Thetaforrael 
und die Riemann'sche Charakteristikentheorie " considers characteristics 

\hi /i, . . . hpj 
where the quantities (/, h are any constants instead of being as usual integers. 
If the quantities g and h are rational fractions with a common denominator, say 
r, then it is shown that there are in all r*'' different functions. Krazer in his 
Habilitationsschrift considers the problem of finding the relations connecting 
these 7^ different theta-functions, limiting himself however to the case of ^ = 1 , 
r= 3. In what follows I have just begun a study of the theta-functions corres- 
ponding to the case of a characteristic made up of complex quantities. I have 
called the functions H-functions to distinguish them from the ordinary theta- 
functions when the characteristic is made up of integers. 

The theta-function of p variables is defined by the equation 

Kt i:::k>'- '^•■•■''>=^'^''-(S+t Z+ty.l+\)- 

where fc 

(:;U'^U::;^+l)=«*i'^+'-«'+^-"'+^>' 

+ i^'l(wi+/i)K+;ii)+...-i-K+g(t;,+^p)| 

and («) denotes the constants 

d^a^ . . . d^ 

^83 • • • ^3p 



dpp • 



It will be understood of course that a^, = a^ . 

In the case of the theta-functions the characteristic 



\Al, Aji • • • Ap^ 
Vol. VI. 



338 Craig: On Theta-FuncHona wUh Complex CTuzracterisHcs. 

may be made up of positive or negative integers, but, as a matter of fact, I and X 
are always made equal to either zero or unity. In what follows I propose to 
examine the functions for which Z, X are complex quantities, say 

lr=ar+ibr 

and particularly the cases when a, &, a, ^ take the values zero and unity, and 
also when a,. + i^r ^.nd a,. -|- i^^ 

are conjugate complex quantities. I will denote the functions under consideration 
by the symbol H, that is 

It will be understood in all that follows, when the symbol B is used, that 
the letters I and X denote complex quantities, and when ^ is used that they 
denote positive or negative integers, or, as usual, simply zero and unity. The 
convergency of the H-functions is secured as in the case of the 3-functions: 
"the parameters a^g may be real or imaginary, but they must be such that 
reducing each of them to its real part the resulting function (♦Jni, n, . . . w^)* is 
invariable in its sign, and negative for all real values of n,.".* I will assume at 
once that a,. , 6,. , a,. , /J,. = or 1 ; the total niunber of B-functions is now easily 
found. Denote by (a, a) the entire set of a's and a's, and by (6, ^) the entire 
set of Va and ^'s. Assume first that (5, j3) = and give (a, a) all possible values 
made up of and 1; we have then 2^, or 4^ functions. Now give (6, ^) all 
possible values made up of zero and unity, while (a, a) = 0, and we have again 
4^ functions, so that finally we have as the total number of H-functions (4^)* or 
4^. Thus the total number of ^-tuple B-functions is equal to the square of the 
total number of ^-functions. For example : 

Total number of ^-fanctlons. Total number of l-funetlons. 

p= 1 . . . 4 16 

^= 2 ... 16 256 

^ = 3 ... 64 4096 

jp=4 . . . 266 65536 

etc. . . . etc etc. 

p—p ... 2* 2^. 

* A Memoir on the Single and Double Theta-Functaons, by A. Cayley (page 899), PhO. Trau^., 1880. 
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For the case of jp = 1 the B-characteristics are as follows : 



Co) (i) 0) 



2. 



Co) (r-) (!•) 



(0 



(i) (i) (i+t) (i+») 

(i) (i *) (i+O (i+O 

In order to form the characteristics for the case of ^ = 2 we have only to 
combine the following two tables, the first of which corresponds to (b, |3) = , 
and the second to (a, a) = 0, 



3. 
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We have then for the S characteristics in the case of jp = 2 the following table : 
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If the elements of the characteristics are conjugate imaginaries, that is, if 
we have a^ + i^r =^cLr — ^r » the total number of H-f unctions for any given 
number of arguments is equal to the total number of theta-functions for the 
same number of arguments, ^. e. in the case of j^-tuple functions if the character- 
istic is /Oi +ibi, a^+ ibf . . . a^ + ibp\ 

vOi — ibii a, — ih% . . , ap — ibpj 

(where a, 6 take the values zero and unity), we have 4^ B-functions. For jp = 1 
the characteristics are 

a>(i).(-:>Gi:> 

for jp = 2 they are 

/O ON /O IN /O i\ fOl + i\ 

\o oy' \0 l/ \0 —ij' \0 1 — iJ 

(l o)' (l l)' (l —ij' Cl 1 — i) 

( i 0\ / ** IN / i i\ ( il+iN 
\ — i 0> \—i \r \ — i —iJ' \—i 1-iJ 
/l + iO\ /l+il\ /1 + i i\ /l + il+i\ 
\l — i or Kl — i 1/' \l — i —ij' \l — i 1 — iJ' 

If in the function « / ^r N/ \ i o 

E\^y^ J(vr), r=l, 2, . ..p, 

we change Z,. into Z,. -f 2y,. , where y^ is an integer, there will obviously be no 
change in the value of the function. If, however, we change X^ into ^-f 2^^, 
where Xr is again an integer, we shall have as the new linear term in the expo- 
nential T^i\{ni+li){vi + Xi+2xi) + . . . + {np + lp){Vp + \+2Xp)], 
which differs from the original term by the quantity 

niZrirXr-^- niZlrXrj ^=1, 2, . . .jp. 
The term niZn^Xr is, since n is even, an even multiple of ni and so produces no 
change in the value of the function ; the second term niXl^Xr causes the function 
to be multiplied by the factor ( — )^*', that is, we have 

since Z,. = a^ -f ift,. = , say, A^e^ , this may be written 

On the assumption that a and b are each either zero or unity the modulus of Z 
is either 0, 1, or V 2, so that in the sum Xx^A^e**' each term is either 0, oce^ or 
a;\/26**, and therefore the factor ( — )^'^'« in the preceding equation takes in 
all 2^^ forms ; these are not all distinct and only one of them makes the factor 
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= 1, viz. when all the moduli A are = 0. Since the four possible moduli of I 
are j1 = 0, 1, 1, \/2, it would appear that the total number of independent 
values taken by XxrA^ef^ is equal to 8^. Among these 3^ quantities a certain 
number would seem to be repeated two or more (always an even number) of 
times to make up the 2^ values of Xx^A^e^*'. It is easy to see that the total 
number of values of this quantity which do not seem to be repeated is equal to 
^p-\ 2* (for jp > 2), and so the total number of values which are repeated is 

3P_ 3P-».2»= 3P"».(3»— 2») = 5.3*-». 
The moduli having the above values it is easy to see what the corresponding 
arguments are, and so to show that the above conclusions do not hold. Take 
the element Z, = a + i6. This may also be written l=^Ae^] suppose now that 
a = and b = 0, then j1 = and ^ is indeterminate, but since in this case the 
term xAe^ vanishes, it is unnecessary to consider ^ at all. Suppose next that 
& = and a = 1 , then we have at once ^ = , or 2n; now let a = and & =: 1 

and we have ^ = — ; finally if a = 1 and 6 = 1 we find ^ = — . 

Take as illustration the case of the double B-functions where the character- 
istic is ^h h\:= (<h. + *Ji Ot + t^ \ 

the quantity to be examined is 

(_)..^..**'+«.il^, gay (_)«; 

now B, takes 16 values, these are * 



9 



fox=0 
la,= 

fai=l 

fai=0 
fai=0 

la,= 






%> 



6i=0 
b 



Xf.l.e 



'1 = 0) 
1=01 1 



,<o 



e*^+xt.l.e * 






1 = 01 1 

6i=ii -i «f 



;;-J}xi^/2..'T 

1=1) 

:=oh 



\/2.e ^+X2.1.€ 5 
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or, 

10. -B= < 



n.{-r=^ 



0, a^, wj,, aJs(l + i), 

«i» ai+Og, a^i + tos, aJi+a:i(l + i), 

ixi, ioi+arj, i»i+iai, i»i+as(l + i)> 

^ai(l+i).>i(l + ^) + ai» xi{l + i) + ix,, Xi{l + %) + x,{l +%y ^ 
The entire 16 values ofB are all different, the one from the other, and also, m 
the general case, the entire 2*' values are all different, one from the other. 
From these values of -B we have, since ( — )*=6'"', 

1, (— )% «"*•', (— )•••«"••'! ■ 

From this we see that the factor ( — y*^^'* is always either +1, —1, or 
i: ^*', where A; is an integer. In the case of the double S-functions there are 
thus 16 functions which only change sign by replacing in the characteristic >l by 
^+ 2x, and so in the jp-tuple B-f unctions there will be 2^ functions which will 
at the most only change sign by replacing ^ by ^ + 2x. These functions of 
course correspond to those values of the characteristics in which all of the Va 
are made zero and the a's take the values zero and unity. When this happens 
the B-fimctions become the ordinary theta-functions. As the equation 

1^ s (^+ |^)W = (-)— "•.b(^)w 

can, by virtue of the factor (—y*^^*^ only take 2^ different forms, and as in 
2^ of these the factor becomes either + 1 or — 1 there remain 

2^ — 2^= 2^(2^ — 1) 
cases in which the factor becomes = ±: e"**', a constant whose greatest value for 
k positive is e""', or ( — )*. 

For the theta-functions the quantities I and X reduce to their real parts a 
and a , and further, a and a are integers. Observing this fact and also the fact 
that the summations with respect to rii, n^, fh . . . extend from — ao to +00, we 
readily find the number of even and odd theta-functions, that is, the number of 
functions which are not altered by changing the arguments Vi, v^ . . . Vp into 
— Vi , — 1?| . . . — Vp. The determination of the number of odd and even theta- 
functions is made to depend upon the fact that in the exponent of t^e general 
term of the series we can change n + l into — n — Z, where of course Z is a real 
integer. In the present case such a change obviously cannot be made, since I is 
a complex quantity, viz. Z = a + i& • It seems as if a formula of transformation 
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ought to be found which would represent the result of changing v into — r, and 
which would reduce to the corresponding formula for theta-functions by making 
b and j3 each zero, but I have not been able up to the present to hit upon it. 
I have found two methods of transforming the H-functions, so that when the 
elements of the characteristic reduce to real quantities (integers) the corres- 
ponding theta-function formulas are obtained. I shalLonlj give one of them in 
what follows, viz. the one which, on making the Vs and ^'s all zero, will give all 
of the corresponding formulae for the theta-functions. The B-function is defined 
by the equation 

13. B(i>^)=E^^P'C+D' *•='•"'"••• 



1I= — 00 



The n's are of course all even, and a single summation sign is used simply for 
brevity. As above we have l=:a+ib and ;i =a + 1^, with the above restriction 
(which is at first not necessary) that a , & , a and ^ take only the values zero and 
imity. Now remembering that 

exp. (J^ ^^ = exp.j— (*][wi + ?!, w, + 7, . . . Tip + Zp)» 

and remembering that the summation with respect to n is (for even integers) 
from — 00 to -h 00 ^ we can change n into — n without altering the value of the 
function. We now seek the value of the fimction 

Changing n into — n the exponent of the general term becomes 
T(*i- nx + (- 1 + ibi)li, . . . - n, + (- 1 -I- ibj,)l,y 

+ [-«, + (- l+^p)y[-«, + (l + */»,)\]}. 
or 

^-(•Jni 4- (1 — i6i)Zi, . . . Wp + (1 — i6,)?p)* 

+ im{[nxH-(l-i&Oy[«i-(H-WJ^-|-... 
-fK+(l-»6,);i,][t;,-(H-i/3,)Xp]}. 

Expanding this and subtracting from the original exponent 

r=p 
r=l 
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we have, after some simple reductions, 

the summations extending from r=ltor=:pand in the double summations 
the values r = « being excluded. Write this as 

if now we make 6 = ^ = we have 

<I>, = and ^^ = 22n^a^ + 22a^ a^ , 
which is the corresponding quantity for the ^-functions. We have now for the 
H-functions the relation 

16. E(((7|t^J^'jJJ')(-r,) = E(^)(t.,).exp.{|^,+ \ni%\. 

Making 6 = /?= in this and we have, replacing H by 0, the well-known formula 

"• ®GS:;;2>-''--'^---'''>=(->"'®C2:::5>'°-"'''- 

Another and rather more general form is obtained by changing I into ( — 1 +*i)^ 
% into (1 + i/?);i and v into ( — 1 + i^)v. The quantity called <l>, above imder- 
goes no change, but we have, calling ^J. the new value of ^,. 

18. % = iS:^rnrVr + 2 ( 2 + i/?,) 71^ + 2 {iK + i(3r + K /?,) ^Vr 

and 

19. % — % = i^^rTlrVr '+ 2 (t/?,. + K ^r) ^Vr + 2iSbMr , 

every term of which vanishes when I and X are real. The quantity -J-^,. may be 
written 

20. \^r = — t2w A - I ^hr^ — T^^^hl + I227A K + ?,) - |22Z,Z,6A ; 
since n is an even integer write n = 2A;, then this is 

21. = — iSKhr—TiSKn — iXliK+i^^tA{2k, + z,)-|227,?AJ.; 

again since 6= or 1 the first term of this becomes a real multiple of i, and 
the remaining terms become quantities of the form M+ iN, where M and N are 

real and of the forms ^ , — i ~- > where [i , v and p are real integers. Similar 

remarks might be made concerning ^f^ » l>ut> for the present, it is not necessary 
to consider this quantity We may make one further transformation similar 
to the above and to the corresponding transformation in the case of the theta- 
functions. For simplicity take the function 

22. bQ;+^^;; 2:j:j^^)(»i,«b)= 22 exp.[Kaii.a„,a„K+«i+«Ji. «.+««+«*)• 

H- T t»l (»i + oi + ihi){vi + 04 + »/?i) + (n, + a, + t6|)(t^ + o, + 1/3,) ^] . 

Vol. VI. 
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Now we can change rii and n^ into — rii and — Wj without altering the value of 
the function ; make this change and also change ^ and ^ into — li and — ^ and 
Vi and i?g into — Vi and — v^. We have then to find the value of the function, 



K~t~^(-'^-'-i- 



The exponent is, on changing n into — n , 

H*l-^i-h,-n,-ky + rni\{-n,-h){-v, + 7.,) + {—n^-l^^^^ 

The quadratic term is unaltered, but the linear term becomes 

kni\{n,+ h){vi + ^i) + K+ h){v,+ ^)l-ni\{n,+ li)^+ {n^+ l,)^\; 
this differs from the original exponent by the term, 
23. — ni {ui^ + n^\) — ni {J^Xi + ?« X,) , 

say, 

23'. — niN— niL . 

Make now n = 2A; and give Xi and X% all their values : these are 

Xi=0, 1, i, 1+i, 
X,= 0, 1, i, 1-l-t; 

then all possible values of N are 

2A?i, 2^1+ 2A^, 2A^+2tAi, 2A^ + 2A31 + 2^*31 , 

^^' 2iA^, 2iA^+2A-„ 2iAji+2iAi, 2iAji + 2tA, + 2^^ , 

2A^-|-2iA^, 2A^+2Ai+2iAi, 2A^ + 2iA^ + 2iAi , 2Aji + 2*^ + 2i«Ji + 2t&| . 

(Notice in forming this table that after writing down the first line and first 
column all the remaining terms are formed by combining them : viz., the second, 
third and fourth elements in the second column are obtained by adding the first 
element in this column to the second, third and fourth elements itt the first 
column respectively, etc.) . The exponential thus takes one of the values, 
25. +1, ^, 

where r is a positive or negative integer, when X reduces to its real part or 1 
this exponential is = + 1. There are in all 256 different values of X, 16 of 
which for I and A, = 0, 1 , make the exponential e"**^'*^'"*"**^*^ equal to zb 1, ten 
values giving + 1 and six values giving — 1 . We have finally 
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For the general case we have obviously 



27. 



K tV. \>-^^ -.,) = (-)'-2...2(l)-" 



X exp. {i(*K + «i, . . . n, + g» + i ntSitir + 0(»r + K)l' 

FoTpz= 2 write li^i-^ i5i^=<T; the entire set of values of a are given in the 
following table : 



28. 




1 i l+i 
i -1 — l+i 
l+i -l+i fH 


A 


• 

A 


A 


A 


m 

111 1 

13 l+i 2+i 

1 l+i i 
1 3+i i 1+fH 


i i i i 

i l+i 3t l+3t 
i 3t -l+i -l+3t 
i 1+fH — l+a< 8i 


l+i l+i l+i l+i 
l+i 2+i l+3t 3+a< 
l+i l+3t i 3i 
l+i 3+di 3t l+8i 


A 


i i i i 
i l+i 2i l+2i 

i at —l+i — i+2t 

i 1+fH — l+3t 8i 


-1 -1 -1 -1 
-1 -l+t i 
-1 -l+t -2 -2+t 
-1 i -3+i -l+3t 


-l+i -l+i -l+i -l+i 
—l+i i —1+fH 3i 
—l+i -l+3t —3+i . — 3+« 
—l+i fH -3+3t — l+8t 


A 

• 


l+i l+i l+i l+i 
l+i 3+i 1+ai 2+3< 
l+i 1+iH i 2t 
l+i 3+3t iH l+8t 


-l+t -l+i- -l+i -l+i 
—l+i i —1+fH 2t 
—l+i —1+fH -2+i — 3+2t 
—l+i 3t -3+2t — l+8t 


2t 3t 2t 3t 
3t 1+ai 8i l+8i 
fH W -l+3i -l+8t 
fH l+8i — l+8i 4i 



The spaces marked A are to be filled up in the same way as the upper left- 
hand comer space (each of the sixteen spaces is seen to be symmetrically 
arranged, and also the entire group is seen to be symmetrical). There are in 
all only 19 different values of (T, viz. 

0, 1, 2, —1, —2, i, l+i, —l + i, 2i, 2 + t, —2 + i, 1 + 2i, 

— l + 2i, 3t, 2+2i, l + 3t, — 2 + 2i, — l + 3i, 4i. 
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The number of times that each of these appears is : 




1 
2 

— 1 

— 2 

• 

1 + i 
-1 + i 

2% 



number of times 



<i 



<i 



<< 



ii 



u 



u 



<< 



<l 



u 



l< 



<< 



u 



<< 



<< 



<t 



<l 



51 


— 2 + » 


number of times 4 


14 


1-I-2* 


" " 10 


1 


— l + 2t 


10 


14 


U 


» " 4 


1 


2H-2t 


4 


36 


l + 3i 


" " 4 


32 


— 2 -1- 2f 


u .. 4 


32 


— 1 + 3i 


4 


26 


Ai 


1 



2+i " " 4 

making the proper total of 256. The above formula of transformation is more 
convenient when written in the form, 



29. 



b(~^' ' ' 



l^y- V,,...- V,) = (H^-^-S . . . 2(-)^-''' 



^2 • • • ^pt 

X exp. I tW«i+ 'i. •.•«,-!- Zp)*+ f'«»2(nr-|- iv•)(»r^-'^)^ 
The values (for p = 2) of ni ?i + w» 4 ^-re of course obtained by replacing ki 
and ^ii in (24) by Ui and n,. We have then for riili + tij^ the table : 



30. 








til 




tni 




til "T *•*! 


• 






















tii + ni 








fii + nt + vu 




















ttll 




ni + im 




ifii + vu 




mi + mt + mt 




• 






















tii + mt 




ni + fit + int 




till + ms + n« 




ni + nt + kii + int 



The upper line in each block gives the values of 4 and l^ , and the lower line 
the corresponding value of ni ^ + Wj 4 • 

For greater convenience, table (28) may be presented in the following form. 
Each square contains all of the values of ^^+4^ corresponding to the values 
of li and 7|| written above the square. 
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31. 



^=0, 


/, = 




^1 = 1, 


/,=0 


Z, = i, 


/, = 


^=zl + i, /, = 
































1 


1 


1 1 


• • 


• • 

f f 


1+i 1+i 1+i 1+i 








• 

f 


• 

f 


• • 


—1 —1 


— 1 —1 


-1+i -1+i -1+i -1+i 








1+i 


1-N 


1+i 1+i 


-1+i -1+i 


-1+i -1+i 


2i 2» 2i 2i 


^1=0, 


/a = l 




/l=l, 


^ = 1 


/, = i, 


^=1 


Z,=l + i, /, = 1 


1 


»• !+»■ 





1 


i 1+i 


1 


i 1+i 


1 i 1+i 


1 


»■ 1-K 


1 


2 


1+i »+i 


i 1+i 


8i 1+di 


1+i a+i l+2i a+2i 


1 


i 1+i 


• 


1-N 


8i l+2i 


—1 


-1+i i 


-1+i i — l+2i 2i 


1 


* l+» 


1+i 


8+< 


l+3i 2+ai 


-1+i i 


-1+ai 2i 


2i l+2i 8i l+8i 


^1 = 0, 


h-i 




^=1, 


l,=i 


'i=i, 


^ = i 


Z, = l + i, /, = i 


f - 


-1 -1-H 





• 


-1 -1+i 


i 


-1 -1+i 


i. — 1 -1+i 


* - 


-1 ~1-H 


1 


1+i 


i 


i di 


-1+i -l+2i 


1+i l+2i i 2i 


t - 


-1 -1-N 


• 


2% 


-1+i -1+ai 


-1 -1+i 


-2 -3+i 


—1+i — l+2i —a+i — a+2i 


» - 


-1 -1-K 


1+i 


1+ai 


i di 


—1+i — l+2i 


— a+i — 2+ai 


ai 8i — 1+ai— l+8i 


^1=0, 


J,=l+» 


^1 


=1, 


/, = l+i 


h=i. 


^ = l + i 


/i = l + i, /, = l + i 


1+i 


-1-M 2» 





1+i 


—1+i »i 


1+i - 


-1+i »i 


1+i -1+i ai 


a+* 


-i+» a» 


1 


2+i 


i l+»i 


i 1+ai - 


-l+2i 8i 


1+i a+ai ai i+8i 


l+» 


-i+» a 


• 

f 


1+ai 


— l+2i 8i 


-1 i - 


-8+i — 1+ai 


—1+i ai —a+ai — i+ai 


1+i 


—1-K 8» 


1+i 


2+2i 


di l+8i 


—1+i ai - 


-»+ai -l+8i 


ai l+8i -l+8i 4i 



A simple case which might be considered is when Z is a real integer, as in 
this case the factors ( — )^' all reduce to unity, and the Z's in the characteristic 
may obviously be written with the plus sign. 

Fbbiods. 

We may still, for simplicity, continue to deal with the double E-functions, 
as the general properties which are being studied are capable of immediate 
generalization to the case of j:>-tuple functions. From the definition of these 
functions we see at once that if Xi and a^ denote any two integers we must have 



32. 



< D(-+''" '^+^)=s(Ux. t+ J<'^. '^)' 
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that is, the effect of altering the arguments Vi and Vg by the addition of the 
integers Xi and x^ only interchanges the functions. If, however, we write 2xi 
and 2x9 instead of Xi and x% we have 

or from equation 7, 

34. b(^ t)^^ + ^' r.+ 2a:i) = (-y.-+'.'.fi(^ t)^^i''^») 

and the factor ( — yt*>+^*« has been shown to be either 

+ 1, -1, -|-e-^ — 6-^ 

where h is an integer ; so the function is either imaltered, altered in sign, or 
multiplied by one of the constants zb er"*^. The cases where there is no 
alteration or at most a change of sign, correspond to ^ and 1^ real integers. If 
we replace Xi and a^ by 4xi and ^ respectively, Xi and x^ still integers, we have 

The factor ( — )»<'i*i+^*«> is in this case either -|- 1 or er***, where A; is an integer. 
There is thus in the case of the E-functions no period in the ordinary sense of 
the word, those functions only possess a period for which li and ^ are real. 
There are 64, = 2* functions which have periods, and 192, = 2* — 2* which are 
multiplied by the above factor ; in general there are 2** functions which possess 
a true period and 2^(2^ — 1) functions which are multiplied by an exponential 
factor. The qiutsi-periads are obtained just as in the case of the J^eta-functions, 
and to show their existence I shall merely reproduce, with the necessary changes 
of notation, Prof. Cayley's proof in §10 of his memoir. Taking »i and x% 
integers, we consider the effect of the change of t;i , t^s into 

Starting from the function 

^dr"^ ^""^X^i + ^Kaa + OisaJf), v, + ^{a^x, + anxS) 
we have for the argument of the exponential 

+ (w» + 4 — «•) (t^i + 'W + ^ («ii ai + a» a^)) } . 



36. 
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this is 

t(«u. Oas. «mK + ^. n» + 4)* + f '«*((«i + ^)(«i +^) + ("i + 4)(»» + ^)) 
(the original exponent) + other terms which are as follows : viz. they are 

— { [jCi(aiiJCi + oux,) + ai(ai,a;i + Osjaii)]. 
The terms in the right-hand column reduce at once to 

+ T(au. «M. «m][«i+^, «»+4][ai. a!*) 
— ]^7d[xi(vi+ Xi) + »,(»,+ A,)] 

The original exponent is then increased by the terms 

which are independent of rii and n, , and they thus affect each term of the series 
with the same exponential factor. The result is 

= exp.| — ; (au, Ou, a^lxi, a:,)*— |7ti[a^(t?i+;ii)+a^(v,+Xj|)] Ib(j^ i)(^i' ^>) ' 

or what is the same thing, replacing Z^ and Z, by li + Xi and 7, + x, (this change, 
since Xi and a^ are integers, only alters the real part of Z| and l^ and so is 
admissible), 

^Gi, V\ ^"^ ^(«nai + ^war,), t?2+ ^ («u a^i + «« «i) 
37. = exp. I — t(«ii, an, «mK, ^y—j^i[,Xi{vi+Xi) + x^{v^ + ^)']\ 

If cci and CC| are even, say 2xi and 22^, the function on the right-hand side of this 
equation becomes, 

but the exponential factor still remains. The formulae show that the effect of 
changing Vi and v, into 

where Xi and x^ are integers, is to interchange the functions and to affect each of 
them with an exponential factor; and we may say, as in the case of the 

3-f unctions, that -~r (an , au) , — r (o^j , a^) are conjoint quarter qtum-periods. We 
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may also say that the H-functions have the quarter-periods (1 , 1), the half-periods 
(2, 2) and the whole periods (4, 4), understanding that only those functions are 
truly periodic for which the V& are all real, i. e. for one case all zero or unity. 

The Pboduct-theobem. 
If we multiply together two thjeta- functions^ say 

we have, for the result, the sum of four products of the form, 

^Ct^+l';!'^''" t^+";!';^'^''*>''- 2t'.).e(i[^;j>;+^- tl'- a>^"^^)(2^- ^^o. 

where pi and p^ take the values and 1 , and where is written to denote that 
On , au , Oj, are replaced by 2an , 20^ , 2a^ . The proof given of this theorem is 
wholly independent of the nature of Z^ and 7, and so holds for the case of the 
double E-functions. Using here ^ to denote that the parameters 011,0^,023 have 
been changed into 2au > 2ou , 2a^ we have 

the arguments t?i + t/i , t?i — • t/i are written for brevity instead of {vi + t/i , t?, + t/,) 
and {vi — t/i, t?, — t/,), and similarly on the right-hand side of the equation one 
argument only is exhibited. 

In order to develop the results it would be necessary, or at least desirable, to 
form two tables, one giving all the values of the upper line of the new character- 
istics, and the other giving all the values of the lower line of the same. This is 
what Prof. Oayley has done in his memoir on the double the ta-f unctions. The 
tables are so long, however, that I do not give them here, particularly as their 
application to form a complete product table for the double B-functions would 
give an exceedingly long table. There are in all 2^* (in general 2*^) different 
products in the case of the double H-functions ; these consist of a square-set of 
256 (= 2^) products and 255 other sets, each containing 256 products. Using 
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suffixes for a moment to denote the different H-functions, we define a square-set 
as a set consisting of products of the form, 

Ba(t?i+t/i, t?» + t/,).Ha(t?i— t/i, v^—v\)] 
the remaining sets would have different suffixes for each E . 

All of the theorems which have been here set down for the double 
E-functions are, as has been already remarked, capable of immediate generali- 
zation to the case of the ^-tuple functions. An alteration of the Z's by an even 
integer produces no change in the function ; an alteration of the ^'s by an even 
integer gives a formula precisely like that in the case of the ^-functions, the 
only difference being that the factor, say ( — )*, which is introduced, does not 
take merely the values + 1 and — 1, but the values +1| — 1, +«'""i —^^ 
where r is an integer. An alteration of Z or X by an odd integer interchanges 
the functions (it would be interesting to examine the effect of increasing Z or A 
or both by a complex quantity ; I shall take this up later). The change of v 
into — V gives for 2^ functions formulaa which are identical with those for the 
theta- functions. For the remaining 2*^(2^ — 1) functions there is a factor under 
the sign of summation which depends for its value upon the value of n , and the 
factor outside the sign of summation is + 1 , — 1 , — er^, + e"^. 

m 

By increasing the v^a hy Xi, x^ . . . Xp respectively, we only interchange the 
functions (this of course is the same as increasing the ^'s by the same integers) ; 
increasing each v by 2x we multiply the function by ( — Y^, a factor which takes 
the values + 1 1 — 1 1 — ^^i + e"^-, finally, increasing each t? by 4x we multiply 
the fimction by ( — f^^, so that we have 2^ functions which are unchanged by 
this alteration of the arguments v and 2^(2^ — 1) which are multiplied by a 
factor e^"". 

I shall proceed now to a more particular examination of the B-functions 
for the case ^ = 1 . There are sixteen functions corresponding to this value of 
p, the characteristics for which are 
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The first line of 40 gives the ordinary theta-functions of one variable corres- 
ponding to the elliptic functions. For the first line we have 6 = ^3 = ; for the 
second line 6 = 1, ^3 = 0; for the third line 6=0, i3 = lj for the fourth line 
6 = j3 = 1 ; in each of the four lines a and a take the values and 1. 
The B-function of one variable is defined by the equation 

where Z= a + i6 and X = a+ii3, a, 6, a, ^ taking as above the values and 1 ; 
a is also written instead of a^ in order to avoid suffixes. The 16 different 
functions will be denoted by the symbols 

«rl •H ^S ^4 
^1 k% ^8 Ki 

*7i *7» >73 Va 
?i ?, ^s K. 

viz., we have, omitting for convenience the argument on the left-hand side, 
3,= B(J)(r). 3,= B(J)(t;), 3, = S(J)(^), 3,= B(J)(t,), 

^, = b(J)W, |. = b(J+*)(.;), ^,= b(*)(t;), f. = B(}+*)(t;), 

ni = B(9)(«). ,7. = B(J)(«). ,;3 = b(;_j..)(«), »7i = B(J^.)(t,), 

?i = B(j)(r), ^. = B(|+*)(r), ^3=B(*_j..)(r). ?« = H(}+j)(«). 

Writing e* = g^ and converting the exponentials into circular functions we have 
the known formulae 



r=3aD rasoi 



^1= 1 + 2 >^5' cosrTtr, 3^ = 2 ^ q * cos — ^ — tWj 

r=l r=0 

(—)"/' COS mt?, ^4=2 > (— )»r-H^— i— sinf-^ytt;. 

Making the same substitution in the case of the functions ^d ^t • • • ^41 and 
writing n = 2r we have 

^1 = e~^ y^5*f*"-" {cos TCn;(g'< + j-") + * sin »«r»(/*— S"'*)} 

r=0 
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J.= .-?g^^«{eo« ^In, (,'^ + f'-t") 



•"=• ... 2r+l / i»?^ -i»L+i' 






^,= 6"'"» ^(— )V^^'-^^{(X)S7trw(/' + 2-«) + t8mnn?(/< — (T*^)} 



r=0 









r=flo 



^7i= 7 g^*{co8ryeo(e^+^'^) — isiiimf;(e^ — ^"■'")} 



r=0 



»78= ]^(— )Y'l<^8 ^^ (^'+ ^'^) — i sill mr(c^— e""*)} 



rs=0 



••=• ... 2r+l /^^w , -^*-M 

+ 1 sin J^ ytp f e » +c » U 

^1 = — te~T y^ e"g^g»(«^'-»{ cos rwg (^»" + g-»^) -|- 1 8mr»W)(e-*"— j"*"')} 



r=0 



r=0 

?, = — ie-T '•+" ^ (— )V**"*-"«"2^| cos r7«;(e-»" + j-»^) 



rssi 



rasO 
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The formulaa for ^i, i^t . . . ^4 may be written in a little different form; 
viz., writing for q its value e* we have 



^^=2e ^ ^ j*(4r«-i) cos r {nv + a) 



r=0 



^,= 26~^y^/<''+^> COS ?^^ii(7tt? + a) 



r=0 

rssoD 



|,= 26"T*'+" y^(— )V<*'*""co8 r(?w + a) 



r=0 
r=0D 



^4= - 2e" T-""^" V (— )'/<'+» sin =^ {tw + a) 



r=o» 



>7i= 2 / g^ COS m (t; — i) 



r=0 



n,= 2^5*(»'+»'.coB^^^(» — ») 



r=0 



ns 



= 2 ^ (— ^g^ cos m(t> — t) 



r— 

f=0» 



= — 2 ^ (_)rg»(»r+l). sin ^^ Jt(l> - 






^i= — 2ie ?"^j*<*^-iJco8r(7t(t? + i) + a) 



r=0 
r=0D 



^, = — 2te~ 1^ ^ ?'<••+" cos ?^ (7t(t> + ») + a) 



r=0 



^g = - 2ieT"+''^ (-)V««^-"co8 r(n{v +») + ») 



r=0 



^,= 2*eT''+"^(-)Y<'+«8in?^(«(t» + i) + a) 
The notation of hyperbolic functions might also have been employed for the 
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representation of the functions >7i, >?» . • . ^4. The constants derived from these 
functions by placing v = are as follows : 

r=0 r=0 

r=oo 

3,(0)=l + 2]^(-)'2^. 3,(0) = 

r=oo r=oo 

1,(0)= 2^5*'«^-»cosra, ?,(0)= 2y^«f<'+»cos?^a 

r=0 r=0 

f,(0)= 2e-^^(-)'^*^-Wco8ra, ^4(0) = — 2e-Ty^(— )Y('-+»)sin^a 
»7i(0) = 2 ]^/* cosh m »7i(0) = 2 ]^g*(»'+«* cosh ^^n 



r=0 re=o 



n, (0) = 2^ (-) V cosh m »74 (0) = 2i ^ (— ) V^+ *'' sinh ^^ « 



r=0 r=0 



^,(0)=- 2i]^j*(*^-"co8r(?«i + a), f, (0) = -2i^ /<'+»> cos ^^(m + a) 



rs=0 rssO 

fSSOD 



^,(0) = — 2ie^Y\ (— )V<**-" cos r(ni + a), 

rs=:0 r=«o 

^,(0) = 2iaT ^(-)Y<'+«8m ^ (^i + a). 

The values of the functions ^,^tt ^2 ft^<l ^4 for v = give rise (Prof. Cajley's 
memoir, page 912) to the constants, 

;r(l + 2g + 2g'+...Xl-V+5g»-...) ^i^.^ . 4. . 4^. x 
2(1 — 25 + 23*— ...Xl+j»+3»+...) » — I'^li -1-42 + 42-1- •••;. 

and identically A?+ifc^= 1. 

These are the ordinary constants of elliptic functions. 
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Similar relations exist for the ^ , >? and ^ groups. Taking first the ^•groups 
and making t? = we have 

qi^i{0) = 1 + 25^ cos a + 2^^ cos 2a + 25* cos 3a + . • • , = jii, 
qi^i{0) = 23^1 cos 4 a + 2grf cos fa + 2q^ cos | a +...,= ji,, 

e^qi^^{0) = 1 — 23^ cos a + 23^* cos 2a — 2}* cos 3a + . . . , = -Ag, 

w 

6*3*^4(0) = — 23^1 sinia+ 23isin4a— 2g^sinf a+ . . . , =A^. 
If here a is real (and therefore negative), and if we write a = — 27«, the series 
obviously take the same form as those for ^ (0) ; but without making any \ 
hypothesis as to the value of a if we write 

h= ..f. .. . h'= ^* 



we find readily the relation A* -{- A" = 1 , 

that is Ai + Ai = A\ + Ai, 

or q^\{0) + ^q^m = ^^{(0) + e»'2^J(0), 

or ^l(0) + c»'^j(0) = £}(0) + ^fj(0). 

Taking now the >7-groups and making t? = and we have 

yji{0)=l + 2q cosh n + 23^* cosh 27t + 23* cosh Sn+ . . .. , 

17,(0)= 23* coshy7t+ 23* coshY^+ 2q^ cosh jTi, 

173(0) =1 — 23^ cosh^c + 23* cosh 2n — 23* cosh Sn, 

>7^(0) = i|— 23isinh|7t+23'J8inh4-7t— 23^sinh-J 71+ . . .| 

Writing _ ^(0) . _ yyl(O) 

^~V/yI(0) + 7l(0)' ^~V5{(0) + 5l(0)' 

we have S^+g^=^li 

or >7J(0) + )7j(0) = >7l(0) + >7l(0). 

Finally, taking the ^-groups and making t? = we have 

3r}^j(0) = 1 + 23^ cos (a + m) + 23^ cos 2 (a + Tti) + . . . , = 5i, 
3*^,(0) = 23^ cos y (a + 7u) + 2j* cos 4 (a + Ttt) + . . . , = jB,, 

e* 2*^3(0) =1 — 25 cos (a + 7w) + 2g^ C08 2 (a + m) — . . . , = B,, 
e^qk^t{0) = — 2qi 8ini(a + ni) + 2qi 8in|(a + m) — . . . , =5^. 
Anting p -^ p,_ -B? 

we obtain J'» + J"»=l, 

or ?J(0) + ^^1(0) = ^}(0) + «»-?U0). 



On the Propagation of an Arbitra/ry ElectrO'^Mdffnetie 

JMsturbance, on Spherical Waves of Light and 

the Dynojmical Theory of Diffraction. 

By Pbofessor H. A. Rowland. 



INTftODUCnON. 

In the year 184& the great paper of Stokes "On the Dynamical Theory of 
Diffraction " was read before the Cambridge Philosophical Society, and this has 
remained until the present day the standard upon this important subject. 

The method of Stokes was based upon the old elastic solid theory of light, 
and gave the following conclusions : 

First. That when the incident light was plane polarized, the diffracted light 
from a small orifice was also plane polarized in such a manner that the displace- 
ment was in the same plane as that of the medium at the orifice. So that if a 
sphere was drawn with the orifice as a center and meridians drawn on the sphere 
with the axis in the direction of the vibration at the orifice, then these meridians 
represented the direction of displacement in the diffracted light 

Second. The intensity of the polarized light was represented as follows : 
Let h represent the angle between the incident ray prolonged and the diffracted 
ray, and let ^ be the angle between the diffracted ray and the direction of the 
displacement at the orifice. Then the intensity of the diffracted light around a 
very small orifice will be proportional to 

(1 + cosS)* sin*^. 

The presence of the term in ^ indicates that the intensity of the diffracted light 
at a given point varies as one rotates the plane of polarization. In ordinary 
light the intensity varies as 1 + cos*S. 

Stokes and others have attempted to determine the relation between the 
plane of polarization and the direction of displacement by means of the first 
relation, but they have not agreed with one another, and this want of agreement 
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has usually been assigned to the fact that the gratings used have been ruled on 
glass rather than in free space, as the equations indicate. 

On examining this question from the point of view of the electro-magnetic 
theory of light, I have been led to entirely different results. But as the elastic 
solid theory for an incompressible solid must agree with the electro-magnetic 
theory, I have been led to examine the theory of Stokes, and believe that I have 
now discovered an error, which, if it were corrected, would lead to my result 

The results which I reach are as follows : 

First. The plane of polarization of the diffracted light is determined as 
follows : Draw a sphere around the orifice and mark the point on the sphere 
where the incident light enters it. Through this point draw circles on the sphere 
whose planes are parallel to the electrostatic displacement at the orifice, and 
these circles give the direction of the electrostatic disturbance id the diffracted 
beam. Repeat the same for the magnetic disturbance, which is at right angles 
to the electrical disturbance, and the circles indicate the direction of the magnetic 
disturbance in the difi&acted beam. These two systems of circles are orthogonal 
to one another, as they should be. 

Second. The intensity of the diffracted light around a very small orifice is 
symmetrical around the incident ray prolonged and is proportional to 

(1 + cos S)\ 

and the same expression applies to ordinary light. 

Although the theory of diffraction forms the most interesting part of my 
paper, yet I have thought it worth while to treat of the general problem of 
spherical waves of light, which I have not seen considered anjrwhere else. The 
method is similar to that used in sound and the theory of heat conduction. 

Sphebioal Waves. 

Let Fq, Gq, Hq] Fi^ Gi, etc., be a system of vectors derived from one 
another by the equations 

^•»+^~ dy dz 

ri ^F^ dHn, 

^•"+^~ dz dx 

TT _ dOfn d^ 

•"+^~ dx dy ' 
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Then, as is well known, all this system of vectors necessarily satisfy the equation 
of continuity 

dx dy dz ' 

except the primitive ones jPo , Got ^ > ^^nd even these can be made to satisfy the 

equation by the addition of terms of the form --r- 1 -j- > -r- • 

cLx ^y ^<<^ 

The equations of light-waves either on the electro-magnetic theory or the 
elastic solid theory are of the form 

df [ dz ) dz 

j._ dF , dQ , dH 



da? dy* ds? 

In the electro-magnetic theory v is always zero. In the elastic solid theory 
the terms in v give the wave of normal disturbance like that of sound, and can 
nearly always be omitted, as the transverse and normal waves are immediately 
separated when v is different from F, as it always must be. As we wish to use 
the derived functions only, the terms in J can also be omitted, as Maxwell has 
shown, and hence we can write on either theory 

<PF 



df 

d^G 

d^ 



= V^£i,^F 



= FW(7 



= FWJET 



d0 
V indicates the velocity of a plane wave in the medium. 

Each one of these equations is the same as that of sound and can be solved 
in a similar manner. If we have solutions of these equations F^^ Gq, Hq, which 
do not satisfy the equation of continuity, then we can get other solutions 
^mi Om's -Sm fro^^ thcsc which shall satisfy this condition. Denote V — 1 by t 
and let V^^^^^ be a solid harmonic. Then as V^^^^^ is a homogeneous function 



Vol. VI. 
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of x,y and z of the degree — (n + 1), we have 

and A*F_(„+i)=0. 

Make Fo= <7.p-F_(,+„6<-«"'-'^>, 

where t7 is a function of p of a complex form 

C^ = A^ — iB^ 

This form has the advantage that by the addition of another term of the same 
form in which i has a negative value, the sum will reduce to a real form with 
circular arcs instead of powers of e ; a is introduced for generality. Substituting 
this form we have for the determination of (7,* the equation 

Writing c=^a — ib we readily find, as others have found before for this 
equation, 

r -r \^ ^ n + l n(n»-l«) n+2 n(n»-P)(n»-g) 1 

a, _ C7o 1 1 - y -^ + 2.4 -^y 2X6 + ^ *''• J 

The series ends after n + 1 terms, and so we can put it in the form 
a.==(-ir(l.3.5...(2n-l))^{l-cp + A^^p. 

2.2 (n-l)(n-2) 1 

1.2.3 (2n-l)(2n-2)'^P "h etc.| 

The following properties of the functions (7„ are useful. Writing c = a — 16, 
we have ^ _ ep , ^ n x 

Making a = D«p*e-^<*-**\ 

we obtain d} Dn , 1 dD. / .^j a. i!L±ill^ - a 

If we replace /> by a new variable equal to t (a — i&) p , this reduces to the equation of Bessers func- 
tions : hence we can write D« = «/"/„ 4. d (^ + wi) p , 

with similar terms for Q9 and H^ • 

Hence a = CoV*f~''^'*~**^./"(H+ 1)(^ + w) P , 

where Co' is a function of n to be determined, and one must add a corresponding term with — i in 

place of +f. 
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dq, 



Putting cp = cp^/l + 28 we have 

Extending the notation so that we should write G^ (p) in the place of G^ as above, 
we have, if we put pes = q 

^^'=fr. { <^n{p) + { G^^^ip) + j^ C^^M + etc.} 

These expansions are useful in many calculations from the equations, and I 
believe they are given here for the first time, together with the differential 
expression from which they are derived. 

Hence we have obtained a complete solution of one of the equations. Now 

the general value of V^^n-hh ^ 

cP* 1 

By varying the axes hi, A,, A3, etc., the value and form of F_(„4.i, will change, 
and can thus have many values while G remains unaltered. Select three of 
these forms and we can thus write 

ri 

fL — n fjiyff cc(p- ^0 — -I^ yn e{p-n) 

Wq — O^p r-_(n4.1)€ — J^n^ i 

r 

C 

TT — n n^Wfl gCip-Vt) — _^ ynf eip-Vt) 

-"0 WP r— (n4-l)C — i^ e , 

where Y^ , F^', Ti" are surface harmonics. 

These do not satisfy the equation of continuity, but the series of derived 
vectors F^, O^, H^ satisfy both the equation of continuity and the equations of 
light. 

One of the best forms for these spherical harmonics is to assume one of the 
axes in each of them parallel to one of the coordinate axes. We can then write 

dV 



364 Rowland : On the Propagation of an Arbitrary 

In this case the vector represented by the components F^, Gq, JEZi is perpen- 
dicular to the surface F_^ = constant. 

Now the components of this vector do not satisfy the equation of continuity, 
and so, although it may represent the vector potential on the electro-magnetic 
theory, it cannot represent either the electric current or magnetic force, and is 
almost without direct use on the elastic solid theory. Hence the derived vectors 
are of more general use. These are 



F,= -<»K + 



dJo 

dJ, 






dJo 



dz 

Jo=-ncG^^,p--'V^^B^^-'^'\ 
Fs= — (^Fi, etc. 

The remaining derived vectors are simply repetitions of these with only 
change in the constants. 

These derived vectors can represent the vector potential, the electric 
displacement, the electric current, the magnetic displacement, or the magnetic 
force in the electro-magnetic theory, and the displacement, the velocity of the 
particles or the rotational displacement or velocity of rotation on the elastic solid 
theory. 

The most interesting case is that of symmetry around an axis, say X. In 
this case y d* 1 _ 1 (—If ^ 

where Q^ is a zonal surface harmonic. 

If a is the angle measured around the axis of x from y and that made 
with the same axis, and we put p sin = r , 
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we can then write, when m is even 



* ' r dr 

The equation of continuity becomes 

d{F^r) j^ d{R^r) _^^ 
dx dr 

These can be expressed in terms of p and Q , as follows : 

Let 0^, P^ and N^ be the components in the direction 6, p and a respect- 
ively. Then we have 

d . ^ d cos^sin^d 
= sm 0-^ 



dr dp p d/jL 

d /id, sin*^ d 

= COS -T- + 



dx dp p d/jL 

e^=—F^ sin 6 + B^ cos 6, 
P^=F^co8d + B^Bme, 

^ 1 dJf^-i 

•"~ /9Bintf d/9 ' 

p 1 difm~l 

i"m + l=0, 
;nr 1 ( d»if^,^ 8in»gd»if^,, l 

^*+^~ />Bintfl d/t>5 "^ />» d/^ ]• 

The equation of motion of light becomes in this case 

1 d'Jf^.i _ d»if^.i sin^tf d»if^_i 



7* dp dp" ' p" dfjf 
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whence w- _ j^ ^ «;« a — ^ ^^m-i 

Now, in this case of symmetry we readily find 

dV 

and for convenience put Cr= Cnp^^^''^\ 

we readily find ^^ ^.^ . n ^^ \ - n^^-n n^^-n] 

^ J!fi = ivir = p Bind-j-<8md —J- cosg L 

Putting ^ _ dQ^_.i 

and, omitting the constant term, we have 

Hence we have, by replacing n — 1 by n , and changing the sign of all the terms, 

m 

From which' we find, writing P for the radial component, 

©1=0, 
Pi=0, 

iVi=— -^8in0(2'„6«c-'^, 
We can also go backward and write 



0* 

^ 



A=- 



Hence, as I have remarked before, each of the vectors indicated by these 
components can be made equal to some one of the vectors used in the theory of 
light. Thus 
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Hence, in this case, the magnetic induction is in circles around the axis, and the 
electric currents in planes passing through the axis. At a great distance from 
the origin, the electric currents are on the sphere, but the normal component 
must still exist in order that the equation of continuity may be satisfied. The 
case of plane waves is the only one where the normal component entirely 
vanishes. 

When we make the vector potential equal to iVi, the electric currents are 
in circles, and magnetic induction in planes passing through the axis. 

Let us consider the first case. We shall find it much more convenient to 
continue with the imaginary form, remembering that a similar term with i 
changed in sign is always to be added except where it has already been done. 
We shall then have 

Components of the Vector Potential 

Magnetic Induction 

Components of the Electric Current 

A _ n(n + l)C;. ge(p_n) 
Components of the Electric Displacement 

An dt 4;r(2n + l)/>«^"^^*^"-^^"'^"+»'^ 

_ Z. ^_ y-g-n(«+i)c;. Q ,^_„> 

At: dt ~ Azcfi" ^» 

where (i is the magnetic permeability and ^the inductive capacity, and we have 
the well-known relation of Maxwell, 

F»= — — 
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Should a perfectly conducting sphere exist, the electric density on its surface 

will be K d dM^i K dPo 

4;r/o* dt d/i 4:: dt 

This is the same as the radial component of the electric displacement at this 
point. 

Abbitbaby Distubbanob. 

In the equations of p. 368 make a = and n = 1. We then have 

The magnetic induction is then 

P 

and the components of the electric displacement, 

Let now a sphere of radius R be circumscribed about the origin and an 
arbitrary uniform displacement take place in the interior of this sphere of a 
value equal to lyK ( i i 

Taking this value for the displacement inside the sphere and the previous values 
for the outside, the equation of continuity is satisfied for the electric displace- 
ment and for the magnetic induction. If the sphere is very small indeed, we have 

Whence we have, on substituting the value of Cq from this equation in the others 
and replacing j TtR? by do , the magnetic induction 

^ - 2VKp a ^ '*''' 

Vol. VI. 
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and the electric displacement, 

0'=-^^i^|^8in0E-"^-^)dt;, 

Go 8;:^ 

These equations give the complete solution of the problem of finding the 
disturbance at any point due to any arbitrary electrostatic disturbance throughout 
the medium. And it is to be noted that these equations are rigidly exact for all 
distances from the disturbance, and only have to be integrated to give the effect 
of any disturbance. 

Had the disturbance been magnetic, we would have had for the magnetic 

induction, ^, _ ibsmd .^^^^ Qg-^^^p-Fi) 

3/> 

And for the electric displacement. 

Hence, taking a small sphere as before, the magnetic induction within it must be 

Whence, as before ^ 36 ^„ ^ 

And so we have in this case for the magnetic induction 

_ SX"ib COB e Q^ tH,-rt) ^„ 
and for the electric displacement 

^^ ~ 32.T^/> Q ^ 

These equations give the complete solution of the disturbance throughout the 
medium due to an arbitrary magnetic disturbance at any point. 

Although the disturbance is harmonic, yet we know by Fourier's theorem 
that any disturbance can be represented by a series of harmonic terms with the 
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proper coefficients, and, indeed, we can replace the harmonic term by any function 
of p — Vt OT p + Vt. Should the disturbance not be parallel to the axis of JT, we 
merely have to divide up the disturbance into its components and compute the 
eflfect of each and then add the components of the computed disturbance. In 
this way we readily find the eflFect of a general electric or magnetic disturbance. 
Let the components of the arbitrary electric'displacement be 

r'f**^, and of the magnetic induction FV*^, 

where, in general, we must replace X', F, Z', and X", F", Z" by a quantity of 
the complex form, and add another quantity with — i in place of +t. Putting 
D + iE for X', and adding the other term, we would have the real form 

(i? + t^)f**^+(D-i^e-**^=2|Z?cos67< — ^sin67<[, 
which expresses the disturbance in any phase. But this is only necessary when 
we descend to actual calculation. The eflfect of this general disturbance is then 
found to be : The electric displacement 

The magnetic induction, 

where I have written S' = X^x + Yy + Z'z^ 

S" = X^^x+T'y+Z"z. 

For a general expression the term ^-^^(p-'^) must be replaced by any function 
of p — Vt or p + Vt as before. 

Before integration, one must of course substitute {x — x'), (y — y^) and 
(z — 2/) for the x, y and z of the formula. It is evident that the components of 
the electric displacement can be replaced by the true convection displacement of 
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electricity as carried along by the actual motion of the medium, and the disturb- 
ance due to a moving magnet can be calculated in a similar manner. 

To obtain an idea of the relative magnitude of the quantities which enter 

into these expressions, I may remark that the value of b in wave lengths is -y- • 

Hence, for any ordinary calculQ,tions with respect to light, the distance need be 
only a few inches, or, indeed, one inch, to cause the values of Cj, C7,, etc. to 
become constant and equal to Oq. But if .we are treating of longer waves we 
must retain such terms. 

I have already given the proper expansion into series of the quantities here 
involved, but it will be better to put them in a reduced form. 



c = — ib] p=j9Vl + 2«; cp8=zq. 
^/,A_^f, nn+l. n(n»-l) n + 2 n(n»-l)(n»-2) n + 3 1 

^^ = y{ C,{p) + -f CM + ^ CM + etc.| 

+ (2n + 3)f2.3...n K^" + 2)^«(i>) + O^^^l + etc.} 
Thus one has p« = i?— 2{xaf + y^ + zz') + r*, 

where i?=a*+2/* + 2* and 7^=7:^ + 7/^+^. 



Hence one can write 



p-M, 8- ^ +2^,, 

q=-c ^Z +g 



R '222 

When R is great and r is small, the last term will vanish and leave a very conve- 
nient form for many cases. 

But it is not necessary to always perform the calculation at a finite distance, 
for we have the following theorem which I believe to be new. 

Theorem. Supposing the sources of light to be continuous and knowing the 
light over a sphere at an infinite distance, it can be determined for all space by 
the following process : 

Let jP, G and H be the components of any of the vectors such as the 
electric displacement, etc., and suppose them known over the infinite sphere. 
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Express them in terms of series of surface harmonics, thus : 

p-9^^!^l!l^E,Y^^E,T{ + E^T^-\- etc.} 

a=^^^^^^\E,T^' + E,T{^ + E,T;'^' etc.} 

H=^^^^^\E,Yi"'\'EyT{"^'E^T^"'\- etc.} 

At any other point of space the equations must satisfy the equations of 
light motion and also the equation of continuity. Keferring to the equations of 
pp. 363 and 364, we see that if we multiply each term by the corresponding 
quantity (7», the equations of light will be satisfied, and if the surface harmonics 
are of the form 

the equation of continuity is also satisfied. Hence the components of the vector 
at any point of space are 

F= '^^^^\G,E,Yi+ G^E^Y{+ 0,E,Y^ + etc.} 
G = ^^^^' { Co Eo F„" + C, E, Y," + G, E, F," + etc. | 
£■= !!!!Z!!! I Co Eo Fo'" + C, E, F,'" + C, Et F,'" + etc. \ 

r 

The best point for the origin will be somewhere near the center of gravity of 
the illuminated body. 

That the light is perfectly determined in this way for all points outside a 
sphere around the origin which does not cut the illuminated body is evident from 
the fact that we might reverse the motions so as to make the light return along 
its previous path. 

These expansions and this theorem entirely change the ideas of those who 
have only been in the habit of regarding light from the point of view of rays of 
light. For we here see that light coming from any source may be replaced by 
light from another source, so that the true source might be entirely invisible, and 
we **8ee " only the false source. This, however, could only happen for a point 
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outside a sphere drawn around the false point and the real point, and we could 
always detect the deception by making a complete spherical journey around the 
real point and inside the false point. 

As an illustration, let us compute the eflfect of a circular electric current 
which is caused to vibrate back and forth according to a simple harmonic function, 
so as to make the displacement Gqe"''^^. In this case we must make 

= X'=X"=F"=Z"; Fdi; = — (7orsinada; Z'= (7or coscwia, 
where r is the radius of the circle. 

From the symmetry around the axis of x we have jP' = , and can write for 
the component of the electric displacement around a at a distance R sin Q from 
that axis, r6»e-^^' /^'f2Ci + a • SiZrQ sin <? •)_«,, ^ 

p* = i?— 2Rr sin sin a + r*. 
Integrating the first term by parts, taking sin ada for one part we have, 
since the first part disappears, 

•/On •/o da \ p / 



p •^» aa \ p 

But 



d dp d Rr Bind cos a d 



da da dp p dp 

Whence -^(^^^±^^^^ = -Rr Bind coaa^^[^^^ 

Whence we have 

JV^'= r I -^j- cosVoa, 

8;r 9/0 fT 

In the expansion, put 

p = R', q=. — cr sin sin a + c 



2R 
^' = ^ { (7,(i2) + I G,{R) + 3^ Gs{R) + etc.} . 

Writing ^ = g and A = -cr sin d, 

we have q=: g + h sina, 

Jr^' • 1 «f 1 « . n(n— 1) 1 . «,• , n(n — l)(n— 2)(n— 4) 1.3 , ,,- 



+ 



®*^-+ 12. ..2m 2.4...(2i» + 2)^ '^ + etcj 
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So that the problem is completely solved without any approximation and for all 
distances at which the series is convergent. 

At a great distance the expression becomes very simple. 

+ '"^ + (2.4.. .2')-(2.+ 2) '"'■'• ''°"'' + °"^} 
We recognize this series as a BessePs function divided by hr sin Q , and so we can 

^"*® N'^- ?g^ ^«-'-> Ji (6r sin B) . 

This same series occurs in the expression for the light from a circular orifice, but 
I am not aware that writers on physical optics have recognized this connection 
with BesseVs functions. Prof. Stokes has given the value of the series for large 
values of 6r sin 0, and the same value is given by writers on Bessel's functions. 
We thus find, writing t; = 6?- sin Q 






' f ^\ f . . 3-5.1 1 3.5.7.9.1.3.5 1 , , ) 
/ ff\f3 1 3.5.7.1.3 1,^1 



The energy given out per unit of time is, by the first formula, 

3TV6«C3 f 6V 6V 6V 6V 6V 1 

2^ 1 6 "*■ 35 720 "•" 31680 1310400 "^ \ 

and by the second for very large values of hr 

Let us now reduce the series to spherical harmonics. 

"Write ., tzir 

u:= cr:= — wr = 7— I 

This satisfies the differential equation 

(PP 1 dP 



dv? u du 



P8in«0=O. 



Write also /i^ = cos and Q^ = ^ . P can be developed in the following series 

as it only contains the even powers of ^i ; 

P = ^'i + A!,Q, + A!,q, + etc. 
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But 

Writing 5 = -rr -3- we have 

.. _ (2n-l)(2n+l) f (n-2)(n-l) (n-4)(n-3) _. | 

-^»— n{n+l) |''(2n— 5)(2n — 1) '•- » (2n — 5)(2n — 7) —* ozl^.,j. 

These all depend on A\^ whose value can be found by developing sin*©, sin*0, 

etc., in harmonics. In the following values one must add the second term with 

— i in place of + i before substituting in the formula 

A\ = ^C,ir)^ 
A's=-^^Os{r)^ 



^'»=^{T^^W + ^^'Wk 



il\ = etc. 
These reduce to Bessel's functions when we obtain the real form. Thus 



Each term of the original series is now of the form A'^ Q^ sin d. But by the 
theorem of p. 372 we have only to multiply the terms of this by G^{R) and it 
gives the value for any finite distance outside a sphere around the origin which 
contains the circle. Hence 

^'= ^^* 6<^^*-^{^'it7o+ ^'s QzG,{E) + ^'5 Q^C,{R) + etcf . 

Dtnamioal Theost of DiFFBAonoir. 

When a ray of light strikes upon a screen in which there is an opening, a 
disturbance takes place in that opening, whose effect can be calculated by the 
preceding formulae. Maxwell has shown, that in a plane wave, the energy is 
half magnetic and half electrostatic, and that the magnetic and electric displace- 
ments are at right angles to each other and in the same phase. 
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Stokes' solution is based upon the displacement and rate of displacement of 
his elastic medium. But in an elastic wave there is not only displacement but 
rotation also, and the components of this rotation must satisfy the equation of 
continuity. But when a wave is broken up at an orifice, the rotation is left 
discontinuous by Stokes' solution, and hence it cannot be exact. The equation 
of propagation of the rotation is the same as that of the displacement, and the 
two are at right angles to each other, and they are both equally important. 

Hence, on the elastic solid theorg as well as the electro-magnetic theorg, the true 
solution of diffraction will depend upon tlie sums of tico similar terms. 

When we take account of both the terms, the fundamental properties by 
which Stokes attempted to obtain the direction of the motion of the particles 
vanishes, and that problem is impossible of solution by this means. 

In the general equations of p. 371 let all the disturbances vanish except JT' 
and F", so that the electric disturbance is in the direction of X and the magnetic 
in that of Y. 

In order that the energy coming from the two disturbances may be equal 
we must have V^K /Sb^X\^ V^K /36« F"' 



PJT / Sb^Xy _ V^K /36^ Y 
St: \2VkJ~ Stt \ St: J ' 



or T77/_ ^ TTf 

The electric displacement at any other point of space will then be 

^=li?S-3C.X!,!.-''--"'<fe, 

For showing the peculiarities of the case, polar coordinates are best. Let Q be 
the angle made by p with the axis of z and ^ the angle around it from the plane 
XT. Let G', 0", *', *", and P', P" be the components of the electric displace- 
ment and magnetic induction to increase these angles and in the direction of p 
respectively. Then we have for the electric displacement 



0^ = 



*'= — 



Zb*X 



'^ sin ^ I [1 + cos 0][l — ^^] - i^l e-*'>^-^^ck, 



STtp 

p,_ ^^ sin e COS 4> 1 1 — -^-\ c-'»<'-'^'<fe. 
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And for the magnetic induction, 

In these, v is the thickness of the disturbed stratum, so that vd8^=idv. The 
electric displacement within the stratum is XV^^'. 

When Jp is very large, the disturbance is in the spherical surface, and indeed 
it only requires a fraction of an inch from the origj^n to be able to omit the 
terms in 6p, and also P and P". The equations then become very simple, as 
follows. The electric displacement, 

0' = ^^ COS 4. (1 + COS 0) f-^c-^wds , 

<^=^^±1 sin<^(l + cos0)f-*^^-^'^cfe, 
and the magnetic induction, 

Q A2 Yf\j 

®"='2W7 ^^^*^^^ ■*" COS 0)6-** •'-'"'<&, 
P'= ^^ cos<^(l + cos0)6-**^-^'^(fe. 

From either of these expressions or the more exact ones we see that the 
distribution of the magnetic induction is exactly the same, but turned around 
the axis of Z 90°, as the electric displacement. As this result would also apply 
to the elastic solid theory, we conclude that diffraction gives no means of deter- 
mining the relation between tlie displacement and pla7ie of polarization. Had we 
only taken the original disturbance as electrical alone, we would have arrived at 
Stokes' result. 

Squaring the coefficients of the time function and adding, we find 

Hence the light is symmetrical around the axis of Z and varies from 4 in the 
positive direction to 1 in the plane XY and in the negative direction. 

It now remains to connect the arbitrary displacement X^v with the intensity 
of the original wave. 
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Let the arbitrary displacement XW*^, with the corresponding magnetic 
quantity, exist throughout the plane XY. From considerations of symmetry, 
the electric displacement throughout space must be parallel to the axis X, and 
so we can write, 

z= constant, 

«= — rcos^), ds = rd^r ^=1 pd^xlp J 
y = — rsin^). p*=2;*+r*. 
The general and exact integral is 

For positive values of z this gives, between the limits p = co aud p = z, 

But for z negative it is zero. Hence such an arbitrary disturbance produces a 
wave in the positive direction, but none in the negative direction. 

No approximation has been made in obtaining this quantity, and it evidently 
applies to a plane of any size, even infinitessimal, provided the point under 
consideration is infinitely near to it. The displacement near the surface therefore 
diflFers in phase 4 ^ from the arbitrary disturbance, but is dependent upon its 
value at that particular point. 

Hence we can replace any particular wave surface by a surface of arbitrary 
disturbance whose phase diflFers y^tfrom that of the wave. Such a surface of 
arbitrary disturbance then produces the same eflTect at all points of space as the 
original wave. . Should the wave be spherical and of short radius, the normal 
component will enter and complicate the result, though the solution can be 
obtained but would evidently be complicated. 

But if the wave have a radius of an inch or even less, the displacement is 
practically perpendicular to the radius, and the solution here given will apply. 

Let Z, m, n be the direction cosines of the normal to such a wave, and 7, m' 
and n' the direction cosines of the electric displacement which is represented by 

Then the values of the arbitrary displacement and magnetic induction to substi- 
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tute in the general equations of p. 371, to produce such a wave will evidently be 





X"v = -^ 
ZVKb 


2* T > 
Zb'"^^ 


Y"v= ^'"' 
ZVKb 


2* Tf 


Z"v- ^"^ 
ZVKb 



Where ?', m", n" are the direction cosines of the magnetic induction. We also 
have ir + mm' + wn' = , 

IF+ mm"+ rin"=0, 
Z7"+m'm" + n'n"=0. 

Returning again to the equations of p. 377, we see that the polarized light 
is diffracted equally in all directions from a very small orifice and iiMependent 
of its plane of polarization. Furthermore the plane of polarization at any point 
is found by drawing a sphere through that point with its center at the orifidh^ 
and then drawing a plane through the given point and the point where the inci- 
dent light first cuts the sphere, and cutting the plane of polarization of the inci- 
dent light in a line perpendicular to the incident ray. The intersection of the 
plane and sphere then give the direction of the polarization. 

It is seen that in both these particulars my solution diflers from that of Prof. 
Stokes, and the construction is the same whether one takes the electric or mag- 
netic quantities as the direction of polarization. 

The system of planes for the electric and magnetic quantities form a system 
of orthogonal circles on the sphere. 

The following constructions can also be used for obtaining the direction of 
the electric and magnetic quantities. Draw a sphere around the orifice and draw 
an axis through the sphere in the direction of the incident light. Then rule a 
sheet of paper with a series of lines at right angles to each other. Cut a star 
shaped piece out of the paper with its diameter equal to the circumference of 
the sphere, and having a very large number of points. Place the center of the 
star on the sphere at the end of the axis where the light leaves the sphere, and 
wrap the points around the sphere, the points meeting around the incident ray. 
The marks on the paper then give the required directions. 

We can also construct the curves of polarization by noting that the stereo- 
graphic projection of the lines on a plane is merely a series of straight lines. 
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The equations become very simple at many wave lengths distance from the 
orifice, especially when the orifice is small. If the radius of the original wave 
is large, it is usually sufficient to consider the periodic factor as the only variable. 
In this case we can write 

0^= -^ cos <^ [1 + cos 0]yy*8-**^-^»d», 

*'= — ^ sin4>[l + coQd^ffe-^'^'^'^ds, 

>=0, 
where / is the coefficient of the original vibration, and therefore its square is the 
intensity of the original light. The intensity of the diffracted light is simply 
proportional to the sum of the squares of 0' and ^. This is the expression 
ordinarily used except the term in 6. Thus for a circular orifice we have the 
vibration expressed in Bessel's functions, 

0'= g cos 4.(1 + C08e)^?li^^-»«-', 

^= -^ sm^(i + co8e) '^^^^7^^ .-»«-n 

It is impossible to pass from these expressions to the case of a plane wave 
since they are only for the case of a great distance from a small orifice. 



The Method of Chraphs applied to Compound 

Partitions. 

By G. S. Ely, Ph.D., Professor of MaihemcUics in Buchtel College. 



If we divide a number N into two portions in all possible ways, and then 
partition each of the portions in all possible ways, we shall form all the possible 
bi-partitions of N. If the number of portions is three we form all the 
tri-partitions of N] and if the number of portions is unlimited we shall form 
all the compound partitions of N. Let 

Cl\ Q^ • • • (tg^ I Oy t^2 • • . Oq I ^x ^ * * * ^y I * * • I ^1 ^2 * * * ^« 

be such a compound partition of N. I shall call this a regular compound 
partition of N if the following conditions are satisfied : 

whatever i may be. 

Now all such regular compound partitions may be represented graphically 
by an array of points in space as follows : let each of the portions be represented 
by an array of points in a plane and then let the planes be superimposed : the 
plane containing the first portion on top and that containing the second portion 
next, etc. ; first lines lying above first lines and first columns above first columns. 
Then it is evident, that in general, any compound partition may be read in six 
different ways : that is, to any given compound partition there are five others 
which are conjugate. For example, the compound partitions conjugate to 

531|211|11 are 3221l!31|2; 621|311|11; 
32111 1 311 1 2; 332|21|2|1|1 and 332|21|11|1|1. 

The following method may be given for obtaining the five compound parti- 
tions which are the conjugates of any given compound partition: the first one of 
the conjugates is obtained by writing for each portion of the given compound 
partition its conjugate single partition — thus 32211 is the conjugate of 631: the 
second of the conjugates is obtained from the given compound partition by 
taking the first of the elements of each portion of the given compound partition 
to form the first portion of the new conjugate, and the second of the elements 
of each portion to form the second portion, etc.: the third and fifth conjugates 
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are obtained from the second and fourth conjugates respectively, in the same 
manner as the first conjugate was obtained from the given compound partition : 
finally, the fourth conjugate is obtained from the first conjugate in the same 
manner that the second conjugate was obtained from the given compound parti- 
tion ; or it may be obtained from the given compound partition directly by an 
extension of Professor Sylvester's method of calling oflF— thus 1 goes in 3 
elements of the first portion of the given compound partition, in 3 elements of 
the second portion and in 2 elements of the third portion, giving 332 for the 
first portion of the fourth conjugate ; again, 2 goes in 2 elements of the first 
portion and in 1 element of the second portion, giving 21 for the second portion 
of the fourth conjugate, etc. 

The points lie in three sets of parallel planes. If the array of points in each 
of the planes of one of the three sets be symmetrical, then there will be three 
conjugates instead of six, as for example, the three following compound partitions 
are conjugates 53ll31l|ll; 32211|31l|2; 332| 21 |21 | l| 1 . 

In addition there are the self-conjugate compound partitions in which the 
array of points in each of the planes of all three sets of parallel planes is 
symmetrical. Among the smaller numbers these are not very numerous : 1 has 
the self-conjugate partition 1 ; 4 has the self-conjugate compound partition 21 1 1 ; 
and there are no more examples till we come to 7, which has the two self- 
conjugate compound partitions 311|l|l and 22|21. And it is easy to see that 
in the cases where there is no cube equal to or less than the number to which 
the number is congruous with respect to the modulus 3, there can be no self- 
conjugate compound partition.* Thus the following numbers are void of self- 
conjugate compound partitions: 2,3, 6, 6, 9, 12, 15, 18, 21, 24; and all o^her 
numbers have self-conjugate compound partitions. 

If we use the symbol {w] n ; i, j,) 

to signify the number of ways in which we can divide the number w into regular 
compound partitions: the number of portions being not more than n, each 
portion being partitioned into i or fewer parts not greater than j, then we 
evidently have [w] n; i, J j) = (^w, n; j, i ,) = 

{w, i] n, y,)= (i^; i] j , 7i,) = 
[w] j) n, i,) = {w] j] I, w,) 

* This is, it may be remarked, en passant^ exactly similar to the case of single partitions in which 
there is no self -con jugate partition for a number n , if there be no square equal to or less than n , to 
which the number is congruous with respect to the modulus 2 : and the number 2 is the only number 
fulfilling that condition. 
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Of this we may notice a special example, namely, if n= 2 and iz=jz=zw^ we 

have all the regular bi-partitions of w. Then we shall have {w] 2; w^ t«?,) = 

{w) w] 2, Wj)=^ (w] w] w y 2,) that is, the number of regular bi-partitions of 

any number, Wj is equal to the number of compound partitions of w in which 

the number of parts in which any portion is partitioned is not greater than two, i 

and also to the number of compound partitions of w in which no part in any 

portion is greater than two. 

It may also be noticed that we may have like results in the case of what I 
shall call regular w-com pound partitions. For example, all the bi-compound 
partitions of any number N are obtained by writing all the single partitions of 
iVand then partitioning each of the elements of each single partition of N into 
compound partitions. Then if 

^U^lS • • • ^oj I ^11 • • • ^l/Jj I • • • I ^1 • • • ^lejl^l^ • • • %«4 I ^21 • • • ^a/i, I • • • 

1 621 . . . e^,]\ . . . ||a/,a/, • • • ^^cy I ^j, • • • ^^^ I • • • I ^ii • • • ^i^j 
be a bi-compound partition of N, it is termed regular if the following conditions 

are satisfied 

and d^n'^^m'^d^n'^ - . • <^^n, where 

i, kf n have any values and d means any of the letters a, b, c . . . e. Then we 
can represent any such bi-compound partition by an array of points in four-fold 
space and accordingly have in general twenty-four conjugates, which may, in 
special cases, reduce to twelve or four. There will also be self-conjugate 
bi-compound partitions in the cases in which the number N is such that there is 
some number equal to or less than N which is the fourth power of some integer, 
to which fourth power N is congruous with respect to the modulus 4. For all 
numbers then of the form 4n + 2 or 4n + 3 and for the numbers 4, 8 and 12, 
there are no self-conjugate bi-compound partitions. If the symbol 

be used to signify the number of ways in which we can divide the number w 
into regular bi-compound partitions, the number of apportionments being not 
more than m, the number of portions in each apportionment not greater than n, 
each portion being partitioned into i or fewer parts not greater than j\ then we 
have of course {w] m ; 7i ; i, j\) = {tv ; rwi ; nj ; ii, ju), 

where the numbers nii, rij, tj, Ji, are the numbers m, n, i, j, in any of the 24 
possible orders of arrangement. 
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Th** iiio-scnt ottltiiih* ot thf Mauazi.m-; is tli:it oi* a jimiiikiI of oi-iirhial iiiul ?-ohTt»*d papt-i^ upon ^u^j('ots rchitlni; 
to niodi^rn advaneiMl KniriniMTinu. Theoivlical and urnrtiiul F.s-ax'i an* jiliki' proM-ntod in it> j»»iri's, although tho latter 
I»ri;oIy out-niunbcr the- lornuT, a.-* h«"»!. ^uit»*d to tho tsi*l<'.«. and dfUnunN of the AuKTlnin Knirineeif.. Sunn* of lh«* 
most \ahiablc contrihutiini-i to tht- literature of techniral ^-ficnre within the last few year.* have been lir>t prc^ientcd 
In tlnsc paires. 

Aniouir the more tAt'-niled ori:;inal <'oiitribulion< to ihf hitrr \i>luni<*« ni;i\ b" eited new i^ontributioni: to (iraph- 
i«'al Static^ — Tran<mi-'-i«»n nf |»nv\rr b\ Win* ]J.»p«*». — M.ixinniin Sire--«-« in Krannd lirid-.res — Momentum and Vl^ 
Viva— Kapid MetlnMN «»f L.iNiTi'.: out •i«*arin-.i • Tran-nii— 'ion of 1*i»\\im' by ( 'ompre-^.-ed Air- (ieotiraphiral Surxeylnir — 
-M.itln'nuiti«"al Tli««>r\ of I'hiid M«»tii»n— TluMni«Khn:inru"-'---Prai'ii«Ml Tliri»r\ i»f Vou*M>ir Areht'.-* — ('abb> Makln:; for 
<i|.|M-i>i>>n Ilridi."*-'. 
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I'll" plaiiN tor till* j»ri-«'i'! vnhniM' finipreheinl fiirshir i!npl••V(•nli■nt^ in the >:ime direction. The wants of the 
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